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Symbolic Computation and Numerical Analysis
“A marriage made in heaven”

» Long-term collaborations in Linz

» Paule, Langer, Pillwein, Kauers, Takacs, Schoberl, Schneider,
and many more

“During the past few decades there have been many
examples where computer algebra methods have been
applied successfully in the analysis and construction
of numerical schemes, including the computation of
approximate solutions to partial differential equations.
The methods range from Grobner basis computations
and Cylindrical Algebraic Decomposition to algorithms
for symbolic summation and integration.”

(V. Pillwein: Symbolic computation and finite element methods)
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Inverse Inequalities

We consider inequalities of the form

onllx (@ < e1(hm) llually ) for all v, € Vi
nllz00) < c2(h,n) [Jonlly (g for all v, € V;,
» QCc R deN

» V' some infinite-dimensional space of functions defined on €2

v

-l x @) Iy @) [I"llz(90): norms that are used in the
analysis of numerical methods

v

(Vi)nen: finite-dimensional approximation of V'

» h > 0: finite element diameter

Dependence on h is easily obtained by a scaling argument:
— Transform the problem to a reference element 2.
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Inverse Inequalities
We obtain for ¢; (and similarly for ¢s):

o) = sup il _ (vn: V) (@)
et |[nlly @) et (UnsUn)y (@

Let (pr)1<k<n be a basis of V... Then:

~ 2 (Knﬁny Q771)@2
c1(n = Su e
( 1( )) UnE]]lgn (ann, U”)ZQ

for certain symmetric and positive (semi-) definite matrices
Ky (i, ) := (Soja(Pz')X(Q)a and M, (i, j) := (@ja‘Pi)y(Q)-
This can be reformulated as a generalized eigenvalue problem:
K,%, = \y,M,Tp,

where the largest eigenvalue A, gives the desired (61 (n))2
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Inverse Inequalities

In this work, we consider the reference domain €2 = (—1,1)? with
(uv /U)X(Q) = /Q a:tu(xa y)@xv(x, y) dz dy,
(1, )y (@) = /QU(x,y)v(fE,y) dz dy,

for u,v € V,, where Vj, is the space of polynomials of degree less
than n, i.e.

Vn:{:piyj:0<i,j<n}.
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Problem Statement

The interest in inverse inequalities leads to the following problem:

Find the largest eigenvalue A, of the generalized
eigenvalue problem

where A,, and B,, are certain n X n matrices.
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Problem Statement

The interest in inverse inequalities leads to the following problem:

Find the largest eigenvalue A, of the generalized
eigenvalue problem

where A,, and B,, are certain n X n matrices.

Equivalent formulation:

Ay = max det(B, — AA,) = 0.

Relaxed problem: find expressions b;(n) and by(n) such that
by (n) < < bz(n)

(“as accurate as possible”).
6/33



Problem Statement

¥n € N:bi(n) < Ay < ba(n)|

Ap 1= m}?jux det(B, — AA,) =0
The matrix entries are:
1— (—1)Hi-1
P el Gl e
i4+5—1

s

i+j—3
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The HOLONOMIC ANSATZ II.
Automatic DISCOVERY(!) and PROOF(!!)
of Holonomic Determinant Evaluations
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linear recurrences
polynomial coefficients
finitely many initial values
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The HOLONOMIC ANSATZ II.
Automatic DISCOVERY(!) and PROOF(!!)
of Holonomic Determinant Evaluations
(D. Zeilberger, Annals of Combinatorics 11:241-247, 2007)

Algorithmic method to prove determinant evaluations of the form

det A, = b, (n>1)
where

» A, = (a;j)i<ij<n is an n X n matrix,
> a;; is a bivariate holonomic sequence, not depending on n,
> b, #£O0foralln>1.

8/33



a1

az,1

a3 1

an,1

a2

az,2

a3 2

Gn,2

ai3

az;3

as,3

an,3

a1n

azn

asn

Gn.n

9/33



-1

a1l ai2 ais3 - Gln (4, )Ln 0
-1

a1 az2 G23 --° Q2n (An )Q,n 0
-1 =

asl agz2 assz ‘- a3p (An )3,n 0
-1

Gnp1 0an2 Aan3 - Gpn (An >n7n 1
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M; j = det A7) is the (i,7)-minor of A,
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Ag’j): matrix A, with row ¢ and column j deleted
M; ; = det AS7) is the (4, j)-minor of A,
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ai1 a2 a3 o Glp Cn,1 0
az1 Q22 a23 -+ G2p Cn,2 0
asl as2 asz3 ‘- a3p Cn,3 = 0
det A,
an,1 QGn2 0Aan3 - (QAnn Cnn = 1 det A
n—1

> Ag’j): matrix A, with row ¢ and column j deleted
> M;; = det A s the (i,7)-minor of A,
» Define ¢, j := (=1)"" M, ; /M »
n
det A
» We obtain Zai,jcn,j B

iWnTy . a4
j=1 det Ap—1 9/33



Determinant Evaluation: Proof by Induction

Problem: Prove that det 4,, = det< a;; = by for all n € N.

1<ij<n
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Determinant Evaluation: Proof by Induction

Problem: Prove that det A,, = det a;; = b, forall n € N.

1<ij<n

Base case: verify that a; 1 = b;.
Induction hypothesis: assume that det A,_1 =b,_1 # 0.

Induction step: the assumption implies that the linear system

a1l v G1p—1 a1n Cn,1 0
n—-1,1 *°° An—-1n—1 GQn—1n Cnn—1 0
0 .. 0 1 Cnm 1

has a unique solution, namely ¢, ; = (—1)”+jMn,j/Mn7n.

Now use ¢, ; to do Laplace expansion of A, w.r.t. the last row:
n

n
det Ap =Y (=1)"Y M, jan; = Myn cnjan;.
— N
7j=1 J=1 by
Showing that the sum evaluates to b,, completes the induction step.
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Some Examples

1 1 (k)2
dot L= "
Iig<n i+j—1  (2n—1)! P (k+1)p—1

2i 4 2a 1)/2 (2K + 2a)'k!
det = gn(n=1/
0<i,j2n—1<j+b> H (k4 b)!(2k 4 2a — b)!

P\ (T \ ok _ on(n—1)/2
ogi,ﬁ}i&fl zk: (k) <k>2 2
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Toy Example (Hilbert Matrix)

1 1 1
1 - - -
2 3 n
[ 1
2 3 4 n+1
1 1 1 1
A, = (aij)i<ijen = | = 1 1
n = (@i )i<ijen 3 4 5 n+2
1 1 1 1
n n+l n+2 2n —1
1
ith a; i = ———.
with a; ; TTi-1
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Toy Example

We can explicitly compute the numbers ¢, ;:
n=1

n=2 n=3 n=4 n=>5 n==~6 n="17
1
1 924
1 T 252 1
1 70 5 22
1 20 2 42 5
_1 6 3 7 5 11
2 5 9 6 20
(1) ( 1 ) -1 3 7 20 11
1 2 _9 9 75
1 5 22
1 . -3
1
1
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Toy Example

We can explicitly compute the numbers ¢, ;:
n=1 n=2 n=3 n=4 n=>5 n==~6

252
1 70 5
1 20 2 12
1 6 3 7 _5
2 5 9 6
(1) ( 1 ) -1 3 7 20
2 9
1 -2 5
1 ]
1
1

From this we guess that

: -1

cnj:(—l)j+” 7?—1 j—ijn—2 2n—2 7
’ j—1 7j—1 n—1

and then prove (symbolically!) that this guess is correct.
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Toy Example

Then we evaluate the sum (e.g., using Zeilberger's algorithm)

L Gty [y
Qn,jCn,j = — | . .
o j:1n+j—1 j—1 j—1 n—1
1 (2n-2\7  detA4,
S oan—1\n-1 det A,

14 /33



Toy Example

Then we evaluate the sum (e.g., using Zeilberger's algorithm)

S-S5 (DO
an?]Cn7J = 1 s
o j:1n+j—1 j—1 j—1 n—1
1 (2n—2\""  det4,
N det A,_1

Therefore:

o1 2k —2\ 72 1 (k)2
det Ay = [[=—— - .
¢ ]}_[12/@—1(1@—1) (zn—1)1kH(k+1)n_1
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Toy Example

Then we evaluate the sum (e.g., using Zeilberger's algorithm)

ii i:@4vm n—1\[(j+n—2\/2n—2\"
0 e —
WIS T L i —1\j -1 ji—1 n—1

Jj=1 Jj=1

1 (2n—2\""  det4,
~ det An_1’

Therefore:

o1 2k —2\ 72 1 (k)2
det Ay = [[=—— - ,
¢ kl_[l%—l<k—1> (zn—1)!kH(k+1)n_1

Problem: What if there is no such nice closed form for ¢, ;7
— Use holonomic functions!
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Principia Holonomica

1. Sequences are represented by a set (Grobner basis)
of recurrence equations (and initial values).
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Principia Holonomica

1. Sequences are represented by a set (Grobner basis)
of recurrence equations (and initial values).

2. Closure properties (e.g., fn + gn, fn - Gn, hij = honnys)
can be carried out algorithmically.

3. Sums like > 7' fnk are again holonomic, and are treated
by the method of creative telescoping (Zeilberger).

4. The output is always given as a set of recurrences,
not as a closed form.

Implementations are available in F. Chyzak's Maple package Mgfun
and our Mathematica package HolonomicFunctions; here we will
use the latter one.
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Toy Example
We can explicitly compute the numbers ¢, ;:

n=1 n=2 n=3 n=4 n=>5 n==~6

n="1
1
_ 1 92
1 252 1
_ 1 70 5 22
1 20 2 42 5
_1 6 3 7 _5 11
2 5 9 6 20
(1) ( 1 ) -1 3 7 20 1
2 9 75
1 -2
22
1 -1
1 -3
1
1
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Toy Example

We can explicitly compute the numbers ¢, ;:

n=1 n=2 n=3

From this we guess that

n=4

_L
20
3
5

n==>5

G—n=-1)(+n-2)

Cn 7.j -

(j—1)?
(n=1G+n-2)

9T e —3)(j—n)

Cn,j—1,
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Get a Handle on ¢, ;

We cannot expect to be able to compute ¢, ; explicitly!
(at least not for symbolic n)
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Get a Handle on ¢, ;

We cannot expect to be able to compute ¢, ; explicitly!
(at least not for symbolic n)

Instead:
» Hope that ¢, ; is holonomic (may be the case or not).

v

Work with an implicit (recursive) definition of ¢, ;.

v

The values of ¢, ; can be computed for concrete n,j € N.

If recurrences exist they can be guessed automatically
(e.g. with M. Kauers's Mathematica package Guess,
or with Berthomieu and Faugére's implementation)

v

17 /33



Toy Example

Guessed holonomic definition for ¢, ;:

G -n-D@E+tn-2)
Cn,j = (] — 1)2 Cn,j—1,
(n—=1)(j+n—-2)
Cn,j = 9 p Cn—1,5,
(2n=3)(j —n)

6171 =1.
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Toy Example

Guessed holonomic definition for ¢, ;:
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T 9n—3)(j —n) "M

0171 =1.

Show that the definition implies ¢, ,, = 1 for all n:
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Cn,j = (] — 1)2 Cn,j—1,
(n—=1)(j+n—-2)
Cn,j = 9 p Cn—1,5,
(2n=3)(j —n)

0171 =1.

Show that the definition implies ¢, ,, = 1 for all n:

Chnn = Cn—1,n—1

Prove 377, ajjcn; = 0 forallm € Nand 1 <4 < n. [skip]
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Toy Example

Guessed holonomic definition for ¢, ;:

G -n-D@E+tn-2)
Cn,j = (] — 1)2 Cn,j—1,
(n—=1)(j+n—-2)
Cn,j = 9 p Cn—1,5,
(2n=3)(j —n)

0171 =1.

Show that the definition implies ¢, ,, = 1 for all n:

Chnn = Cn—1,n—1

Use closure properties to get a holonomic representation of a,, jcy ;.

Creative telescoping yields a recurrence for S(n) := Z;-lzl A, jCnj:

4(4n* —1)S(n +1) =n2S(n), S(1)=1.
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Toy Example
Guessed holonomic definition for ¢, ;:
b o UnoDGEn-2)
’ (G -1) o
o _=nGtn-2)
T 20@n—3)(j—n)

0171 =1.

Show that the definition implies ¢, ,, = 1 for all n:
Chnn = Cn—1,n—1

Use closure properties to get a holonomic representation of a,, jcy ;.

Creative telescoping yields a recurrence for S(n) := Z;-lzl A, jCnj:

4(4n* —1)S(n +1) =n2S(n), S(1)=1.

1 (2n—2\?
Unique solution of this recurrence: S(n) = 5 1 < ) ) .
n—1\n-—

18 /33



Zeilberger's Holonomic Ansatz

1. Compute many values of ¢, ; (e.g. for 1 < j < n < 100).
2. Guess linear recurrences for ¢, ; from that data.

3. Prove the following identities using holonomic closure
properties and creative telescoping:

Cn,n =1 (TL > 1)7 (1)
> Cnijtij =0 (1<i<n), )
j=1
n bn
D cnjang = . (n=1). (3)
=1 "

Note: all these steps can be executed automatically!
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Back to Inverse Inequalities

Recall: We are interested in evaluating det(B,, — \A,)
for symbolic A and for symbolic n.

The entries of the matrices A,, and B,, in our case are:
1— (—1)Hi-1
i4+5—1

bij= (-1 —-1)

@iy 1=

1— (_1)z‘+j—3
i+7—3

20 /33



Back to Inverse Inequalities

1— (_1)i+j*1 . . 1— (_1)i+j73
=, bij=0—-1)j—-1)———"m—
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Back to Inverse Inequalities

1

Ry

|Bs — AAg| =

— (—1)iHi—1
—2x 0

0 2-3x
—2x 0

0 2-2x
-2x 0

0 2-2A

bi,j .

- -

1) ———
1+75—3

1— (_1)i+j73
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Back to Inverse Inequalities

1— (_1)i+j71 . . 1— (_1)’i+j73
N e v by =0-1)—-1)———
a’j Z+J_1 5] (Z )(] ) Z+]—3
2 2
—2x  —Ix -2 0 0
2 8 2 16 2
—3A 35 F-o7A 0 0
—2) 16 _ 2y 32 _ 24 0 0
5 5 7 7 9
|Bs — AAg| = ) )
0 0 0 — X 2- 2
2 18 2
0 0 0 —EX 2 —EA
0 0 0 2-2x 3B_2)
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Back to Inverse Inequalities

1— (_1)i+j*1 . . 1— (_1)i+j73
i =—" b =0-1)(-1)———————
alv] Z+]_1 2¥) (Z )(] ) ’L+]—3
2 2
-2 =Ix -2 0 0
2 8 2 16 2
—3\ 330 F 7% 0 0
2 16 2 32 2
—2) 62\ 32_2 0 0
’BG _ )\AG‘ _ 5 5 7 7 9
0 0 0 2-3)x 2-2x 2-
2 18 2 30
2 30 2 50
0 0 0 2-2x H_2Z)\ P

Hence we get: det(B,, — AA,,) = 2" det (A

(ﬁ}m) - det (A
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_ 2 — 1)(2j — 1) A
A0 — (@) with 0@ = -
n = (0 )1<ijen with aj; 212j-3 212 -1
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_ 2 —1)(2j — 1) A
AO — Oy, with oY = ( -
n = (05 1<ij<n with a;; 2i+2j—3  2i+2j—1

A
det ALY = -3
402 120 4
detAgo) = N 7)\+*
525 35 5
2563 51202 256\ 256
det AL = — -
o 22020075 | 218205 4851 | 2205
dot A©) 655367 131072\ N 65536)\° 65536
4 63275987399625 200876150475 1217431215 6689182
0 10737418245 1073741824\%
det A = — n N
b 177624332221127738821875  119612344930052349375

22/33



_ 2 —1)(2j — 1) A
AO — Oy, with oY = ( -
n = (05 1<ij<n with a;; 2i+2j—3  2i+2j—1

A
det ALY = -3
402 120 4
detAgo) = N 7)\+*
525 35 5
2563 51202 256\ 256
det AL = — -
o 22020075 | 218205 4851 | 2205
dot A©) 655367 131072\ N 65536)\° 65536
4 63275987399625 200876150475 1217431215 6689182
0 10737418245 1073741824\%
det A = — n N
b 177624332221127738821875  119612344930052349375

» These polynomials are irreducible.
» Hence det(A%O))/det (ALOZI) is (probably) not holonomic.

> Neither is det(A%O)) a holonomic sequence.
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a1l

a1

as;1

Gn,1

a1,2

az,2

a32

an,2

ais

a3

as;3

Gn,3

a1n

a2.n

a3 n

an,n

det A(O)

det A(O)
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M,
1n,1
ailr ar2 a3 - Aip (—1)H+M 0
n,n
M, o
o Mn,
a1 Gg2 a3 -+ A2, (—1)m+ 0
M,
M, 3
as1 az2 asz3 - G3p (-3 | = 0
M, n
0
det ALY
Gn,1 0OGn,2 0Aan3 - Adnn 1 T
n,n

)
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a1 a2 aigs

az1 Q22 G23

asl az2 as3

Gn,1 0Gn,2 0an;3

» This normalization

a1n

a2.n

a3 n

an,n

(=)™ M1
(_1)n+2Mn’2

(_1)n+3Mn,3

M, n

det A%O)

could be used if det A(®) was holonomic.
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a1l

a1

as;1

Gn,1

> Iy

a1,2

az,2

a32

an,2

ais

a3

as;3

Gn,3

a1n

a2.n

a3 n

an,n

S
3

(0)

is the leading coefficient of det A"~

det ALY
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a1l a12
a1 G232
a3l as2
Gn,1 Gn,2

» /, is the leading coefficient of det A
M,

» Define ¢

ais

a3

as;3

Gn,3

(0)

ng T

a1n

a2.n

a3 n

an,n

(1)

n

3

Q/‘\
S
0

Q/\
\'3 (o)
)

o

det ALY
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a1l

a1

as;1

Gn,1

a1,2

az,2

a32

an,2

ais

a3

as;3

Gn,3

a1n

a2.n

a3 n

an,n

053)1 0
cgg 0
07(1072)) = 0
0 det A
n,n gn

(0)

» /, is the leading coefficient of det A, ".

(_1)n+j%_

» Define ¢

» Thanks to the parameter A this normalization is easy to achieve.

(0)

ng T

n
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We conjecture

4253 (3 1
RO 2273 (3) g,y (n §)j—1
R R ]
n—1 2n—2m—2

j+m (2m+ )Qk)\m
XZ Z 4m+kk' C@m+k—n—j+2)
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We conjecture

4253 (3 1
RO 2273 (3) g,y (n i)j—l
R R ]
n—1 2n—2m—2

1)7+ (2 + 1) g, A
XZ Z 4m+kk' Cm+k—n—j+2)!

Then we prove

Z - (20 =25+ 1)ay
= —_ Jj—n J
aJ w 517” ( 4) (2j)! A

J=0

from which we can conclude that

0 _ - - (2n—2j 4 1),
det AO = ¢, . Z(—4)7 @)
j=0 o

N

for some (yet unknown) constant c,,.
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With the original version of the holonomic ansatz, we prove

Il

|
N[ =
SN——"

3
=

—~

—~

cn = det (}\li_)n;O %A%O)>
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With the original version of the holonomic ansatz, we prove
. 1 0 o 1\ ((Z — 1)‘)
Cn = d@c(}\h_)n;O XA%)> = (—5) 1_111)
1=

And hence we obtain:

Theorem.
det Aglo) = (_%)n H w (_4)j—n (2n - 2.7. + 1)2n )\j7
i=1 (’L + §)n j=0 (29)!
“hyperholonomic” part holonomic part
n o 1 n—1 . 2 1 '
et = T S Gt
1 Z -1 + n ]:0 j + )
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Part Il: Estimation of the Largest Eigenvalue

Let F,,(\) := det(B, — AA,) and v(n) := | 2].

We have to estimate the largest root of the polynomial

v(n)
Fu(\) =Y (=1 fi(n) A~
=0
= N0 — f )N ()2

where '
(n - 2] + 1)4j

We prove a series of lemmas concerning the properties of this
family of polynomials. ..
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Monotonicity of the Largest Root

Lemma. Let n € Nwithn > 2. If A € R is a root of F;, with
A > 1fi(n) then Fiq(N) <O0.
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Monotonicity of the Largest Root

Lemma. Let n € Nwithn > 2. If A € R is a root of F;, with
A > 2 f1(n) then Fi1q(X) < 0.

Proof. Case n = 2k + 2. We have that v(n) =v(n+1) =k + 1.
Define

Gn(w) := Fpqa(z) — Fo(2)
k

_ 2)(_4)3‘/% (2k —(;jjl?;?zkﬂ G —k—1)a,

and denote by g;(n) the absolute value of the j-th coefficient:

(2k — 27 + 3)a2k+2
(27 + 1)

gj(n):4j_k (k—j+1).

Our goal is to show that G,,(z) < 0 for x > 1 fi(n).
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Subgoal: Show )\g]( n) > gj—1(n) for 1 <j < kand A > 3fi(n).

Next: Show that 2f1( n)gj(n) > gj—1(n) for 1 < j < k.

Substituting for g;(n) we obtaln
(

2k—2j+3) k42 S 4i-1- k (k—j+2)(2k—2j+45) 912
27+D)! (25-1)! ’

Multiply by (25 — 1)! and divide by 47=17%(2k — 2j + 5)o:

2f1(n) EHDEEIEROEIED > (k- j+2)(4h—2;+5)(4k—2j+6).

Plugging in fi(n) = 3(2k + 1)(2k + 2)(2k + 3)(2k + 4) and
substituting 7 — k — j leads to

lf( )4] k (b—j+1)

(1657 + 7252 + 885 + 16)k* + (805° + 360;> + 424] + 48)k*
+ (17253 + 7745% 4+ 90675 + 92)k? + (196> + 882, 410705 4 180)k
—165° — 1125* — 2125% 4 1652 + 2765 + 72> 0

for 0 < j < k— 1. Since k > j, the above inequality is true if it is
true for k = j. Substituting k = j yields

1657 + 15255 +6045° + 1298j* + 1624 + 117852 + 4565 + 72 > 0,

which is obviously true for all j > 0. 2 /3



Finally note that if k£ is even then

k/2
Ga(N) = —go + D (=925 (n)A + g2j—1(n)) A¥ 1 <0,
-~ I
<0 <0
and if £ is odd then
(k—1)/2
Gn(N) = D (—g241(n)A + g2;(n)) XY < 0.
7=0 <0
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Lesson learned: Don't do that! Use computer algebra!

Case n = 2k + 1. Use the same argument as before, which leads to
the rational function inequality

k(2K + 1)(2k +2)(2k + 3)(k — j + 1)(2k — 25 + 3)(k — j + 2)

12 —D)(k—j+2)2k —j +2)(dk —2j +5) > L
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Lesson learned: Don't do that! Use computer algebra!

Case n = 2k + 1. Use the same argument as before, which leads to

the rational function inequality

2k +1)2k+2)2k+3)(k—j+1)2k—2j+3)(k—j+2)
452 —1)(k—7+2)(2k—j+2)(4k — 25+ 5)

CylindricalDecomposition[
Implies[l <= j <= k, ineql, {j, k}]

yields True in a fraction of a second.

> 1.
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Upper and Lower Bounds

Main idea:

Ey(A) = X0 — 1 ()XY £y (n) A2 — fa(n) A3

-~

head polynomial tail

1. Define m(n), the largest root of the head polynomial:

%(ﬁ )+ f1(n)? — 4fa( ))
fl(n)< \/ 2<n—2><n—3><n+3><n+4>)'

2 3 nn—1mn+1)(n+2)

2. Use the lemmas to show that the tail is positive for all A > m(n).

— m(n) is an upper bound for the largest root of Fj,(\).
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For all n € N we have the estimate b;(n) < A\, < ba(n) with

)

_ ma(n) 2(n—2)(n—3)(n+3)(n+4)
bi(n) = —5 <1+\/1 3 - Dt i+ 2)

bo(n) = m1 (n) (; + (i) + \/m(n))” " (ritm) \/rg(n))l/ 3),

where m1, r1, and r9 are given by

n(n—1)(n+1)(n+ 2)

mi(n) := 3 )
2(n® + 4n7 + 8nS + - - — 4733n2 — 5130n + 16200)
ri(n) = 135n2(n — 1)2(n + 1)2(n + 2)2 ’
ra(n) = (n—2)(n—3)(n+4)(n+3)q(n)

T 1458004 (n — 1)4(n + 1)4(n + 2)4’
and the polynomial g in 72 is given by

n'2 + 420 — 641010 + ... — 44971200n + 116640000.
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For all n € N we have the estimate| b1 (n) < A\, < ba(n) jwith

)

_ ma(n) 2(n—2)(n—3)(n+3)(n+4)
bi(n) = —5 <1+\/1 3 - Dt i+ 2)

bo(n) = m1 (n) (; + (i) + \/Tg(n))l/ " (ritm) \/rg(n))l/ 3),

where m1, r1, and r9 are given by

n(n—1)(n+1)(n+ 2)
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Conclusion

1. OQur results improve previously known bounds by a large factor.

2. By putting more and more terms into the head polynomial,
one get more and more precise bounds, at the cost of more
complicated algebraic expressions.

3. The numerical analysts were very excited about these results.
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