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Algorithmic method to prove determinant evaluations of the form

det A, = b, (n>1)
where

> A, = (aij)i<ij<n 1S an n X n matrix,
> a;; is a bivariate holonomic sequence, not depending on n,
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Some Examples

1 1 (k)2
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Toy Example
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ai1 a2 a3 o Glp Cn,1 0
az1 Q22 a23 -+ G2p Cn,2 0
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Toy Example

We can explicitly compute the numbers ¢, ;:

n=1 n=2 n=3 n=4 n=>5

n==~06 n="7T
1
_ 1 924
1 252 1
1 70 5 22
1 20 2 42 5
_1 6 3 7 _5 11
2 5 9 6 20
(1) ( 1 ) -1 3 7 20 11
1 2 —9 9 75
22
] -3
1 -3
1
1
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Toy Example

Then we evaluate the sum (e.g., using Zeilberger's algorithm)
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o j:1n+j—1 j—1 j—1 n—1
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Toy Example

Then we evaluate the sum (e.g., using Zeilberger's algorithm)

53 ﬁé(—mﬂﬂ n—1\[(j+n—2\/2n—2\"
0 e —
WIS T L i —1\j -1 ji—1 n—1

Jj=1 Jj=1

1 (2n—2\""  det4,
~ det An_1’

Therefore:

o1 2k —2\ 72 1 (k)2
det Ay = [[=—— - ,
¢ ]}_[12/@—1(1@—1) (zn—1)1kH(k+1)n_1

Problem: What if there is no such nice closed form for ¢, ;7
— Use holonomic functions!

6 /51



Toy Example

We can explicitly compute the numbers ¢, ;:
n=1

n=2 n=3 n=4 n=>5 n==~6 n=7
1
1 924
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1 20 2 12 5
_1 6 3 7 _5 11
2 5 9 6 20
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Toy Example

We can explicitly compute the numbers ¢, ;:

n=1 n=2 n=3 n=4 n=>5 n==~6

1 252
1 70 5
1 20 2 12
1 6 3 7 _5
2 5 9 6
(1) < 1 ) —1 3 7 20
2 9
1 -2 5
1 —3
1
1

From this we guess that (e.g., by Kauers' Guess package)
G-n-DG+n-2)
(i —1)? Iy
(n—=1)j+n—2)
- Cn—1,5-
2(2n = 3)(j —n)

Cnj =

Cnj =

7/51



Principia Holonomica

1. Sequences are represented by a set (Grobner basis)
of recurrence equations (and initial values).
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Principia Holonomica

1. Sequences are represented by a set (Grobner basis)
of recurrence equations (and initial values).

2. Closure properties (e.g., fn + gn, fn - Gn, hij = honnys)
can be carried out algorithmically.

3. Sums like > 7' fnk are again holonomic, and are treated
by the method of creative telescoping.

4. The output is always given as a set of recurrences,
not as a closed form.

Implementations are available in F. Chyzak's Maple package Mgfun
and our Mathematica package HolonomicFunctions; here we will
use the latter one.
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Determinant Evaluation: Proof by Induction

Problem: Prove that det 4,, = det< a;; = by for all n € N.

1<ij<n
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Determinant Evaluation: Proof by Induction

Problem: Prove that det A,, = det a;; = b, forall n € N.

1<ij<n

Base case: verify that a; 1 = b;.
Induction hypothesis: assume that det A,_1 = b,_1 # 0.

Induction step: the assumption implies that the linear system

a1l Glp—1 ain Cn,1 0
ap—-1,1 **° An—-1n-1 Gp-1n Cnn—1 0
0 0 1 Can 1

has a unique solution, namely ¢, ; = (=1)"™ M,, ; /M, ,,.
Now use ¢, ; to do Laplace expansion of A, w.r.t. the last row:
n
det A,, = Z My, ncn jan,j.
=1

Showing that the sum evaluates to b,, completes the induction step.
9/51



How to get ¢, ;

We cannot expect to be able to compute ¢, ; explicitly!
(at least not for symbolic n)
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How to get ¢, ;

We cannot expect to be able to compute ¢, ; explicitly!
(at least not for symbolic n)

Instead:
> Hope that ¢, ; is holonomic (may be the case or not).

v

Work with an implicit (recursive) definition of ¢, ;.

v

v

If recurrences exist they can be guessed automatically
(e.g. with M. Kauers's Mathematica package Guess)

The values of ¢, ; can be computed for concrete n,j € N.
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Zeilberger's Holonomic Ansatz

1. Compute many values of ¢, ; (e.g. for 1 < j < n < 100).
2. Guess linear recurrences for ¢, ; from that data.

3. Prove the following identities using holonomic closure
properties and creative telescoping:

Cn,n =1 (TL > 1)7 (1)
> Cnijtij =0 (1<i<n), )
j=1
n bn
D cnjang = . (n=1). (3)
=1 "

Note: all these steps can be executed automatically!
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Part |

Proof of the ¢-TSPP Conjecture

(joint work with M. Kauers and D. Zeilberger)
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A Success Story of the Holonomic Ansatz

C. Koutschan, M. Kauers, D. Zeilberger:

Proof of George Andrews's and David Robbins's
q-TSPP Conjecture

Proc. Natl. Acad. Sci. (PNAS) 108(6):2196-2199, 2011.
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A Success Story of the Holonomic Ansatz

C. Koutschan, M. Kauers, D. Zeilberger:

Proof of George Andrews's and David Robbins's
g-TSPP Conjecture

Proc. Natl. Acad. Sci. (PNAS) 108(6):2196-2199, 2011.

By evaluating the g-holonomic determinant (Okada 1989)

o Ti4i=2]  i+i—1 .
det <qz+] 1|: J :|+ql+]|: ‘1 :|+(1+qz)5l,j5l,j+l>
q q

1<i,5<n 17— 1

1— qi+j+k71 2
- H (1 _ qi+j+k—2>

1<i<j<h<n

a long-standing combinatorial problem (first stated in 1983) was
solved, the g-enumeration of totally symmetric plane partitions.
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Let T'(n) denote set of TSPPs with largest part at most 7.

o _q
Stembridge’s Theorem: |T(n)| = H %
(Stembridge 1995) 1<idjeken TI TR
(Andrews/Paule/Schneider 2005)
_ _ 1 — gitith—1
q-TSPP conjecture: Z gI™/%sl = H T

(KKZ theorem, 2011) m€T(n) 1<i<y<ksn
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Part ||

Solving Krattenthaler's Conjectures
by
Variations of the Holonomic Ansatz

(joint work with T. Thanatipanonda)
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Krattenthaler's Work on Determinants

> In 1999, C. Krattenthaler published the classic
Advanced Determinant Calculus

in Séminaire Lotharingien de Combinatoire 42:1-67.

For example, the ¢-TSPP conjecture was mentioned therein.
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Krattenthaler's Work on Determinants

> In 1999, C. Krattenthaler published the classic
Advanced Determinant Calculus

in Séminaire Lotharingien de Combinatoire 42:1-67.

For example, the ¢-TSPP conjecture was mentioned therein.

> In 2005, C. Krattenthaler published
Advanced Determinant Calculus: A Complement

in Linear Algebra and its Applications 411:68-166.

We solved Conjectures 34, 35, and 36 from this paper
which are related to combinatorial problems (rhombus tilings).
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Conjecture 34 — Theorem 1

Let the determinant D;(n) be defined by

Di(n) := det <5i,j—|—<ﬂ+l}_‘]_2>>

1<i,j<n

where 11 is an indeterminate and J; ; is the Kronecker delta.
Then the following relation holds:

D1 (277,)

(5 +n) [n/2] (5 +2n+ %)n—l
D1(2n — 1) '

= (—1 (n—l)(n—2)/22n
- () (4~ 20 +3)

[(n=2)/2]
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Let the determinant D;(n) be defined by

Di(n) := det <5i,j—|—<ﬂ+l}_‘]_2>>

1<i,j<n

where 11 is an indeterminate and J; ; is the Kronecker delta.
Then the following relation holds:

D1 (277,)

(5 +n) [n/2] (5 +2n+ %)n—l
D1(2n — 1) '

= (—1 (n—l)(n—2)/22n
- () (4~ 20 +3)

[(n=2)/2]

This conjecture was posed by G. Andrews in 1980; it appeared in
the context of enumerating certain classes of plane partitions.
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Result of the Holonomic Ansatz
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Some Data
Di(1) = p+1
(+1)(n+2)
T3+ D+ 2) (1 +3) (1 + 14)
73+ D+ 2)(n+3) (1 +4) (1 + 9) (1 + 14)
= om0 (1 + D (1 +2) (1 +3) (1 +4) (1 +5) (1 +9)
x (3 + 452 + 7221 + 3432)
D1(6) = syggoo (1 + 1) (1 + 2) (1 + 3) (1 + 4) (1 + 5) (1 + 6)
x (g4 8) (1 + 13)(p + 15) (u? + 4542 + 722u + 3432)
D1(7) = ggats005 (4 + 1) 000 (1 + 34) (1% + 4702 + 9544 + 5928)
D1(8) = =3rssamsoung (4 + 1) 000 (u+ 34) (1® + 47p% + 9544 + 5928)
Di(9) = ssimzssszmsmonnoo (4 + D (1 +2) 000 (1 +21)?
x (8 + 142° + 8505 4 27710043 + 525340442 + 52937808
D1(10)= gzzmmsasosraroaoonons (4 + 1) (1 +2) 000 (i + 25)(u +27)
x (8 + 1424° + 8505 + 27710013 + 525340442 + 52937808
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Di(1) = p+1
Di(2) = (p+1)(p+2)
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D1(7) = gegat3005 (4 + 1) 000 (p + 34)(p® + 470 + 9541 + 5928)|
D1(8) = =zrssansoonn (4 + 1) 000 (1 + 34)(p® + 4712 + 954p + 5928)|
Di(9) = srizssssamsmonno (4 + 1) (1 +2) 000 (1 +21)?
X|(1® + 1424 + 85050 + 27710043 + 52534044% + 52937808
D1(10)= gzimmsssosraroaonnms (4 + 1) (1 +2) 000 (i + 25) (u + 27)

X|(u8 + 142° + 85051 + 27710043 + 52534042 + 5293780
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Modified Holonomic Ansatz

Idea: use the subsequence ¢, ; := cop ;.
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Modified Holonomic Ansatz

Idea: use the subsequence ¢, ; := cop ;.

Then we have to prove the following the identities:

én,2n =1 (n = 1)7

2n

> Enjaij =0 (1<i<2n),

j=1
2n

_ bo

ch,j@n,j =3 = (n=>1).
=1 2n—1
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The Meta-Certificate ¢, ;

With the modified ansatz we obtain very small recurrences for ¢, ;:
2n(j+1)2n—1)(2j+p)(j —2n)(j —2n+1)
X(p+4n =5)(p+4n =3)(J+p+2n—1)¢,; =
JU+r=12j+p—-1)G —2n+3)(p+4n - 3)
x (4 + 2530 + ... (24 terms) + 12)é,—1 j11 —
G+ 1)+ p+2n—3)(25% + 85%n + ... (92 terms) — 210un)é,—_1

G-DU+p=3)0+r=-2)2j+p—-4)( —2n)
X(j+p+2n—1)en; =

GG+ p—3)(45% + 8531 + ... (26 terms) + 16)é, j—1 —

JU=D0+pr=2)2j+p—=2)( —2n=2)(J +p+2n —3)én ;-2
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Conjecture 35 — Theorem 2

Let 1 be an indeterminate and n be a nonnegative integer.
If n is even, then the following determinant evaluation holds:

L9
det <—5i,j+ ('U—I_H._] >> =
1<i,j<n i

/ )/ (%) (n22)/2 il?
( )n 22n (n+2)/4 nn %
(5) g} (20)12
[(n—4)/4] 2 2
I1 (“+3¢+5> <—“—3"+3z’+3>
o \2 2) (n—ai—2);2 \ 2 2 (n—4i—4)/2
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Conjecture 35 — Theorem 2

Let i be an indeterminate and n be a nonnegative integer.
If n is odd, then the following determinant evaluation holds:

g
det <—5i,j+ <M+Z—i._‘7 >) =
1<i,j<n i

(n-1)/2
(—1)(n=1)/29(n+3)(nt1)/4 (/w—l) i+ 1)!
(nt1)/2

2 1L @i+ 2)!
[(n—3)/4] 2 2
I1 <g+3i+;) <—’2‘—32"+3z‘+;>
pai (n—4i—3)/2 (n—4i—1)/2
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Result of the Holonomic Ansatz
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Result of the Holonomic Ansatz

Instead of by, /b,—1 we would like to study the quotients

b2n b2n+1
and .
bop—2 bap—1
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The Double Step Method

Based on the formula for the determinant of a block matrix

M; M, _
det(M) = det < M M4> = det(My) det(My — M3M; ' My)

we obtain the following proof scheme:

C;I,T'Lfl = C/ri,n =1, C;L,n = C;,L,nfl =0, (1b)
n
> aijd,; = Z aijon; =0, (1<i<n-—2) (2b)
j=1

n n
} : / 2 :
= ( a”*Lj Cn,j) ( a":] n])
=1
n
- <§ :a’n 1,5€ TL,]><§ :a’nd n,j)
Jj=1
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Alternative: the Desnanot-Jacobi Approach

Denote b, (1, J) := I<_§et1 | Gij (our determinant is by, (1,1)).
IS it
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Alternative: the Desnanot-Jacobi Approach

Denote b, (1, J) := I<_glet1 | Gij (our determinant is by, (1,1)).
IS it

With this notation, the Desnanot-Jacobi identity reads

by (0,0)bp—2(1,1) = bp_1(0,0)bp_1(1,1) — bp_1(0,1)bp_1(1,0)
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Alternative: the Desnanot-Jacobi Approach

Denote b, (1, J) := I<_get1 L @i (our determinant is by, (1,1)).
IS it

With this notation, the Desnanot-Jacobi identity reads

by (0,0)bp—2(1,1) = bp_1(0,0)bp_1(1,1) — bp_1(0,1)bp_1(1,0)

Substitute n — 2n + 1 and n — 2n, and use by,—1(0,0) = 0:

b2 (0, 0)ban (1, 1) = b (0, 1)ban (1, 0)
b2r,(0,0)b2p—2(1,1) = —bap—1(0,1)b2n—1(1,0)
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Alternative: the Desnanot-Jacobi Approach

Denote b, (1, J) := I<_get1 L @i (our determinant is by, (1,1)).
IS it

With this notation, the Desnanot-Jacobi identity reads

by (0,0)bp—2(1,1) = bp_1(0,0)bp_1(1,1) — bp_1(0,1)bp_1(1,0)

Substitute n — 2n + 1 and n — 2n, and use by,—1(0,0) = 0:

b2 (0, 0)ban (1, 1) = b (0, 1)ban (1, 0)
b2r,(0,0)b2p—2(1,1) = —bap—1(0,1)b2n—1(1,0)

From these two equations we obtain the desired quotient:

ba(L1)  boa(1,0)  bea(0,1)
bon—2(1,1) ban—1(1,0) b2p—1(0,1)
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Alternative: the Desnanot-Jacobi Approach

Similarly, using b2,,(0,0) = —ba,—1(1,1), we get

(
b2n+1(17 1) _ _b2n+1(07 1) . b2n+1(170)
b2n71(17 1) b2n(07 1) b2n(1a 0)
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Alternative: the Desnanot-Jacobi Approach

Similarly, using b2,,(0,0) = —ba,—1(1,1), we get

;1) banta(1,0)
1) b2n(130)

(
ban+1(1,1) _ bon+1(0
ban—1(1,1) b2, (0,

Remarks:

> b2,—1(0,0) = 0: show that the rows of this matrix are
dependent, by guessing the coefficients of the corresponding
linear combination.

> b2,(0,0) = —bayp—1(1,1) can be shown by yet another
variation of the holonomic ansatz.

> b2, (1,0)/b2,—1(1,0) etc. can be treated with our first
variation of the original holonomic ansatz.
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Conjecture 36 — Theorem 3

Let i be an indeterminate. For any odd nonnegative integer n
there holds

L9
det (_5ij+<,u+z'+j )):
1<i,j<n ’ j+1

E_ 1 n—1)/2 .o
(_1)(n71)/22(n71)(n+5)/4(,u+1)% ( H ! )

[(n—1)/4] 3\ 2
x (’2‘ +3i+ )
5 2) (n-i-1))2

)

L(n—3)/4] 2
x (—’2‘ = 37" +3i+ g)
i—0 (n—4i—3)/2

~
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Proof

Relate this determinant to the previous problem:

. . 9
det <_(5Z,j + <(,U/ 2) +.Z + J >> - b2n—1(27 27 n—= 2)

2<i,j<2n
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Proof

Relate this determinant to the previous problem:

det <—5z’,j + <(,u —2) +.Z tI- 2>> =bo—1(2,2,4 — 2)

2<4,j<2n

A variation of the holonomic ansatz yields a recurrence for

b2n(]—7 17” - 2)
b2n—1(27 27,”’ - 2) .

But by, (1,1, u — 2) is already known (previous result).
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Our Conjecture
We found a beautiful formula for Andrews’ determinant D;(n).

30 / 51



Our Conjecture
We found a beautiful formula for Andrews' determinant D;(n). Let

5 p
E(n)Z(u+1)n< (u+2z+6>2b(+2)J>
=1
1315]-2 NPT
(I (erzealglgaag-ay U
=1
L%(n—l)J
Fm(n)—( 11 (u+2z‘+n+m)12im>
=1
[5-1]
x ( (u—2i+2n—2m+1)1—2i—m>,
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Our Conjecture

... further let. ..
E(n)Fy(n), if n is even,
— 3(n=5)
F(n) = 2
E(m)Fi(n) ] (u+2i+2n—1), ifnisodd,

i=1

T(k) = 55296k5 + 41472(p — 1)k° + 384(30u2 — 661 + 53)k*
+96(p — 1)(15p> — 42 + 61)k3
+ 4(19p* — 12243 + 41942 — 5444 + 72)K?
+ (u—1)(p* — 14> + 10142 — 160 — 84)k
+2(p=3)(p—2)(p —1)(p+1),
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Our Conjecture

...and let. ..
n—1 9

Si(n) = (26k(ﬂ + 8k — 1) (%)Qkfl (%(/‘ + 5))2]{?73
k=1

< (3(n+4k+2)), , (5(n+4k+2),, o T(k)>
/((%)! (3(u+6k — 3))3k+4)’

Sa(n) = Y (2% (n+ 8k +3) (3)3, (31 +5)

?
L

B
Il
—

X (Bt Ak +4),_y (Bl 4k +4)), Ly, T(k+3))

/((% + 1! (5 + 6k + 1))3k+5>’
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Our Conjecture
(5(n+6n— 3)) 302
(%(/.L—i— 5))2n—3
) ((é(w Doz, iy 1>sl<n>> |

Pl (n) — 23n—1

(37 213
(%(M +6n + 1))371—1
(%(M+5))2n72

P2 (n) — 231171

. ((u +14) (3 +9) 0y plu— 1)52(”)>

(1 +7) (1 +9) 20

G(n) = Pi(3(n+1)), ifnisodd,
Py (%), if n is even.

Then for every positive integer n we have

1<i,5<n

J

det <5m- + (“”*,j _2>) — C)F()G(|A(n+1)]).
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Towards a Proof of our Conjecture

Recent news: together with T. Thanatipanonda, we applied the
Desnanot-Jacobi theorem successively to this determinant, in order
to split it into simpler subproblems:

Dio(2n) =
Dy 1(2n) =
D0,0(2n)/D0, (2n —1)
Dy o(2n)/Dyo(2n — 1)

D_1’1(2?7, + 1)/D_1’1 (27’L)
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Towards a Proof of our Conjecture

Recent news: together with T. Thanatipanonda, we applied the
Desnanot-Jacobi theorem successively to this determinant, in order
to split it into simpler subproblems:

w=>5
Dio(2n) = v
Dy 1(2n) = N
D0,0(2n)/D0 o(2n —1) v
Dy o(2n)/Dyo(2n — 1) v
D_11(2n+1)/D_11(2n) v
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D1,0(2n) = v v
Dy 1(2n) = v v
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Towards a Proof of our Conjecture

Recent news: together with T. Thanatipanonda, we applied the
Desnanot-Jacobi theorem successively to this determinant, in order
to split it into simpler subproblems:

uw=>5 symbolic p

Dio(2n) = v v
Dy 1(2n) = v v
D0,0(2n)/D0 o(2n —1) v v
Dy o(2n)/Dyo(2n — 1) v v
D_11(2n+1)/D_11(2n) v X
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Part |l

The Holonomic Ansatz
adapted to the
Evaluation of Pfaffians

(joint work with M. Ishikawa)
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Pfaffians

Consider a skew-symmetric matrix A, i.e., A= —AT:
0 a2  a13
—ay 2 0 a3
A == 0

—ai13 —a23

(it is easy to see that det A = 0 if A has odd dimensions).
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Pfaffians

Consider a skew-symmetric matrix A, i.e., A= —AT:
0 a2  a13
—ay 2 0 a3
A == 0

—ai13 —a23

(it is easy to see that det A = 0 if A has odd dimensions).

Now let A be a skew-symmetric matrix of size 2n x 2n.
Then the Pfaffian of A is defined as

1 n
PfA:= Z sgn(o) H Ao (2i—1),0(2i)-

2nn!
o€Son i=1

Note that (Pf A)% = det A.
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Try to Apply Determinant Techniques

Zeilberger's holonomic ansatz doesn't work, since it requires

det A,, #£ 0 for all n.

37 /51



Try to Apply Determinant Techniques

Zeilberger's holonomic ansatz doesn't work, since it requires

det A,, #£ 0 for all n.

We could apply our variant that considers the quotient

det A,
det A,,_o
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Try to Apply Determinant Techniques

Zeilberger's holonomic ansatz doesn't work, since it requires

det A,, #£ 0 for all n.

We could apply our variant that considers the quotient

det A,
det A,,—o

> This double step method works in theory,

> but is complicated in practice and

> leads to very large computations.
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Laplace Expansion for Pfaffians
> Let A = (a;;)1<i,j<2n be a skew-symmetric matrix.
> Denote by A(i, ) the (2n — 2) x (2n — 2) matrix which is
obtained by deleting the rows and columns ¢ and j from A.
(1) =LPf A®i,5)  ifi <,
> Define the cofactors I'; j := < (—1)"7 Pf A(j, 1) if j <4,
0 if i = ;.
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Laplace Expansion for Pfaffians
> Let A = (a;;)1<i,j<2n be a skew-symmetric matrix.
> Denote by A(i, ) the (2n — 2) x (2n — 2) matrix which is
obtained by deleting the rows and columns ¢ and j from A.
(1) =LPf A®i,5)  ifi <,
> Define the cofactors I'; j := < (—1)"7 Pf A(j, 1) if j <4,
0 if i = ;.

Then there exists a Laplace-type expansion for the Pfaffian of A:

2n 2n
5j7k PfA= Z aj,iI‘kyi = Z amf‘i,k.
1=1 i=1
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Laplace Expansion for Pfaffians
> Let A = (a;;)1<i,j<2n be a skew-symmetric matrix.
> Denote by A(i, ) the (2n — 2) x (2n — 2) matrix which is
obtained by deleting the rows and columns ¢ and j from A.
(1) =LPf A®i,5)  ifi <,
> Define the cofactors I'; j := < (—1)"7 Pf A(j, 1) if j <4,
0 if i = ;.

Then there exists a Laplace-type expansion for the Pfaffian of A:

2n 2n
5j7k PfA= Z aj,iI‘kyi = Z amf‘i,k.
1=1 i=1

Setting j = k = 2n leads to

2n 2n
Pt A= g aon il'on: = E a;2nl'i on.
i1 i—1
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Pfaffian Evaluation: Proof by Induction

Problem: Prove that Pf Ay, = Pf (am-) = b, for all n € N.

1<i,5<2n
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Problem: Prove that Pf Ay, = Pf (am-) = b, for all n € N.

1<i,5<2n

Base case: verify that a; 2 = b;.
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Pfaffian Evaluation: Proof by Induction

Problem: Prove that Pf Ay, = Pf (am-) = b, for all n € N.

1<i,5<2n

Base case: verify that a; 2 = b;.

Induction hypothesis: assume that Pf Ay, 5 = b,_1 # 0.
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Pfaffian Evaluation: Proof by Induction

Problem: Prove that Pf Ay, = Pf (ai’j) = b, for all n € N.

1<i,5<2n

Base case: verify that a; 2 = b;.
Induction hypothesis: assume that Pf Ay, 5 = b,_1 # 0.

Induction step: the assumption implies that the linear system

aiqn e a2n-2,1 a2n—1,1 Con,1 0
a12n—2 *°° A2n—22n—2 G2n—1.2n—2 C2n,2n—2 0
0 e 0 1 Con,2n—1 1
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Pfaffian Evaluation: Proof by Induction

Problem: Prove that Pf Ay, = Pf (ai’j) = b, for all n € N.

1<i,5<2n

Base case: verify that a; 2 = b;.
Induction hypothesis: assume that Pf Ay, 5 = b,_1 # 0.

Induction step: the assumption implies that the linear system

aiqn e a2n-2,1 a2n—1,1 Con,1 0
a12n—2 *°° A2n—22n—2 G2n—1.2n—2 C2n,2n—2 0
0 e 0 1 Con,2n—1 1

has a unique solution, namely ca, j = I'j2n/Ton—12n = T'j2n/bn—1.
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Pfaffian Evaluation: Proof by Induction

Problem: Prove that Pf Ay, = Pf (ai,j) = b, for all n € N.

1<i,5<2n

Base case: verify that a; 2 = b;.
Induction hypothesis: assume that Pf Ay, 5 = b,_1 # 0.

Induction step: the assumption implies that the linear system

aiqn e a2n-2,1 a2n—1,1 Con,1 0
a12n—2 *°° A2n—22n—2 G2n—1.2n—2 C2n,2n—2 0
0 e 0 1 Con,2n—1 1

has a unique solution, namely ca, j = I'j2n/Ton—12n = T'j2n/bn—1.

Now use ¢, ; in the expansion formula for the Pfaffian of Ay,:
2n—1

Pf Ay, = Z bp—1c2n,ja;j2n-
j=1
Showing that the sum evaluates to b,, completes the induction step.
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The Holonomic Ansatz for Pfaffians

Now the holonomic ansatz can be formulated for Pfaffians:
1. Compute many values of ¢z, ; (e.g. for 1 < j < 2n < 100).
2. Guess linear recurrences for co,, j from that data.

3. Prove the following identities using holonomic closure
properties and creative telescoping:

Con2n—1 = 1 (n > 1)a (P]')
2n—1
Z Con,jaji =0 (1<i<2n), (P2)
j=1
2n—1
bn
Z C2n,jj,om = 3 X (n>1). (P3)
j=1 "
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Turn Conjectures into Theorems

Theorem. Let M, = >__ 755 (5) (;F) denote the n-th Motzkin

number. Then for n € IN we have
n—1

PE(( = ) Mitj=3)1; jeoy = [Tk +1).
k=0

Theorem. Let D, = Y1 (}) (”Zk) denote the n-th central
Delannoy number. Then for n € N we have

n—1

PE((j = 0)Ditj3) 1< jegn = 2= 2 — 1) T (4k — 1).
k=1

Theorem. Let N, (z) denote the n-th Narayana polynomial
defined by No(z) =1 and Ny, () = > 7o 2 (1) (" )a" n > 1.
Then for n € N we have

n—1
. . n2
Pf((j — i) Nitj—2(2)) 1o jcon = 7 [Tk +1).
k=0
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A Considerably Shorter Proof of ¢-TSPP?
S. Okada:

On the generating functions for
certain classes of plane partitions

Journal of Combinatorial Theory, Series A, 53:1-23, 1989.
In this paper, the ¢-TSPP conjecture was translated into a

determinant evaluation (as we saw before). On the way, there was
a similar statement involving a certain Pfaffian.
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A Considerably Shorter Proof of ¢-TSPP?
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A Considerably Shorter Proof of ¢-TSPP?
S. Okada:

On the generating functions for
certain classes of plane partitions

Journal of Combinatorial Theory, Series A, 53:1-23, 1989.

In this paper, the ¢-TSPP conjecture was translated into a
determinant evaluation (as we saw before). On the way, there was
a similar statement involving a certain Pfaffian.

Idea: Apply the holonomic ansatz for Pfaffians to this one and
hope that this yields a simpler proof (less computations).

Some preliminary results:
> Annihilating ideal for ca,, ; has holonomic rank 3 only.

> But the matrix entries are more complicated, and involve
some ‘“exceptional” term which has to be treated separately.
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Part IV

Evaluating Determinants
that yield an
Inverse Inequality in Numerical Analysis

(joint work with M. Neumiiller and S. Radu)
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Problem Statement

The interest in numerical analysis (e.g., finite element methods) in
so-called inverse inequalities yields to the following problem:

Find the largest eigenvalue A, of the generalized
eigenvalue problem

where A,, and B,, are certain n X n matrices.
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Problem Statement

The interest in numerical analysis (e.g., finite element methods) in
so-called inverse inequalities yields to the following problem:

Find the largest eigenvalue A, of the generalized
eigenvalue problem

where A,, and B,, are certain n X n matrices.

Equivalent formulation:

pam— max det(B,, — AA,) = 0.

Relaxed problem: find expressions b;(n) and by(n) such that
b1 (n) < )\n < bQ(n)

(“as accurate as possible”).
44 / 51



The entries of the matrices A,, and B,, in our case are:

1— (_1)’i+j71

G T T

) ) 1— (_1)i+j—3
bij = -1 — 1)2._1_]—-_3
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The entries of the matrices A,, and B,, in our case are:

aw =

1— (_1)i+j71
itj—1
) ) 1— (_1)i+j—3
bij=0-1)J—-1)——————
2
0 —2) 0
2 2
2-2) 0 2-2\
8 2
0 £-2x 0
2 18 2
16 2
0 ¥-2x 0
2 30 2
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The entries of the matrices A,, and B,, in our case are:

1— (_1)i+j71
S S
. . 1— (_1)i+j—3
bij = -1 — 1)2._1_]—-_3
—2x -2 —2) 0 0 0
2y 8 _ 2y 16 _ 2
—2) o2y L2y 0 0
2y 16 _ 2y 32 _ 2
o _2 _2 _2
0 0 0 2\ 2-2x  2-2)
2y 18 _ 2y 30 _ 2
0 0 0 2-2x 1B_2y 30_2,
2y 30 2y 50 _ 2
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The entries of the matrices A,, and B,, in our case are:

Hence we get

det(By — An) = 2" det (Af)) ) - det(

o O

. 1_(_1)i+j71
i+j—1
by = -G - DA

—2) —2) 0
S- E-n o
-2 2-0 o0

0 0 2-2x

0 0 2—2x

0 0 2-2x

aw =

> >

3
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_ 2 — 1)(2j — 1) A
A0 — (@) with 0@ = -
n = (0 )1<ijen with aj; 212j-3 212 -1
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_ 2 —1)(2j — 1) A
AO — Oy, with oY = ( -
n = (05 1<ij<n with a;; 2i+2j—3  2i+2j—1

A
det ALY = -3
402 120 4
detAgo) = N 7)\+*
525 35 5
2563 51202 256\ 256
det AL = — -
o 22020075 | 218205 4851 | 2205
dot A©) 655367 131072\ N 65536)\° 65536
4 63275987399625 200876150475 1217431215 6689182
0 10737418245 1073741824\%
det A = — n N
b 177624332221127738821875  119612344930052349375
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_ 2 —1)(2j — 1) A
AO — Oy, with oY = ( -
n = (05 1<ij<n with a;; 2i+2j—3  2i+2j—1

A
det ALY = -3
402 120 4
detAgo) = N 7)\+*
525 35 5
2563 51202 256\ 256
det AL = — -
o 22020075 | 218205 4851 | 2205
dot A©) 655367 131072\ N 65536)\° 65536
4 63275987399625 200876150475 1217431215 6689182
0 10737418245 1073741824\%
det A = — n N
b 177624332221127738821875  119612344930052349375

» These polynomials are irreducible.
» Hence det(A%O))/det (ALOZI) is (probably) not holonomic.

> Neither is det(A%O)) a holonomic sequence.
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a1l

a1

as;1

Gn,1

a1,2

az,2

a32

an,2

ais

a3

as;3

Gn,3

a1n

a2.n

a3 n

an,n

det A(O)

det A(O)
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M,
1n,1
ailr ar2 a3 - Aip (—1)H+M 0
n,n
M, o
o Mn,
a1 Gg2 a3 -+ A2, (—1)m+ 0
M,
M, 3
as1 az2 asz3 - G3p (-3 | = 0
M, n
0
det ALY
Gn,1 0OGn,2 0Aan3 - Adnn 1 T
n,n

)
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a1 a2 aigs

az1 Q22 G23

asl az2 as3

Gn,1 0Gn,2 0an;3

» This normalization

a1n

a2.n

a3 n

an,n

(=)™ M1
(_1)n+2Mn’2

(_1)n+3Mn,3

M, n

det A%O)

could be used if det A(®) was holonomic.
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a1l

a1

as;1

Gn,1

>

a1,2

az,2

a32

an,2

ais

a3

as;3

Gn,3

a1n

a2.n

a3 n

an,n

S
3

(0)

is the leading coefficient of det A"~ .

det ALY
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(0)

ail ai2 ai3 -+ Qin Cni
(0)

a1 a2 a23 a2.n Cn,2
(0)

asz1 az2 as;3 a3 n Cn,3
0)

Gn,1 0OGn,2 0Aan3 - Adnn Cn,n

> /, is the leading coefficient of det A%O).
M,

n

> Define cgg. = (=1)"

det ALY
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a1l

a1

as;1

Gn,1

a1,2

az,2

a32

an,2

ais

a3

as;3

Gn,3

a1n

a2.n

a3 n

an,n

053)1 0
cgg 0
07(1072)) = 0
0 det A
n,n gn

> /, is the leading coefficient of det A%O).

n+j Mnaj ]

> Define cgg. = (—1)

> Thanks to the parameter A this normalization is easy to achieve.

n
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We conjecture

4253 (3 1
RO 2273 (3) g,y (n §)j—1
R R ]
n—1 2n—2m—2

j+m (2m+ )Qk)\m
XZ Z 4m+kk' C@m+k—n—j+2)
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We conjecture

4253 (3 1
RO 2273 (3) g,y (n i)j—l
R R ]
n—1 2n—2m—2

1)7+ (2 + 1) g, A
XZ Z 4m+kk' Cm+k—n—j+2)!

Then we prove

Z - (20 =25+ 1)ay
= —_ Jj—n J
aJ w 517” ( 4) (2j)! A

J=0

from which we can conclude that

0 _ - - (2n—2j 4 1),
det AO = ¢, . Z(—4)7 @)
j=0 o

N

for some (yet unknown) constant c,,.
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With the original version of the holonomic ansatz, we prove

Cn = det( lim A%O)) _ (- )”ﬁw

A—00
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With the original version of the holonomic ansatz, we prove

Cn = det( lim A%O)) _ (- )”ﬁw

A—00

And hence we obtain:

Theorem.
n - N2 n ]
det A(O) = (—l)n M (_4)j—n (2”“ - 23. + 1)2n )\j '
' i (i+3) (2/)!
=1 2/n  §=0
“hyperholonomic” part holonomic part
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For all n € N we have the estimate b;(n) < A\, < ba(n) with

)

_ ma(n) 2(n—2)(n—3)(n+3)(n+4)
bi(n) = —5 <1+\/1 3 - Dt i+ 2)

bo(n) = m1 (n) (; + (i) + \/m(n))” " (ritm) \/rg(n))l/ 3),

where m1, r1, and r9 are given by

n(n—1)(n+1)(n+ 2)

mi(n) := 3 )
2(n® + 4n7 + 8nS + - - — 4733n2 — 5130n + 16200)
ri(n) = 135n2(n — 1)2(n + 1)2(n + 2)2 ’
ra(n) = (n—2)(n—3)(n+4)(n+3)q(n)

T 1458004 (n — 1)4(n + 1)4(n + 2)4’
and the polynomial g in 72 is given by

n'2 + 420 — 641010 + ... — 44971200n + 116640000.
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ri(n) = 135n2(n — 1)2(n + 1)2(n + 2)2 ’
ra(n) = (n—2)(n—3)(n+4)(n+3)q(n)

T 1458004 (n — 1)4(n + 1)4(n + 2)4’
and the polynomial g in 72 is given by

n'2 + 420 — 641010 + ... — 44971200n + 116640000.

50 / 51



Conclusion

We have demonstrated that the holonomic ansatz is a very flexible
tool for evaluating families of determinants symbolically.

bla bla bla
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