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Ore Algebras

— Generalization of the ring of differential operators

Let A be a ring,
» 0: A — A an automorphism on A, and
> §: A — A be a o-derivation, i.e.,

d(ab) = o(a)o(b) + d(a)b for all a,b € A.

Then the polynomial ring O = A[9; 0, 6] = A(J) whose
non-commutative multiplication is defined by

da = o(a)d + d(a)
is called an Ore algebra.

Example: Let A = K(z), 0 =1id, and § = d . In this case we
denote 0 = D, and get O = K(z)(D,).
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Examples of Ore Algebras

Ore operator
Differential operator
Euler operator

Shift operator
Difference operator
g-Shift operator

g-Difference operator

D,

8

0
Oz
Sh
A
S,

3

Z’q

Az7q
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Multivariate Ore Algebras

The construction of Ore algebras can be iterated:
Al0y;01,01) - [Or; 00,00 = A(O1,...,0r)
In this case, one must ensure that the J;'s commute: 0;0; = 0;0;.
In the following, A is always a rational function field:
A =K(vy,...,v) =K(v).

Each 0; is related to exactly one variable, say v;, i.e.,
O;v; = v;0; for i # j; write 0,, for 0;.

Summarizing, Ore algebras from now on are always of the form

O =K(vi,...,0)(0pyy--.,0.) = K(v)(Dy).
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Action!

Define how operators act on functions:

Differential operator: D, e f(x) = %f(a?)

Euler operator: 0,0 f(z) = w%f(ﬂf)

Shift operator: S.ef(n)=f(n+1)
Difference operator: Apef(n)=f(n+1)— f(n)
g-Shift operator: S.q® f(2) = flqz)
g-Difference operator: A, ;e f(2) = f(gz) — f(2)
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Definitions

1. The annihilator of a function f w.r.t. an Ore algebra O:

annp(f) ={P €O |Pef=0}
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Definitions

1. The annihilator of a function f w.r.t. an Ore algebra O:
annp(f) ={P €O |Pef=0}
2. A function is called O-finite w.r.t. O (“holonomic”) if

dim () (O/ annp(f)) < oo
(annp(f) is a zero-dimensional left ideal in ©)
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Definitions

1. The annihilator of a function f w.r.t. an Ore algebra O:
annp(f) ={P €O |Pef=0}
2. A function is called O-finite w.r.t. O (“holonomic”) if

dim () (O/ annp(f)) < oo
(annp(f) is a zero-dimensional left ideal in ©)

3. The holonomic rank of a O-finite function f is the integer

r = dlm]K(v) ((D/ anno(f))
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Definitions

. The annihilator of a function f w.r.t. an Ore algebra O:
annp(f) ={P €O |Pef=0}
. A function is called 9-finite w.r.t. O (“holonomic") if

dim () (O/ annp(f)) < oo
(annp(f) is a zero-dimensional left ideal in ©)

. The holonomic rank of a 0-finite function f is the integer
r = dimy y) ((D/ annO(f))

. The definitions 9-finite and holonomic differ only by some
technical conditions.
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Worked Example 1

(This example was kindly provided by R. Vidunas.)

Consider the two differential operators P, and P, given by

P = (ny—2xy+y—zz)D;’+(3n—6:r—3y+l)sz2DZ+...

P = (—n2—|—3nw—ny+2n—2x2—|—3xy—3$—i—y—1)Z2D5—i—...
They generate a zero-dimensional ideal.

Task:
» Compute a Grobner basis.
> Find operators only involving D, resp. D..

6/12



Worked Example 1
P1 = (ny —2zy +y — 2*)D} + (3nz — 62z — 3yz + 2) D D. + (3ny —
6zy —y — 32%)D,D? + (nz — 2x2 — yz — 2) D3 + (2n? — 4nz — 2ny +
3n + 4wy — 2x + 2y + 22° — 3) D) 4 (—8nz + 8wz + 4yz 4+ 42)D, D, +
(2n? — dnx — 2ny — 3n + day + 22 + 2y + 222 + 3) D2 + (—4n? + dnz +
82? — 4y — 4) D, + (4nz + 4x2) D, + (8nz — 4n — 162?)

Py = (—n222 + 3nw2? — ny2? + 2n2? — 20222 + 3zy2? — 3222 + y2? —
22)D} + (=3nyz + Inayz — 3ny®z + dnyz — 62%yz + 6xyz — Toyz +
322% + 3y%2 — y2)D2D, + (—=3n222 4+ Inxz? — 3nyz? + 2n2? — 62222 +
9ryz2 — bxz? + 3yzg + 22)D, D2 + (—n’yz + 3nzyz — ny*z — 22yz +
20y%2 — xyz + 123 + Y22 + y2) D2 + (3n2y + 2n22? — Inay — dnx2? +
3ny? +2nyz? —dny — 3nz? + 622y + 422 2% — 62y? — 62Y22 + Toy +422% —
3y? — 2y +y+ 22)Dy2 + (—4n3z + 12n222 + 8n?z — 8na’z — dnayz —
20nxz + 4ny?z + dnyz — 4nz + 8x%yz + 8222 — Swy?z — dayz — 4xz> +
8z —4y?z — 4yz) D, D, + (n*y + 2n?2% — 3nzy — dnxz® + ny® + 2nyz* —
nz? + 202y +42%2% — 2xy? — 62y2? + oy —y? —2y2? —y —22) D2 + (4n3 —
12n2z — 8n? + 8nax? 4 4nxy — 4nxz? 4+ 20nx — dny? — dny + 4n — 82y —
42222 — 82? + 8xy® + 4oy — 8z + 4y +4y) D, + (4n32 — 8nxz + 4nyz —
4n?z — dna’z — dnayz + Snxz — dnyz + 8232 — 8x2yz) D, + (—4n3 +

8n2x — 4n2y + 4n? + dnz? + dnzy — 8nx + dny — 83 + 822y + 82%22)
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Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

b

Consider the following summation problem: F(n) = Z f(n, k)
k=a
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Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

b
Consider the following summation problem: F'(n) = Z fln, k)
k=a

Telescoping: write f(n,k) = g(n,k+ 1) — g(n, k).
b

Then F(n) = Z (9(n,k+1) = g(n,k)) = g(n,b+1) — g(n,a).
k=a
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Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

b
Consider the following summation problem: F'(n) = Zf(n, k)
k=a

Telescoping: write f(n,k) = g(n,k+ 1) — g(n, k).
b

Then F(n) = Z (9(n,k+1) — g(n,k)) = g(n,b+1) — g(n, a).
k=a
Creative Telescoping: write

Cr(n)f(n +, k) +oeee Tt CO(n)f(n7 k) = g(n7k + 1) - g(n) k)
Summing from a to b yields a recurrence for F'(n):

cr(M)Fn+r)+--+co(n)F(n) =gn,b+1) —g(n,a).
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Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

Consider the following integration problem: F'(x / f(z,y)d

Telescoping: write f(z,y) = & 9@, y).

Then F(n) = / b (Lote.y)) ay = g(z,b) — g(x,a).

Creative Telescoping: write
cr(@) g f(2,y) + - + col@) flz,y) = £g(x,y).
Integrating from a to b yields a differential equation for F'(z):
er (@) g F(2) + -+ co(2) F(x) = g(a,b) — g(x,a)
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The Right-Hand Side

er(n)f(n+mrk)+---+con)f(nk) =gn,k+1)—g(n,k)
=(S% —1)-g(n, k).

Where should we look for a suitable g(n, k)?
Note that there are trivial solutions like:

k—1

g(nv k) = Z (cr(n)f(n + Z) 4+ CO(n)f(nv Z))

=0

9/12



The Right-Hand Side

er(n)f(n+mrk)+---+con)f(nk) =gn,k+1)—g(n,k)
=(S% —1)-g(n, k).

Where should we look for a suitable g(n, k)?
Note that there are trivial solutions like:

k—1

g(n, k) = Z (cr(n)f(n +, Z) et CO(n)f(nv Z))

i=0
A reasonable choice for where to look for g is O - f.

Then the task is to find P(n,S,) = ¢.(n)S, + -+ + co(n) and
Q@ € O such that

(P=(S=1)Q) - f=0 = P=(%-1)Q € anno(f).
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Integrals

For an integral f; f(z,y) dy where the integrand f is O-finite, the
creative telescoping problem is the following: find

P eK(z)(Dy) and Q€ O =K(x,y){Dy,Dy)

such that P — D,Q € annp(f).

> P is called telescoper.

> () is called certificate.

— Since f is O-finite one can restrict the search space for Q to
O/ annp(f).
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Worked Example 2
(Example was kindly provided by A. Takemura and C. Siriteanu.)

Let p(t,x,y), t > 0, be some probability density function.
However, we know only its moment generating function

M(s,z,y) =/ ep(t,z,y)dt
0

)
_ vy . n: ‘
(l—s)Nn:(]n!11 B

Tasks:
» Compute a holonomic system for M (s, z,y).
» Compute a holonomic system for p(t, z,y).
» Compute the corresponding Pfaffian system.
> Do the same for [;°log(1 +t) p(t,z,y) dt.
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Example 3
(Example is stolen from H. Hashiguchi's talk.)

Recall the pdf f(r, p) from Hotelling (1953)

~n—1 TI'(n)
f(T,p)— mr(n_l)

2
11 1 1+4pr
X"’Fl<22 5T )

(1 - p2)n/2(1 - 742)(1173)/2(1 o pr)fn+1/2

Want to compute the cdf F(r, p) defined by

F(r.p) = / 2 f(.p) da.
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<<RISC HolonomicFunctions ;

HolonomicFunctions Package version 1.7.1 (09-Oct-2013)

written by Christoph Koutschan

Copyright 2007-2013, Research Institute for Symbolic Computation (RISC),
Johannes Kepler University, Linz, Austria

--> Type Q?HolonomicFunctions for help.

? HolonomicFunctions

The main objective of this package is the algorithmic manipulation of 8-finite (holonomic ) functions. This
includes (but is not restricted to) proving special function identities , finding recurrences, differential
equations or relations of mixed type for o-finite functions, and computing definite sums and integrals
of o-finite functions. Type ?DFinite to get the definition and a short introduction to 6-finite functions.

The following commands serve the above objectives: Annihilator, CreativeTelescoping,
HermiteTelescoping , FindCreativeTelescoping , FindRelation , FindSupport,

Takayama, ApplyOreOperator, UnderTheStaircase, AnnihilatorDimension .

The closure properties of d-finite functions are implicitely executed in Annihilator. To execute
them explicitly , use the commands DFinitePlus, DFiniteTimes , DFiniteSubstitute ,

DFiniteOreAction , DFiniteTimesHyper , DFiniteDE2RE , DFiniteRE2DE , DFiniteQSubstitute .

An important ingredient are Groebner bases in (noncommutative ) Ore
algebras: OreGroebnerBasis, OreReduce, GBEqual, FGLM.

A common subtask in the above algorithms is finding rational solutions of P-finite recurrences
/ differential equations or of coupled systems of such equations. The following commands
address these purposes: RSolvePolynomial , RSolveRational, DSolvePolynomial ,

DSolveRational, QSolvePolynomial , QSolveRational, SolveOreSys, SolveCoupledSystem .

An element of an Ore algebra is called an Ore polynomial ; the following commands explain
the data type OrePolynomial that is introduced in this package and how to deal with
it: OrePolynomial , ToOrePolynomial , OrePolynomialZeroQ , LeadingPowerProduct,

LeadingExponent, LeadingCoefficient , LeadingTerm , OrePolynomialListCoefficients ,
NormalizeCoefficients , OrePlus, OreTimes , OrePower, ApplyOreOperator, ChangeOreAlgebra,
ChangeMonomialOrder , OrePolynomialSubstitute , OrePolynomialDegree , Support.

In order to define own Ore algebras use the commands OreAlgebra, OreAlgebraGenerators,
OreAlgebraOperators, OreAlgebraPolynomialVariables , OreOperators,

OreOperatorQ, OreSigma , OreDelta, OreAction, Der, S, Delta, Euler, QS.

Some other functions that might be useful: Printlevel, RandomPolynomial .

If this package was useful in your scientific work, proper citation would
be appreciated very much. Please use the following reference for this purpose:

@phdthesis{Koutschan09,

author = {Christoph Koutschan},
title = {Advanced Applications of the Holonomic Systems Approach},
school = {RISC, Johannes Kepler University },
address = {Linz, Austria},
year = {2009}
}

Ore algebras

algl=0OreAlgebra[Der[x]]

K (x) [Dx; 1, Dx]

op =ToOrePolynomial [Der[x] -1/x, algl]
1

Dy -
X
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FullForm [%]

OrePolynomial [List[List[1l, List[1]], List[Times [-1, Power[x, -1]], List[0]]],
OreAlgebraObject [List[Der[x]], Expand, Function[Plus[Slot[1l], Slot[2]]],
Function[Expand[Times [Slot[1], Slot[2]]]], None], DegreeLexicographid

op=ToOrePolynomial [f'[x]-f[x]/x, £[x], algl]
1
Dy - —

X

opl=0Op**O0pP+X

2 2
DZ- —Dy+ |—+x
x x2

alg2=0reAlgebra[x, Der[x]]
K [x] [Dx; 1, Dx]
ChangeOreAlgebra[opl, alg2]

: The elements of the new OreAlgebra do not occur polynomially.
$Failed
op2 =ChangeOreAlgebra[xA2x*xopl, alg2]
xX2D2+x3-2xDyx+2
alg3=0reAlgebra[Der[x], x]
K [x] [Dx; 1, Dx]
op3 =ChangeOreAlgebra[op2, alg3]
D2x2+x3-6Dxx+6
op2 %% O0p3
X4DA+2x° D2+ %0 +2x4 Dy +2x2D2+4x3-4xDy+4
ChangeOreAlgebra[%, OreAlgebra[Euler[x]]]
04-663+ (13+2x3)02-120,+ (4+4x3+x5)

OreSigma [d] :=0;
OreDelta[d] :=6;

alg=0reAlgebra[d]

K[d; o, 8]

ToOrePolynomial [dA2**x, alg]

olo[x]] &+ (S[o[x]]+0o[8[x]])d+6[5[x]]
OreAlgebra[Der[x], Euler[x], S[x], Delta[x], QS[x, gAn]]

K (d, x) [Dx;i 1, Dx] [Oxi 1, Ox] [Sxi Sx, 0] [Axi Sxs Ax] [Sx,qi Sx,q/ 0]
ApplyOreOperator[op2, f[x]]

2f[x] +x3 £[x] -2x £ [x] +x2 £ [x]

ApplyOreOperator[S[x], £[x]]

f1+x]
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Annihilators

ode=xA2%J "' [X] +x*J"[X] + (xA2-nA2) *xj[x]==0

24x?) g [x]+x3[x] +x%237[x] =0

(-n
DSolve[ode, j[x], x]

{{j[x] >Besseld[n, x] C[1] +BesselY([n, x] C[2]}}
annl =ToOrePolynomial [ode, j[x]]

%% D2+ XDy + (-n?+x?)

OreAlgebra[annl]

K (x) [Dx; 1, Dx]

ApplyOreOperator[annl, Besseld[n, x]] //FullSimplify
0

AnnihilatorDimensiorn {annl}]

0

HolonomicRank [ops_] :=
With[ {u=UnderTheStaircase[ops]}, If[u===Infinity Throw["Not holonomic "], Length[u]]];

HolonomicRank [ {annl}]

2

annl = ChangeOreAlgebra[annl, OreAlgebra[S[n], Der[x]]]
%2 D2+ XDy + (-n?+x2)

OreAlgebra[annl]

K (n, X) [Sn; Sn, 0] [Dx; 1, Dx]

AnnihilatorDimension {annl}]

1

ann2 =ToOrePolynomial [x*S[n]A2- (2n+2) **S[n] +x, OreAlgebra[annl]]
XS24+ (-2-2n) Sp+x

ApplyOreOperator[ann2, Besseld[n, x]] //FullSimplify

0

ann={annl, ann2}

{x2D2+xDyx+ (-n?+x2), XxS2+ (-2-2n) Sp+x}

AnnihilatorDimensionann]

0

HolonomicRank [ann]

4
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Grobner Bases

gb =0OreGroebnerBasis[ann]

{xXSh+XDx-n, x*D2+xDx+ (-n?+x?)}
HolonomicRank [gb]

2

ann2

xS2+ (-2-2n) Sp+x

OreReduce[ann2, gb]

0

spoly=x**xDer[x] A2xxgb[[1l]] -S[n] **xgb[[2]]
x?D3 +XSnDx+ (2X-nx) D2+ (1+2n+n%-x2) Sy
OreReduce[spoly, gb]

0

ApplyOreOperator[spoly, Besseld[n, x]] //FullSimplify

0

Annihilators (2)
gb
{XSh+XDx-n, x*D2+xDx+ (-n?+x?)}
AnnihilatofBesselJ[n, x], {S[n], Der[x]}]

{xXSn+XDx-n, x*D2+xDx+ (-n%+x?)}
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?Annihilator

Annihilator [expr, ops] computes annihilating relations for expr w.r.t. the given operator(s). It returns
the Groebner basis of an annihilating ideal (with monomial order DegreelLexicographic).
If expr is o-finite , the result will be a o-finite ideal. If expr is not recognized to be
o0-finite , there is still a chance to find at least some relations (in this case the ideal is
not zero-dimensional which is indicated by a warning). Annihilator [expr] automatically
determines for which operators relations exist. The relations are computed by executing
the o-finite closure properties DFinitePlus , DFiniteTimes , and DFiniteSubstitute .
The expression expr can contain hypergeometric expressions,
hyperexponential expressions, and algebraic expressions.
Additionally the following functions are recognized: AiryAi, AiryAiPrime , AiryBi, AiryBiPrime ,
Anger], AppellF1, ArcCos, ArcCosh, ArcCot, ArcCoth, ArcCsc, ArcCsch, ArcSec, ArcSech, ArcSin,
ArcSinh, ArcTan, ArcTanh, ArithmeticGeometricMean , BellB, BernoulliB, Bessell, Bessel), BesselK,
BesselY, Beta, BetaRegularized, Binomial , CatalanNumber, ChebyshevT, ChebyshevU, Cos, Cosh,
Coshintegral, Coslntegral, EllipticE , EllipticF , EllipticK, EllipticPi , EllipticTheta , EllipticThetaPrime ,
Erf, Erfc, Erfi, EulerE, Exp, ExplntegralE, ExplIntegralEi, Factorial, Factorial2, Fibonacci, FresnelC,
FresnelS, Gamma , GammaRegularized , GegenbauerC, HankelH1, HankelH2, HarmonicNumber ,
HermiteH , HypergeometricOF1 , HypergeometricOF1Regularized , HypergeometriclF1 ,
HypergeometriclF1Regularized , Hypergeometric2F1 , Hypergeometric2F1Regularized ,
HypergeometricPFQ , HypergeometricPFQRegularized , HypergeometricU , JacobiP, KelvinBei ,
KelvinBer, KelvinKei , KelvinKer, LaguerreL, LegendreP, LegendreQ, LerchPhi, Log, LogGamma , LucasL,
Multinomial , NevilleThetaC, ParabolicCylinderD , Pochhammer , PolyGamma , PolyLog, gBinomial ,
QBinomial , gBrackets, gFactorial, QFactorial, gPochhammer , QPochhammer , Root, Sin, Sinc, Sinh,
Sinhintegral, Sinintegral, SphericalBessel], SphericalBesselY, SphericalHankelH1, SphericalHankelH2,
Sqrt, StirlingS1, StirlingS2 , StruveH, Struvel, Subfactorial, WeberE, WhittakerM, WhittakerW, Zeta.
If expr contains the commands D and ApplyOreOperator then the closure
property DFiniteOreAction is performed: Note the difference between
Annihilator [D[LegendreP[n, x], X], {S[n], Der[x]}] and
expr = D[LegendreP[n, x], x]; Annihilator [expr, {S[n], Der[x]}].
Similarly , if expr contains Sum or Integrate then not Mathematica is asked
to simplify the expression, but CreativeTelescoping is executed automatically on the
summand (resp. integrand). For evaluating the delta part, Mathematica 's FullSimplify
is used; if it fails (or if you don't trust it), you can use the option Inhomogeneous ->
True, in order to obtain an inhomogeneous recurrence (resp. differential equation).
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Worked Example 1

opl =ToExpression[StringReplace[

" (3/2) *DyA2xn- (3/2) *DzA2xn+ (1/2) *DyA3*xy- (1/2) *DzA3%z-2%n-24Dy-n*DzA2xy+2xDy*=n*x-2
*Dy*y-2%xDy*nA2+4 xDy*XA2-DyA2xX+DzA2%xX+DzZA2%xnNNA2-8%xXA2+2*xDyA2xX*xy-DyA2x=nxy
-(1/2) *DzA3xy*xzZ- (3/2) *xDy*DzA2%x2zNA2- (3/2) *xDyA2+ (3/2) *xDzA2+DyA2%*nN2+DzA2%z=
A2-(1/2) *xDyA3%zA2+DyNA2xy+DzA2xy+DyA2%2ZA2+4%xX*N-3*xDyA2*xDZ*X*Z+2%Dy*Dz*xy*2z
+(=3/2) *DyA2*xDz*n*xzZ-DyA3xX*xy—- (1/2) *xDy*DzA2xy+ (1/2) *DyA2xDz*z+ (1/2) *DyA3*
nxy+ (=1/2) *xDzA34n*z-2%DyA2xN*X-24DZA2xN*X+2*DZ*X*Z2+2%Dz*Nxz2+2xDy*Dz*z-Dz
A3%X*%Z-3=4%X*Dy*DzA2+y+ (3/2) *n*Dy*DzA24+y-4+%Dy*Dz*n*xZ+4*Dy*DzxX*xz- (3/2) *Dy
A2%DZ*y*Z+2=%X*DzA2xy", {"=">""}]]

3Dy? 3Dz2 3Dy?n 3Dz?n

-2Dy - + -2n+ - -2Dyn?+Dy?n?+Dz?n?-Dy?x+Dz%x+
2 2 2 2

Dy?y

1
4nx+2Dynx-2Dy?nx-2Dz?nx-8x2+4Dyx?-2Dyy+Dy2y+ +Dz2y-—DyDz?y-
2

1 3
Dy?ny+—Dy’ny-Dz?ny+—DyDz2ny+2Dy?xy-Dy’xy+2Dz2xy-3DyDz2xy+2DyDzz+
2 2

Dz3z

1 3 1
—Dy?Dz z - +2Dznz-4DyDznz+ —Dy?Dznz+—Dz’nz+2Dzxz+4DyDzxz-
2 2 2

Dy?3 z2

3 1 3
3Dy?Dzxz-Dz3xz+2DyDzyz- —Dy?Dzyz-—Dz3yz+Dy?z?- +Dz2z2 - —DyDz? z2
2 2 2
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op2 = ToExpression[StringReplace[
"_DyA3xnA2%xzZA2+3*DyA3xn*X*ZA2-DyA3xn*xyY*ZNA2-2xDyA3*XA2%xZA24+3xDyA3*X*xy*ZN2-3%x=DyA 2«

Dz*xnNA2xy*Z+9%xDyA2xDz*xNxX*xY*Z-3*DYyA2xDzxnxyA2%xZ-6*xDyA2xDz*XA2xy*xZ+6%xDy=A2
*DZ*X*YN2%Z+3*xDyA2%xDzxX*ZA3-3*Dy*DzA2xnA2%x2A2+9*xDy*DzA2xn*X*ZNA2-3xDy*xDzA=
2xNxY*ZN2-6%Dy*DZA2xXA2%xZA2+9 *Dy*DZA2xX*y*ZA2-DZA3xNA2xy*Z+3*DZA3*xN*xX*y*Z
-=DzZA3*xnxyN2%xZ2-2%DZA3*xXN2xy*Z+2*xDZA3*X*YN2%xZ+DZA3*xX*xZA3+2xDyA3xnxzA2-3xDy
A3x=X*ZA2+DyA3+y*2ZA2+4xDyA2+%Dz*xNxyY*Z—T*DyA2*xDZ*X*xY*Z+3*DyA2xDz*xyA2%Z+2%
DyA24nA=2%2ZN2-4xDyA2*xNxX*ZNA2+24DyA2xNxy*ZA2+4 %*DyA2xXA2%ZN2-6*xDyA2xX*xy*ZN2
+2%Dy*DzA=2%n*ZA2-5%Dy*DzA2%X*2ZN2+3*Dy*DzA2xy*zZA2-4%Dy*Dz*nA3%z+12%xDy*Dz
*NA2%xX*Z-8*D=y*DZ*N*xXN2%Z-4*xDy*DZ*N*xX*xY*Z+4*Dy*DZ*NxyA2%Z+8xDy*DzZ*XN2xy*
Z-8%Dy*DZ*X*xYyN2=4%Z-4*xDy*DZ*X*ZA3-DZA3*X*xy*Z+DZA3*xyN2%xZ2+2*xDZA2xnA2%2ZN2-4 %
DzA2*xnxX*ZN2+2%DZA=2*xNxY*ZN2+4*DZA2*xXN2%xZN2-6%DZA2xX*xY*ZN2-DyA3*xzZA2-DyA2x
Dzxy*Z+3*xDyA2*xnA2xy-=9*%DyA2xN*X*xyY+3*DyA2xn*yA2-3xDyA24n*xzZNA2+6xDyA2xXNA2xy
-6*xDYN2%xX*YN2+4xDyA2xX*x=2ZN2-2%xDyN2xy*ZA2+Dy*DzA2%2ZA2+8xDy*Dz*nA2xz-20xDy=*
Dz*N*X*Z+4*Dy*DZ*NxyY*Z+8%=Dy*Dz*XN2%xZ-4*Dy*Dz*X*y*Z-4*xDy*Dz*yA2xz-4xDy*n
*X*ZN2-4%xDy*XA2%2ZN2+DZA3*xy*Zz2=+DZA2xNA2xy-3%DZA24N*X*y+DZA2xn*yA2-DzA2xn*2z
AN2+2%DzZNA2%xxXN24%y-2%DZA2xX*yN2-2=%DzZNA2%y*2ZN2+4%xDZz*NA3%2-8*%Dz*NA2xX*Z+4%Dz*
NA2xy*Z-4%xDZ*xN*xXN2%Z2-4*%DZ*NxX*Y*Z=+8*%DZ*XA3%xZ-8xDZ*XN2xy*Z-4xDyA2xnxy+7T*
DyA2xXxy-3%*DyA2xyA2+DyA2%xzZNA2-4xDy*Dz=*N*x2+8*Dy*DzxX*Zz2-4*xDy*Dzxy*z+4xDy*n
A3-12%Dy*nA2+%X+8*xDy*N*XNA2+4*xDy*NxX*y-4x=Dy*nNxyA2-8xDy*XA2*xy+8*xDy*X*xyA2+
DzA2xX*xy-DzZA2xyA2-DzZA2%2ZN2-4%Dz*xnNA2%xZ+8*DzZ*=N*X*Z-4*DZ*N*y*Z+8*XN2xZN2+
DyA2xy-8xDy*nA2+20*xDy*n*X-4*xDy*nN*y-8*xDy*XA2+4xD=y*X*xyY+4*xDy*yA2-DzA2xy-4*
NA3+8*NA2xX-4*NA2xY+4+*N*XNA2+4*xNxX*Y-8*XA3+8*%XNA2xy+=4*Dy*n-8*Dy*X+4*xDy*y+
4%nA2-8xnxx+4xnxy", {"="->""}]]

4Dyn+4n%2-8Dyn?-4n3+4Dyn3-8Dyx-8nx+20Dynx+8n2x-12Dyn?x-8Dyx?+4nx?+8Dynx?-
8x3+4Dyy+Dy?y-Dz2y+4ny-4Dyny-4Dy?ny-4n?y+3Dy?n2y+Dz2n?y+4Dyxy+7Dy2xy+
Dz2xy+4nxy+4Dynxy-9Dy?nxy-3Dz2nxy+8x?y-8Dyx2y+6Dy?x?y+2Dz2x2y+4Dyy? -
3Dy2y2-Dz2y2-4Dyny?+3Dy?ny2+Dz?ny?+8Dyxy2-6Dy?xy2-2Dz2xy2-4DyDznz-4Dzn?z+
8DyDzn?z+4Dzn3z-4DyDzn?z+8DyDzxz+8Dznxz-20DyDznxz-8Dzn?xz+12DyDzn?xz+
8DyDzx?z-4Dznx?*z-8DyDznx?z+8Dzx3z-4DyDzyz-Dy?Dzyz+Dz3yz-4Dznyz+4DyDznyz+
4Dy?’Dznyz+4Dzn’yz-3Dy?Dzn?yz-Dz’n?yz-4DyDzxyz-7Dy?Dzxyz-Dz3xyz-4Dznxyz-
4DyDznxyz+9Dy?Dznxyz+3Dz>nxyz-8Dzx?yz+8DyDzx’yz-6Dy?Dzx?yz-2Dz>x’yz-
4DyDzy?z+3Dy?Dzy?z+Dz3y?z+4DyDzny?z-3Dy?Dzny?z-Dz’ny?z-8DyDzxy?z+6Dy?’Dzxy?z+
2Dz3xy2z+Dy22z2-Dy322-Dz222+DyDz222-3Dy?nz2+2Dy’nz2-Dz%2nz2+2DyDz%2nz%+2Dy?n2z2-
Dy®n?z2+2Dz2n2z2-3DyDz?n22z2+4Dy?x22-3Dy>x22-5DyDz2x22-4Dynxz?-4Dy?nxz?
3Dy’ nxz2-4Dz2nxz2+9DyDz?nxz2+8x222-4Dyx%22+4Dy?x%222-2Dy3x%222+4Dz2x222%-
6DyDz2x222-2Dy2yz2+Dy3yz2-2Dz2yz2+3DyDz2yz2+2Dy2nyz2-Dy’nyz2+2Dz2nyz?-
3DyDz’nyz?-6Dy?xyz?+3Dy?xyz2-6Dz2xyz2+9DyDz?xyz2-4DyDzxz3+3Dy?Dzxz>+Dz3xz

+

3

Variables[ {opl, op2}]
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ops =NormalizeCoefficients/@ToOrePolynomial [{opl, op2} /. {Dy-»Der[y], Dz-»Der[z]}]

{(yv+ny-2xy-22)D}+ (z+3nz-6xz-3yz)D2D,+ (-y+3ny-6xy-32z2)D,D2+
(-z+nz-2xz-yz)D3i+ (-3+3n+2n?-2x-4nx+2y-2ny+4xy+22z2) D2+
(4z-8nz+8xz+4yz)DyD,+ (3-3n+2n?+2x-4nx+2y-2ny+4xy+2z?) D2+

Y z
(-4-4n2+4nx+8x?-4y)Dy+ (4nz+4xz) D, + (-4n+8nx-16x?),
(-z2+2nz?-n?22-3x2z2+3nxz?-2x%2z2+yz2-nyz?+3xyz?)DJ+
(-yz+4nyz-3n?yz-7xyz+9nxyz-6x°yz+3y2z-3ny?z+6xy?z2+3x2z3)D2D,+
Y

(z2+2nz?-3n%2z%-5x22+9n%xz?-6x?2z?+3yz?-3nyz?+9xyz?) DyDZ+
(vz-n’yz-xXxyz+3nxXyz-2x°yz+y?z-ny?z+2xy?z+xz°) D3+

(

2

v-4ny+3n?y+7xXy-9nxy+6x?y-3vy2+3ny?-6xy>+2z2-3nz?+2n%z%+4xz%-4nxz’+

4x%22z2-2yz?+2nyz?-6xyz?)D2+ (-4nz+8n%z-4n*z+8xz-20nxz+12n?xz+8x%2z-
8nx?z-4yz+4dnyz-4xyz-4nxyz+8x?yz-4y?z+4ny?z-8xy?z-4x2z3) DyD,+
(-y+n?y+xy-3nxy+2x°y-y?+ny?-2xy?-z2-nz?+2n%z?-4nxz?+4x%z°-2yz?+2nyz’-6xyz?)
D2+ (4n-8n?+4n°-8x+20nx-12n?x-8x%2+8nx?+4y-4ny+
Axy+4nxy-8x°y+4y?-4ny?+8xy?-4nxz?-4x%z%) Dy+
(-4n%z+4n%z+8nxz-8n°xz-4nx?z+8xz-4nyz+4n?yz-4nxyz-8x?yz) D, +
(4n°-4n°-8nx+8n?x+4nx?-8x+4ny-4n?y+4nxy+8x%y+8x%z2)}

Support[ops]
{{pJ, D¢D,, DyDZ, D3, D2, DyDz, D2, Dy, D,, 1}, {DJ, D2D,, DyDZ, D3, D2, DyD;, DZ, Dy, Dz, 1}}

Printlevel=5;
Timing [gbl=0reGroebnerBasis[ops/.n-»>10A4];]
Printlevel=0;

OreGroebnerBasis: Number of pairs: 1
OreGroebnerBasis: Taking {3, {3, 0}, 1, 2}
OreReduce: LPP = {2, 1}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {1, 2}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {0, 3}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {2, 0}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {1, 1}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {0, 2}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {1, 0}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {0, 1}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {0, 0}

OreReduce: Put leading term into remainder .



OreGroebnerBasis:

The 1lpp is {2, 1}.

OreGroebnerBasis: Number
OreGroebnerBasis:
OreReduce: LPP = {2, 2}
OreReduce: reduced with nr.
OreReduce: LPP = {1, 3}
OreReduce: Put leading term
OreReduce: LPP = {0, 4}
OreReduce: Put leading term
OreReduce: LPP = {3, 0}
OreReduce: reduced with nr.
OreReduce: LPP = {2, 1}
OreReduce: reduced with nr.
OreReduce: LPP = {1, 2}
OreReduce: Put leading term
OreReduce: LPP = {0, 3}
OreReduce: Put leading term
OreReduce: LPP = {2, 0}
OreReduce: Put leading term
OreReduce: LPP = {1, 1}
OreReduce: Put leading term
OreReduce: LPP = {0, 2}
OreReduce: Put leading term
OreReduce: LPP = {1, 0}
OreReduce: Put leading term
OreReduce: LPP = {0, 1}
OreReduce: Put leading term
OreReduce: LPP = {0, 0}

OreReduce: Put leading term

OreGroebnerBasis:

The 1lpp is {1, 3}.

OreGroebnerBasis: Number
OreGroebnerBasis:
OreReduce: LPP = {1, 4}

OreReduce: reduced with nr.

Does not reduce to zero -> number

3

1

3

Does not reduce to zero -> number

4

The ByteCount is 31040.

of pairs: 1

Taking {4, {3, 1}, 2, 3}

into remainder .

into remainder .

into remainder .

into remainder .

into remainder .

into remainder .

into remainder .

into remainder .

into remainder .

into remainder .

The ByteCount is 629320.

of pairs: 1

Taking {5, {2, 3}, 3, 4}

3 in the basis.

4 in the basis.

Demo.nb
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OreReduce: LPP = {0, 5}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {2, 2}

OreReduce: reduced with nr. 3

OreReduce: LPP = {1, 3}

OreReduce: reduced with nr. 4

OreReduce: LPP = {0, 4}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {3, 0}

OreReduce: reduced withnr. 1

OreReduce: LPP = {2, 1}

OreReduce: reduced with nr. 3

OreReduce: LPP = {1, 2}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {0, 3}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {2, 0}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {1, 1}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {0, 2}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {1, 0}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {0, 1}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {0, 0}

OreReduce: Put leading term into remainder .
OreGroebnerBasis: Does not reduce to zero -> number 5 in the basis.

The 1lpp is {0, 5}. The ByteCount is 3324608.

OreGroebnerBasis: Number of pairs: 1
OreGroebnerBasis: Taking {6, {1, 5}, 4, 5}

OreReduce: LPP = {0, 6}

OreReduce: reduced with nr. 5

OreReduce: LPP = {1, 4}

OreReduce: reduced with nr. 4
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OreReduce: LPP = {0, 5}

OreReduce: reduced with nr. 5

OreReduce: LPP = {2, 2}

OreReduce: reduced with nr. 3

OreReduce: LPP = {1, 3}

OreReduce: reduced with nr. 4

OreReduce: LPP = {0, 4}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {3, 0}

OreReduce: reduced withnr. 1

OreReduce: LPP = {2, 1}

OreReduce: reduced with nr. 3

OreReduce: LPP = {1, 2}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {0, 3}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {2, 0}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {1, 1}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {0, 2}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {1, 0}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {0, 1}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {0, 0}

OreReduce: Put leading term into remainder .
OreGroebnerBasis: Does not reduce to zero -> number 6 in the basis.

The 1lpp is {0, 4}. The ByteCount is 96800.

OreGroebnerBasis: Number of pairs: 2
OreGroebnerBasis: Taking {7, {1, 4}, 4, 6}

OreReduce: LPP = {0, 5}

OreReduce: reduced with nr. 6

OreReduce: LPP = {2, 2}

OreReduce: reduced with nr. 3
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OreReduce: LPP = {1, 3}

OreReduce: reduced with nr. 4

OreReduce: LPP = {0, 4}

OreReduce: reduced with nr. 6

OreReduce: LPP = {3, 0}

OreReduce: reduced withnr. 1

OreReduce: LPP = {2, 1}

OreReduce: reduced with nr. 3
OreGroebnerBasis: Number of pairs: 1
OreGroebnerBasis: Taking {7, {0, 5}, 5, 6}

OreReduce: LPP = {1, 3}

OreReduce: reduced with nr. 4

OreReduce: LPP = {0, 4}

OreReduce: reduced with nr. 6

OreReduce: LPP = {2, 1}

OreReduce: reduced with nr. 3
OreGroebnerBasis: Reducing no. 1 of 4

OreReduce: LPP = {3, 0}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {2, 1}

OreReduce: reduced with nr. 2

OreReduce: LPP = {1, 2}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {0, 3}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {2, 0}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {1, 1}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {0, 2}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {1, 0}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {0, 1}

OreReduce: Put leading term into remainder .

OreReduce: LPP = {0, 0}



OreReduce: Put
OreGroebnerBasis:
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce: Put
OreGroebnerBasis:
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce:
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce: Put
OreReduce: LPP
OreReduce: Put
OreReduce: LPP

leading term

Reducing no.

= {2, 1}
leading term
= (1, 2)
leading term
= {0, 3}
leading term
= {2, 0)
leading term
= {1, 1}
leading term
= {0, 2)
leading term
= {1, 0}
leading term
= {0, 1}
leading term
= {0, 0}

leading term

Reducing no.

= {1, 3}
leading term

= {0, 4}

reduced with nr.

= {1, 2}
leading term
= {0, 3}
leading term
= {2, 0}
leading term
= {1, 1}
leading term
= {0, 2}
leading term

= {1, 0}

into

2 of

into

into

into

into

into

into

into

into

into

3 of

into

into

into

into

into

into

remainder .

4

remainder .

remainder .

remainder .

remainder .

remainder .

remainder .

remainder .

remainder .

remainder .

4

remainder .

remainder .

remainder .

remainder .

remainder .

remainder .

Demo.nb
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OreReduce: Put leading term into remainder .
OreReduce: LPP = {0, 1}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {0, 0}
OreReduce: Put leading term into remainder .
OreGroebnerBasis: Reducing no. 4 of 4
OreReduce: LPP = {0, 4}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {1, 2}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {0, 3}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {2, 0}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {1, 1}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {0, 2}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {1, 0}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {0, 1}
OreReduce: Put leading term into remainder .
OreReduce: LPP = {0, 0}
OreReduce: Put leading term into remainder .
{90.829000, Null}

MyReconst[n_Integer, b_Integer, x_] :=
Module[{digitg, digits- Prepend[IntegerDigitgAbs[n], b], 0]//.
{al___,a2_,a3_/;a3>b/2,a4___}=»{al,a2+1, a3-b, a4};
Return[Sign[n] » (digitsReverse[xARange[0, Length[digitd -1]]1)1:];

MyReconst[6797200431965601240000, 1074, n]

124n-344n2+432n°-280n*+68n°

%/.n->10n4

6797200431965601240000

gbRV=NormalizeCoefficients/@ (gbl/.a_Integer/;Abs[a] >10A4/2:»MyReconst[a, 10A4, n]);
OreReduce[ops, gbRV]

{0, 0}
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Support [gbRV]

{{DZD,, DyDZ, D3, D, DyD;, DZ, Dy, D;, 1}, {DJ, DyDZ, D3, D2, DyD,, D, Dy, D,, 1},
{D%, DyDZ, D}, D2, DyD,, D2, Dy, Dz, 1}, {DyD3, DyD2, D3, DZ, DyD;, DZ, Dy, D, 1}}

ByteCount [gbRV]

697856

UnderTheStaircase[gbRV]

{1, D, Dy, D%, DyD;, DZ, D3, Dy D2}

Timing [opDyl=FindRelatiorfgbRV/.n-»10A9, Pattern-»{_, 0}1[[1]1];]
{35.717000, Null}

opDy =NormalizeCoefficients[2+o0pDyl/.a_Integer/;Abs[a] >10A9/2:»MyReconst[a, 10A9, n]];
Support [opDy]

{D¢, D}, DS, D3, Dy, D, D2, Dy, 1}

ByteCount [opDy]

19635376

Exponent [opDy, {n, X, v, z}]

(19, 14, 21, 22}

Max [Abs [Cases [opDy, _Integer, Infinity]]

325844952

Worked Example 2

Sum [Pochhammer [N, k] /Pochhammer [Ngr+n, k]* (x*s/ (1-s))Ak/k!, {k, 0, Infinity]

]

ops={S[k], 8[n], Der[s], Der[x], Der[y]}

sSX

HypergeometriclF1 [N, n+Ngr, -
-1+s

{S[k], S[n], Der[s], Der[x], Der[y]}

ApplyOreOperator[S[k] - (N+k), Pochhammer [N, k]]//FullSimplify
0

annl=Annihilatorf Pochhammer [N, k], ops]

{Dy, Dx, Dg, Sn-1, S+ (-k-N) }

ann2=Annihilatonfl/Pochhammer [Nr+n, k], ops]

{Dy, Dx, Ds, (k+n+Ngr) Sn+ (-n-Ng), (k+n+Ng) Sx-1}
ann3=Annihilatof (x*s/ (1-s)) Ak, ops]

{Dy, xDx-k, (-s+s2)Dg+k, Sn-1, (-1+s) Sk+sx}

ann4 =Annihilatorfl/k!, ops]

{Dy, Dx, Ds, Sn-1, (1+k) Sx-1}



16 | Demo.nb

DFiniteTimes[annl, ann2, ann3, ann4]

{Dy, xDx-k, (-s+82)Ds+k, (k+n+Ng) Sn+ (-n-Ng),
(-k-k?’-n-kn+ks+k’s+ns+kns-Ng-kNg+sNg+ksNg) Sk+ (ksx+Nsx) }

?DFinitex

V¥ RISC HolonomicFunctions’

DFinite DFinitePlus DFiniteSubstitute
DFiniteDE2RE DFiniteQSubstitute DFiniteTimes
DFiniteOreAction DFiniteRE2DE DFiniteTimesHyper

annSmnd =Annihilatoqf Pochhammer [N, k] /Pochhammer [Nr+n, k]#* (x*s/ (1-s))Ak/k!, ops]
: Cannot handle the operators {ops}.

$Failed

ops=Rest[ops]

{S[n], Der[s], Der[x], Der[y]}

{pp, 9qq} =CreativeTelescopindannSmnd , S[k] -1, ops]

{{Dy, (-s+5%) Dg+%xDx, (Ns-Ns+SNg) Sn+ (n-ns+Ng-sNg) Dx+ (-ns-sNg),

(-x+sx) D2+ (-n+ns+sx-Ng+sNg) Dx+Ns},
{O 0 k(-1+s) (n+Ng) (-1+s) (-k+k?+kn+kNg) }}

’

X X

TableForm [Transpose[{pp, aq}]]
Dy 0
(-s+82) Dg +xDx 0

(ns-Ns+sNg) Spn+ (n-ns+Ng-sNg) Dx+ (-ns-sNg) -

x
(-1+s) (-k+k2+kn+kNgr)
x

k(-1+s) (n+Ng

(-x+8x)D2+ (-n+ns+sx-Ng+sNg) Dx+Ns

PP[[311+ (S[k]-1) **qq[[3]]

(1+k) (-1+s) (n+Ng)
- Sk+ (ns-Ns+sNgr) Sp+
X

1
(n-ns+Ng-sNg) Dxk+ —(-kn+kns-nsx-kNg+ksNg-sxNg)
x

OreReduce[%, annSmnd ]
0

test =ApplyOreOperator[qqg[[3]].,
Pochhammer [N, k] /Pochhammer [Ngz+n, k]* (x*s/(1l-s))Ak/k!]
sx

1-s

k
) Pochhammer [N, k] (n+Ng)

—([k(—l+s) /(xklPochhammer [n+Ng, k])

test/.k-0
0
Limit [test, k- Infinity}

0
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Annihilatofq
Sum [Pochhammer [N, k] /Pochhammer [Nr+n, k]=* (x*s/ (1-s))Ak/k!, {k, 0, Infinity], ops]

{Dy., (-s+52)Dg+xDx, (Ns-Ns+8Ng) Sn+ (n-ns+Ng-sNg) Dx+ (-ns-sNg),
(-x+sx) D2+ (-n+ns+sx-Ng+sNg) Dx+Ns}

pp

{Dy, (-s+8?)Ds+xDx, (Nns-Ns+sNg) Sn+ (n-ns+Ng-sNg) Dx+ (-ns-sNg),
(-x+sx) D2+ (-n+ns+sx-Ng+sNg) Dx+Ns}

AnnihilatofHypergeometriclFl [N, Ng+n, x*s/ (1-s)], ops]

{Dy., (—s+52) Ds+XDx, (ns-Ns+sNg) Sp+ (n-ns+Ng-sNg) Dx+ (-ns-sNg),
(-x+sx)Dé+ (-n+ns+sx-Ng+sNg) Dx+Ns}

ApplyOreOperator [pp, HypergeometriclF1l [N, Ng+n, x*s/ (1-s)]]//FullSimplify
{0, 0,0, 0}

ops=Rest[ops]

{Der[s], Der[x], Der[y]}

smnd =Exp[-y]/ (1-s) AN*yAn/n! xHypergeometriclFl [N, Nr+n, x*s/ (1-s8)]

1 . SX
—e Y (1-s) Yy "HypergeometriclF1l [N, n+Ng, —]
n! 1-s
AnnihilatoxfSum [smnd , {n, 0, Infinity}], ops]
: Cannot evaluate the delta part of a sum (upper bound causes problems).

$Failed
AnnihilatofSum [smnd , {n, 0, Infinity ], ops, Inhomogeneous - True]

{{ (-s+5%) Dg+xDx+Ns,

(-sxy+y?-sy?) D2+ (-xNp+SXNg) Dx+ (Nsx-sxy+y2-sy?-sxNg+yNg-syNg) Dy +Nsx,
(sx-y+sy)DxDy+ (sx-y+sy-Nrg+sNg) Dy+NsDy+Ns,
(sx?-82x?-xy+2sxy-82xy) D2+ (-s?x?+sxy-s?2xy+sxNg-s?xNg) Dx+ (-Nsy+Ns?y) Dy -Ns?x},

1 sSX
{Hold[Limit [0, n>w]], Hold[Limit [fe‘y (1-s) Ny l*"HypergeometriclFl [N, n+Ng, ]
n! 1-s
1
(nsx-n’sx+nNsx-ny+n?y+nsy-n?sy-nsxNg+nyNg-nsyNg) - —
n!
. sX
e¥n (l-s) ¥ (-1+s) sxy"HypergeometriclF1l (0.0,1) [N, n+Ng, 7} , n%oo] } ,
1-s
o 1 . sSxX 1
Hold|[Limit [—e¥YnN (1-s) ¥sy !*"HypergeometriclFl [N, n+Ng, |+—
n! 1-s n!
) sx
e¥n (1-s) ' Vs2xy *"HypergeometriclFl (-1 [N, n+Ng, , n%oo] } ,
1-s
L 1 _ S X 1
HOld[lelt [—e’YnN (1-s8) M (-1+s) sy"HypergeometriclF1l [N, n+Ng, —} +—
n! 1-s n!
) sx
e¥Yn(l-s) 'V (-1+s) s?2xy"HypergeometricliFl (0-0.1) [N, n+Ng, } , n—>oo} ] }}
1-s

annM=First[CreativeTelescopindsmnd , S[n] -1, ops]]

{(-s+s?)Dg+xDx+Ns,
(-sxy+y?-sy?) D2+ (-xNp+SxNg) Dx+ (Nsx-sSxy+y2-sy?-sxNg+yNg-syNg) Dy +Nsx,
(sx-y+sy)DxDy+ (sx-y+sy-Nrg+sNr) Dx+NsDy+Ns,
(sx?-82x?-xy+2sxy-8°xy) D2+ (-s?x?+sxy-s?2xy+5xNg-s?xNg) Dx+ (-Nsy+Ns?y) Dy -Ns?x}
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UnderTheStaircase[annM]
{1, Dy, Dx}

(* Eq (11) =*)
OreReduce[ (s (1-s) A2) **Der[s]A2- (2 (N+1) s (1-s)-(1l-s)Nr+xs) xxDer[s] +
N* ((N+1) s-Ng-x) -y** (L+Der[y]) ** (N- (1-s) »xDer[s]), Together[annM], Extended- True]

X Yy
{O, 1, {(—1+s) Dg - —Dx- —Dy+ (—1+s—Ns+st—sx+y—sy+NR—sNR)/((—1+s> s),
s s

o frmeres)
" s (sxX-y+8Y) ' (-s+8?) (sx-y+8Y)
(* Eq (14) =)
OreReduce [

(y** (L+Der[y]) +NR) #* (Der[s] ** (1-s)A2+2 (1-8)) - (N*Yy) ** (L+Der[y]) ** (1-8) -
(NR*N) *% (Der[s] ** (1-s) +1) *xDer[s] + (x*y) ** (L+Der[y]) **Der[y] +
xX*NR*Der[y] - (N*x) ** (L+Der[y]), Together[ann], Extended- True]

(* Eq (15) =)

OreReduce[-(1-s) ** (YyA2** (1+Der[y]) A2+ (2NR+2) **y+** (1L+Der[y]) +NR» (NR+1)) -
(x*s) ** (NR+y**Der[y] +1) **x (L+Der[y]) **Der[y] -
(N*x*s) ** (L+Der[y]) A2, Together[ann], Extended- True]

ChangeOreAlgebra[annM, OreAlgebra[Der[s], Der[x], Der[y], s]]

{Dgs?-Dgs+xDx+ (-2+N) s+1,

(-xy-y?) DZs+xNrDxs+y2D2+ (Nx-xy-y?-xNr-yNg) Dy s -xNgDy+ (y2+yNgr) Dy +Nxs,

(x+y) DxDys-yDxDy+ (x+y+Ng) Dxys+NDys+ (-y-Ng) Dx+Ns,

(-x?-xy) D282+ (x2+2xy)D2s+ (-x?-xy-xNg) Dxs? +NyDys?-xyD2+ (xy+xNg) Dxs -NyDys-Nxs?}
Normal /@%

{1+ (-2+N) s—-sDer[s] +s?Der[s] +xDer[x], Nsx+y2?Der[y]?+s (-xy-vy?) Der[y]?-
xDer[x] Nr+sxDer[x] Ng+sDer[y] (Nx-xy-y?-xNg-yNr) +Der[y] (v?+yNz),
Ns+NsDer[y] -yDer[x]Der[y] +s (x+y) Der[x] Der[y] +Der[x] (-y-Ngr) +sDer [x] (x+y+Ngr),
-Ns?x-xyDer[x]%+s? (-x2-xy) Der[x]?+s (x2+2xy) Der[x]?-
NsyDer[y] +Ns?yDer[y] +s?Der[x] (-x*>-xy-xNg) + sDer[x] (xy+xNR)}

%/.{Der[s]->t, s»>-Der[t]}

{1-(-2+N) Der[t] +tDer[t] +tDer[t]?+xDer[x],
-NxDer|[t] +y?Der[y]?- (-xy-y2) Der[t] Der[y]?-xDer[x] Ng-xDer[t] Der[x] Ng-
Der[t]Der[y] (Nx-xy-y?-xNg-yNg) +Der[y] (y>+yNr), -NDer[t] -NDer[t] Der|[y] -
yDer[x]Der|y] - (x+y) Der[t] Der[x] Der[y] +Der[x] (-y—-Nr) -Der[t] Der[x] (x+y+Ngr),
-NxDer[t]?-xyDer[x]?- (x?+2xy)Der[t]Der[x]?+ (-x2-xy) Der[t]%Der[x]%+
NyDer[t] Der[y] +NyDer|[t]?Der[y] +Der[t]?Der[x] (-x?-xy-xNg) -Der[t] Der[x] (xy+xNR)}
trans = ToOrePolynomial [Expand[%] ]

{tD?+ (2-N+t)De+xDx+1,
(xy+y?) DeD2-xNgDe Dx+ (-NxX+Xy+y2+xNg+yNg) D¢ Dy + y2D2-Nx D¢ -XxNgDx + (y2+yNr) Dy,
(-x-y) Dt DxDy+ (-x -y -Ng) Dt Dx - ND¢ Dy ~ yDx Dy ~ND¢ + (-y-Ng) Dx, (-x%-xy) DZD2+
(-x?-xy-xNg) D¢ Dx + NyDZDy+ (-x%-2xy) D¢ DZ -NxDf + (-xy-xNg) Dt Dx+ Ny D¢ Dy - xy D2}

LeadingPowerProduct/@ trans

{D¢, D¢ DZ, D DxDy, D D2}
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annpl =OreGroebnerBasis[trans]

{xDxDy +yD2+xDy+ (y+Ng) Dy, tDE+ (2-N+t) De+xDy+1,

(-x2y?2-2xy>-y*) D3+ tx?NrD¢ Dx - Nt xyDe Dy + (-x>Nr-x2yNg) D2+
(Nx2y-2xy2+2Nxy2-txy?-x2y2-2y3 +Ny?-2xy?-y?-2x2yNr-4xy?Ng - 2y>Ng) D2 -
NtxyDe+ (-Nx?Ng+ tx?Ng - x> Ng -NXyNg - 2%x%yNg - xy?Ng) Dx +
(-Nx?2 -Nxy+Nx?y-2xy?+2Nxy?-txy? -2y +Ny> +x?Ng + Nx?Ng + 2NxyNg - t xy Ng -

x?yNr-y?Ng + Ny? Ng - 2Xy?Ng - y> Ng - x? N - 2x yNZ - y? N3) Dy + (-Nx?-Nxy),

(-x*-2x3y-x?y?) D3+ (-tx?-2tx?y-txy?-txyNg) D¢ Dx + Nt y? D¢ Dy +
(-x3-Nx3-x4-2x2y-2Nx?y-2x’y-xy2-Nxy?-x2y?-x3Np-x2yNg) DZ+ (-2xy?-2y>+ty®) D2+
(-Ntx?-2Ntxy) De+ (-2x>-Nx?-4x°y-2Nx?y-2xy? -Nxy?-Nx?Ng - NxyNg - t xyNg) Dy +
(Nxy+Ny?-2xy?2 -2y +ty’ -2xyNg-2y?Ng+ t y?Ng) Dy + (-Nx?-Nxy),

(xy+y?) DeD2-xNrDe Dy + (-Nx+Xy+y2+XNr+yNg) D¢ Dy +y2D2 - NxDe - xNe Dx + (y? +yNgr) Dy,

(-x2-xy) DeD2+ (-%x%2-xy-xNr) DeDx+ NyD¢ Dy + (-x%2-xy) D2 +y2D2-NxD¢ - xNgDx+ (y? +yNgr) Dy}

HolonomicRank [annpl]

8

PrependTo[ops, Der[t]]

{Der[t], Der[s], Der[x], Der[y]}
ToOrePolynomial [annM, OreAlgebra@@ops]

{(-s+s?)Dg+xDx+Ns,
(-sxy+y?-sy?) D2+ (-xNp+SXNg) Dx+ (Nsx-sSxy+y2-sy?-sxNpg+yNp-sSyNg) Dy +Nsx,
(sx-y+sy)DxDy+ (sx-y+sy-Nrg+sNg) Dy+NsDy+Ns,
(sx?-82x?-xy+2sxy-82xy) D2+ (-s?x?+sxy-s?2xy+sxNg-s2xNg) Dx+ (-Nsy+Ns?y) Dy -Ns?x}

HolonomicRank [%]

: Uncaught Throw|[Not holonomic] returned to top level. >
Hold[Throw[Not holonomic ] ]
ToOrePolynomial [Append[annM, Der[t]], OreAlgebra@@ops]

{(-s+82)Dg+xDx+Ns,
(-sxy+y?-sy?) D2+ (-xNp+SxNg) Dx+ (Nsx-sSxy+y?-sy?-sxNg+yNg-syNg) Dy +Nsx,
(sx-y+sy)DxDy+ (sx-y+sy-Ng+sNr) Dx+NsDy+Ns,
(sx?-82x?-xy+2sxy-82xy) D2+ (-82x?+sxy-s2xy+sxNr-52xNg) Dx+ (-Nsy+Ns?y) Dy-Ns?x, D¢}

annl =DFiniteTimes[%, AnnihilatofExp[-s*t], ops]]

{(-s+8?)Dg+xDx+ (Ns-st+s?t), Dc+s,
(sxy-y2+sy?) D2+ (xNg-SXNr) Dx+ (-Nsx+sxy-y2+sy?+sxNg-yNr+syNg) Dy-Nsx,
(sx-y+sy)DxDy+ (sx-y+sy-Ng+sNr) Dxy+NsDy+Ns,
(-sx?+8?x?+xy-2sxy+8?xy) D2+ (82x?-sxy+8?xy-sxNg+82xNg) Dx+ (Nsy-Ns?y) Dy + Ns?x}

annp=First[CreativeTelescopindannl, Der[s]]]

{(x®y+2xy?+y3) D2+t xNrDe + (-x2Nr- Xy Ng) Dx +
(-Nx? -NXy+txy+x2y+2xy2+y3 +x°Ng+2xyNg + Y2 Ng) Dy + (-Nx? -Nxy+txy+xNg-NxNg + t xNg) ,
(x2+2xy+y?) DxDy - tNg Dt + (X% +2xy +y?+xXNg+yNg) Dx +
(Nx+Ny-ty) Dy+ (Nx+Ny-ty-Ng+NNgr-tNg) ,
(P +2x°y+xy?) Di+ (Ex?+2txXy+ty?+tyNg) De+ (x> +2x%y+xy? +x?Nr+xyNg) Dy +
(-Nxy-Ny?2+ty?)Dy+ (x2+2xy-Nxy+y? -Ny?+ty?+yNg-NyNg + t yNg) ,
(tx+ty)DeDy+ (ExX+ty+tNg) De+ (x-NxX+y-Ny+ty)Dy+ (x-Nx+y-Ny+ty+Ng-NNg+tNg),
(tx?+txy) DeDyx+ (~txX+tx? -ty +txy+txNg) De+ (X2 -Nx%+tx?+xy-Nxy+txy) Dx+ txyDy+
(-X+Nx-tx+x?-Nx?-y+Ny-ty+Xy-NxXy+txy+xNg-NxNg+txNg), tD?+ (2-N+t) De +xXDx+1}

UnderTheStaircase[annp]

{11 Dy: Dx: Dt}
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Length/@ {annpl, annp}

{6,6}

OreReduce[annpl, annp]

{0,0,0,0,0,0}
LeadingExponent/@UnderTheStaircase[annp]
{{o,0,0}, {0,0,1}, {O,2,0}, {1,0,0}}

mycfl [op_, uts_] :=Total[Cases[op[[1]], {a_, LeadingExponent[#]}:»a]] &/@uts;
PfaffianSystem [ann_, op_] :=

With[ {uts=UnderTheStaircase[ann]},
mycfl [OreReduce[op**i#, Together[ann]], uts] &/@uts];

MatrixForm [PfaffianSystem [annp, Der[t]]]

0 0 0 1
~X+NxX-y+Ny-t y-Nr+NNg -t Nr “X+Nx-y+Ny-ty 0 —X-y-Nr
t(xX+y) t(X+y) X+y
X-Nx+tx-x2+Nx2+y-Ny+t y-xy+Nxy-t X y-xNp +Nx Nr—t x Ng v —1+N-t x-x2+y-xy-xNr
tx (x+y) B X+y t X (X+Y)
1 0 x -2+N-t
t t t

MatrixForm [PfaffianSystem [annp, Der[x]]]

0 0 1 0
“Nx-Ny+t y+Ng-NNg+t Ng “Nx-Ny+t -xX-y-Ngr t Nr
(x+y)? (x+y)? X+y (x+y)?
—x2-2xXy+Nxy-y2+Ny2-t y2-y Nr+Ny Ng -t v Nr Nxy+Ny2-ty2 -x-y-Np -tx?-2txy-ty2-tyNg
X (x+y)? X (x+y)? X+y X (x+y)?
X-Nx+tx-x2+Nx2+y-Ny+t y-xy+Nxy-t X y-x Np +Nx Nr— t x Ng ' -1+N-t X-%x2+y-Xy-%XNg
tx (x+y) _x+y t X (X+Y)

MatrixForm [PfaffianSystem [annp, Der[y]]]

0 1 0 0
Nx2+Nxy-txy-xNp+NxNr-txNp Nx2+Nxy-txyv-x2y-2xvy2-y3-x2Nrg-2xyNr-v2Ng x Nr t x Nr
Y (x+y)? Y (x+y)? Y (x+y) v (x+y)?
“NX-Ny+t y+Nr-NNg+t Nr -Nx-Ny+ty -x-y-Nr £ Nr
(x+y)? (x+y)? x+y (x+y)?
“X+Nx-yv+Ny-t y-Nr+NNg -t Ng “X+Nx-y+Ny-ty O -X-y-Nr
t (x+y) t (x+y) X+Y

annplog=DFiniteTimes[annp, AnnihilatofLog[t+1], {Der[t], Der[x], Der[y]}]]

{xDyxDy+yD2+xDx+ (y+Nr) Dy, x2NgD2+ (-x?y-2xy?-y>-y?Nr) D2+ (2x?Np+xyNg +xNZ) Dy +
(Nx?+NxXy-txy-x°y-2%xy?-y> -x?Ng - 2xyNrg - 2y?Nr -y NZ) Dy + (Nx? +Nxy-txy+NxNg - txNg) ,
(x2y+2xy2+y3) D3+ (x2-Nx2+4xy-Nxy+txy+2x2y+3y2+4xy?+2y> +x?Np+4xyNg+3y?Ng) D2+
(-XNg-xXNZ) Dx+ (-NX+txX+xX?-2Nx?+4xy-2Nxy+2txy+x?y+3v2+2xy?2+y>+2xNg-NxNg + t xNg +
x?Nr+2yNg +4XyNr+3y?Ng+ 2xNE +2yN3) Dy + (-Nx+tx-Nx?-Nxy+txy-NxNg+txNg),
(2tx?y+2t2x?y+4txy?+4t2xy?+2ty?+2t2y3) De D2+ (£2xNp+t3xNg) DZ+
(-2tx?Np-2t?x?Ng-2txyNg-2t?xyNg) D¢ Dy +
(-2Ntx?-2Nt?x%2 -2Ntxy+2t2xy-2Nt?xy+2t3xy+2tx?y+2t?x?y+4txy?+4t2xy?+
2ty +2t2y 42t xPNR+ 22 x? Nr+ 4 txyNr+4 t?xyNr + 2 t y? Ng + 2 £2 y2 Ng ) D¢ Dy +
(-Nx2y+2tx?y-Ntx?y+t2x2y-2Nxy?+4txy?-2Ntxy?+2t2xy?-Ny>+2ty>-Nty3>+t2y®) D2+
(-2Ntx?-2Nt?x?-2Ntxy+2t?xy-2Nt?xy+2t3xy+2txNg-2NtxNg+5t?xNg-2Nt2xNg +
2t3xNg) De + (Nx?Ng -3 tx?Ng + Nt x?Np - 2 t? x? N + NXxyNg -2 t Xy Ng + Nt Xy Ng - t2 Xy Ng) Dy +
(N?x? -2Ntx?+N?tx? -Nt?x? + N?xy+2txy-3Ntxy+N?txy+4t?xy-2Nt?xy+
3 xy-Nx2y+2tx2y-Ntx?y+t2x2y-2Nxy2+4txy?-2Ntxy?+2t2xy? -
Ny3+2ty?-Nty? +t2y? - Nx?Ng+2tx?Ng-Ntx?Ng+ t2x%Ng - 2NxyNg +
AtxyNg-2NtxyNg+2t2xyNg-Ny?Ng+2 ty?Ng-Nty?Ng+t2y?Ng) Dy +
(N?x2 -2Ntx?+N2tx?-Nt?x? +N?xXy+2txXy-3Ntxy+N?txy+4t?xy-2Nt?xy+
t3xy-NxNpg+N?xNp+3txNg-4NtxXNg+N?2t xNp+4 t>xNg-2Nt2xNg+t3xNg),
(B2x+ 3 x+t2y+t3y) DEDy+ (E2x+t3x+t2y+ 3y + £2Ng+ t3 Ng) DE +
(2tx-2Ntx+3t2x-2Nt?x+2ty-2Nty+5t?y-2Nt?y+2t3y) DeDy+
(txy+t2xy+ty?+t?2y?) D2+ (2tx-2Ntx+3t2x-2Nt?x+2ty-
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2Nty +5t2y-2Nt?y+2t3y+2tNg-2NtNr+5t*Ng-2Nt?Ng + 2 t>Ng) D¢ +
(—txNg—-t?xNg) Dx+ (-Nx+N?x+tx-3Ntx+N?tx-Nt?x-Ny+N?y+3ty-4Nty+N?ty+
At2y-2Nt?2y+ 3 y+txy+t2xy+ty?+t2y? +txNrp+ t?2xNr+ t yNg + £? yNg) Dy +
(-Nx+N?xX+tx-3Ntx+N2tx-Nt?2x-Ny+N?y+3ty-4Nty+N2ty+4t2y-2Nt?y+t3y-NNg+
N?Ng+3tNeg-4NtNg+N?tNg+4 t2Ng-2Nt?Ng+t3Ng), (£2x®Np+t3x%Np+t?xyNg+t3xyNg) D? Dy +
(-t2xNr-t3xNp+t?x?Nr+ t>x? Ng - t?2yNr-t3 yNr+ 2 xyNg + 3 xy Ng + t2x Ng + t3 xNZ) D? +
(2Ex’Nr-2NEX?Np+5t2x?Ng - 2Nt?x?Np+ 2 t3 x? Ng + 2 t Xy Ng - 2Nt Xy Ng +
S5t?2xyNr-2Nt2xyNg+2t3xyNg) DeDx+ (2t£2xyNg+2t3xyNg) De Dy +
(-txPy-t?x3y-3tx?y?-3t2x%°y?-3txy’-3t?xy? -ty -t? vy -txy?Ne-t?xy?Nr-ty>Nr-t?y3Ng)
D2+ (-2txNg+2NtxNp-5t2xNp+2Nt?xNr-2t3xNp+2tx?Ng- 2Nt x?Np+3 t?x2Ng -
2Nt2x?Ng-2tyNg+2NtyNg-5t2yNg+2Nt2yNg-2t3yNg+2txyNg-2NtxyNg+
St2xyNr-2Nt2xyNr+2t3xyNg+2txXNE-2NtxN2+5t2xNZ-2Nt2xN2+2t3xNZ) D¢ +
(-Nx?Ng + N?x?Ng + 3 t XN -4 Nt x?Ng + N2 t X2 Np + 4 t2x? Ng - 2Nt x? Ng + 2 x? Ng + £t x> Ng +
t2x3Ng-NxXyNr+N?xXyNrg+3txXyNg-4NtxyNg+N2 t xyNg+4 t2xyNg-2Nt2xyNg+
t3xyNr+2tx?yNr+2t2x?yNg+ tXxy? Nr+t2xXy?Ng + t xyNE + t2x y N3) Dy +
(NEXP+NE2 3 + 2Nt x?y -2 x?y+ 2NE2xPy -3 X2y -t xX3y-t2x3y+NEexy? -2 xy? +
Nt?2xy2-t3xy2-3tx?2y?2-3t2x?y2-3txy?-3t?xy’-ty*-t?y*-tx3Ng-
t2x3Ng+2tXyNrR-NtxXyNr+4 t2xyNr-Nt2xyNg+t3xyNg-3tx?2yNg-3t2x?yNg-
Atxy?Nr-4t2xy?Ng-2ty3Ng-2t2y Ng-txyN2-t?xyNE-ty?NE-t?y?N3) Dy +
(NExXP+NE2x3 + 2Nt x2y-t2x2y+ 2Nt2 X2y -3 x2y+ Nt xy? - t2xy2 +Nt?xy? - t3xy? + NxNg -
N?xXNg-3txXNg+4NtxNg-N?txNg-4t?xNg+2Nt2xNg-t3xNg-Nx?Ng+N2x2Ng+tx?Ng-2Ntx?Ng+
N2 tx2Ng-t2x2Ng-t3x?Ng+NyNg-N2yNg-3tyNg+4NtyNg-N2tyNg-4t2yNg+2Nt2yNg-
t3yNg -NXyNr+N?XyNr+3txyNg-3NtxXyNg+N*txyNr+3t?xyNg-Nt?xyNg-NxNZ+N?xN3+
3txNE-4NEtXNE+N?txNE+4t2xNE-2Nt?xNg+t3xNE), (2t3xNg+4 t*xNg+2t®>xNg) D+
(6t?xNg-3Nt?xNg+18t3xNg-6Nt>xNg+15t4*xNr-3Nt*xNg+3t>xNg)DZ+
(6t2x?Ng+12t3x?Ng+6 t4x%Ng) D¢ Dy +
(2Nx2y-N?x2y+4tx?y+6NEx?y-2N?tx?y+6t2x2y+6Nt2x2y-N2t?2x?y+2t3x?y+2Nti3x2y-
tAxly-4txPy-8t2x3y-4t3x3y+4Nxy2-2N2xy2+8txy2+12Ntxy2-4N2txy2+12t2xy2+
12Nt2xy2-2N2t2xy2+4 t3xy2+4Nt3xy2-2t4xy2-8tx?2y2-16t2x2y2-8t3x2y2+2Ny° -
N2y2 +4ty? +6 Nty  -2N2ty3+6t2y3+6Nt2y3 -N2t2y3+2t3y3 42Nty -ty -4txy?-
8t2xy3-4t3xy?-4tx?yNg-8t2x2yNrg-4t3x2yNr-4txy?Ng-8t2xy2Ng-4t3xy2Ng) D2+
(12t?xNg-3Nt?xNg+20t3xNg-3Nt3xNg+9 t*xNg) D¢ +
(—2Nx?Np +N?x°Ng - 11Nt x?Ng + 2N? t x? Ng+ 10 t?x? Ng - 16 Nt? x% Ng + N* t2 x* Ng + 15 £3 x? Ng -
TINEt3x?Nr+6t4x?Nrg+4 tx?Ng+8t2x3Nrg+4 t3x3Ng-2NxyNg+N2xyNg-4txyNg-
ENtXYNR+2N2 txyNrp-6t2xyNrg-6Nt2xyNrg+N2t2xyNg-2t3xyNg-2Nt3xyNg+
t4XYNr+4 tx?yNr+8t2x2yNg+4t3x?yNeg+4 tx?NZ+8t2x?N2+4 t3x?NZ) Dy +
(-2N?2x2+N3x2 - 4ANtx?-6N?2tx?+2N3tx?2-6Nt2x?2-6N?2t2x2+N3t2x?-2Nt3x?-2N?t3x2+
Ntx2+4Ntx3+8Nt2x3+4NtE3 x> -2N2xy+ N xy-2Ntxy-TN2txy+2N>txy+4t2xy—
SN2 2 xy+ N2 t2xXy+6 3 xy+4Nt3xy-3N?t3xy+2tixy+3Nt*xy-t°xy+2Nx?y-N?x?y+
4tx2y+10NEX2y-2N2txX2y+2t2x2y+14Nt?x2y-N2t2x2y-6t3x2y+6Nt3x?y-5tix?y-
AtxPy-8t2x3y-4t3x3y+4NXYy2-2N2xy2+8txy2+12Ntxy2-4N2txy2+12t2xy2+
I2Nt2xy2-2N2 t2xy2+4t3xy2+4Nt3xy?-2t4xy2-8tx?y2-16t2x2y2-8t3x2y2+2Ny> -
N2y +4ty3+6Nty - 2N2ty3 +6t2y3 +6Nt2y3 —N2t2y3+2t3y3+2Nt3y3—tdy3-4txy’-
Bt2xy —4t3xy 3 +2Nx?Ng-N?x?Ng+4 t x2Ng+ 10Nt x2Ng-2N2 t x2Ng+ 6 t2x2Ng+ 14 Nt? %2 Ng -
N2t2x2Ng+2t3x?Ng+6Nt3x2Ng-t4x2Ng-4tx>Ng-8t2x3Ng-4t3x3Ng+4NxyNg-2N2xyNg+
8txyNr+12NtxyNg-4N2txXxyNr+12t2xyNg+12Nt2xyNg-2N2t2xyNg+4t3xyNg+4Nt3xyNg-
2t4xyNr-12tx?yNr-24t2x?yNg-12t3x?y N+ 2Ny?Ng - N?y?Ng+4 t y? Ng + 6 Nt y2 Ng —
2N2ty2Nr+ 6 t2y2Nr+6Nt2y2Ng-N2t2y2Ng+2t3y2Ng+2Nt3y2Ng - t4y2Ng- 8 t xy2 Ng -
16t2xy?Ng-8t3xy? Nr-4 tx?NZ-8t?x?NZ-4t3x?NZ-4txyNg-8t2xyNg-4t3xyN3) Dy+
(-2N?x?+N3x? - 4ANtx?-6N?tx?+2N> tx? -6 Nt2x?-6N?t?x?+ N> t?x? - 2Nt3x?-2N? t3x? +
Nt4x?2+4Ntx3+8Nt?2x3+4Nt3x3-2N2xy+N3xy-2Ntxy-7TN?txy+2N3txy+4tixy-
SN2 t2xy+ N2 t2xy+6t3xy+4Nt3xy-3N2t3xy+2t¢xy+3Ntéxy-txy+4Ntx?y-4t2x?y+
BNt2x2y-8t3x2y+4Nt3x2y-4t4x2y+2NxNg-3N2xNg+N>xNg+7NtxNg-9N?txNg+
2N £ XNrp+2t?xNp+12Nt2xXNg-9N? t2xNg + N2 t2xNg+ t> xNg+ 9N t3 xNg - 3N? 3 xNg - 2 t4 xNg +
3Nt XNr-t XN+ 4Ntx?Nr-4t?x°Ng+8Nt?x*Ng-8t3x?Ng+4Nt3x?Ng -4 t*x*Ng) }

HolonomicRank [annplog]
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CreativeTelescopindannplog, Der[t]]

$Aborted

Timing [ {annc, cert} =FindCreativeTelescopingannplog, Der[t]];]
{9.841000, Null}

ByteCount /@ {annc, cert}

{36816, 274584}

annc

{xDxDy +yD2+xDy+ (y+Ng) Dy, (-x2y?2-2xy>-y*)Dj+x>NrD3+
(-3x2y+Nx2y-8xy2+Nxy?-x2y?-6y>-2xy>-y*-2x2yNp-6xy2Ng-3y>Ngr) D3 +
(2x3Nr+x?yNg) D2+ (-x?+Nx?-4xy+2Nxy-3x?y+Nx?y-6y?-8xy?+Nxy?-6y> -

2% Np +Nx?Nr-10xyNr+2NxyNr-9y?Nr-2xy? Nr-y> Nr - x2NZ - 6 x yNZ - 3y2Ng) D2 +
(Nx?Nr+x3Nr-2xXyNr+2x2yNp+Xy?Np - 2x? N - xyN&) Dy +
(-2 +Nx?-4xy+2NXy-6y2+NxNg-x?Ng -2y Ng - 6 Xy Ng + NXyNg +
x?yNr-5y?Nr+2xy? Ng +y> Ng - 2 xNZ + Nx N2 + x?Ng - 3y NZ - 2xNZ -yN3) Dy,
(-x°-2x%y-x3y?) D+ (-2x*-2x°-4xy-4x*y-2x°yv2-2x3y2 - x*Nr-2x°>yNg) D3 +

%3

(xy2+3xy> +Nxy3+2x2y3 +4y* + Ny +xy? +xy>Ng) D3 +

(-4x*-Nx?-x°-8x’y-2Nx’y-2x*y-4x?y? -Nx?y?-x3y? -x3yNg) DZ +

(XPy-NxPy+5xy2+Nxy? +2x°y2 - 2Nx?y? +x3y2+ 8y  + 2Ny  +4xy? +2x°y  + 4 y* + Ny* +

xy?+2x3yNr+ 7xy? Ne + Nxy2Nr+ 4 x2 y2 Nr + 8 y° Ng + 2Ny* Nr + 3xy> Nrp + 2xy2 NZ) D2 +

(-x*-Nx?-2x3y-2Nx?y-x?y2 -Nx?y2 +x* Ng + 2x2 y Ng + 2 x> yNg + 4 x y? Ng + Nxy2 Ng + x2 y2 Ng + x2 yN3)
Dx+ (P y-Nx3y+5xy2+Nxy?+2x%y? -2Nx?y2+8y3 + 2Ny’ +xy? -Nxy? - Nx3 Ng +

2XYNR-2Nx2yNg+X3yNr+4vV2Nr+Ny2Nr+4xy2Ng - Nxy2Ng +2x2y2Ng +4 y3 Ng +

Ny Ng+xy>Ng +x°NE + 3xy N+ 2x? yNE +4 y? NE + Ny? NZ + 2 xy2 Ng + xy N3 ) Dy}

UnderTheStaircase[annc]

{1, Dy, Dx, DZ, D2, D3, D3}

Example 3

AnnihilatofIntegrate[ (n-1) *Gamma [n]/Gamma [(n+1) /2]
(1-pA2)A(n/2) % (1-xA2)A((n-3)/2)* (l-p*x)A(-n+1/2) *
Hypergeometric2F1l [1/2,1/2,n+1/2, (l+p*x) /2], {x, -1, r}], Der[p]]//Factor

{(—1+,o)2 (1+p)2 (-1+rp) (L+rp) D3+ (-1+p) p (L+p) (-4+2n-r?-2nr?+5r%p?) D2+
(2—n—r2+n2r2—202+3npz—n202—2rzpz—2nr2,o2+3r2,o4)Dp}

annf =Annihilatorq (n-1) *Gamma [n]/Gamma [(n+1) /2]
(l-pA2)A(n/2) * (1-rA2)A((n-3)/2) * (l-p*r)A(-n+1/2) %
Hypergeometric2F1l [1/2,1/2,n+1/2, (l+p*r) /2], {Der[p], Der[r]}]

{((o-r2p-p3+12p3) Dp+ (-r+r3+rp?-1r3p?)Dr+ (3x2-nr2+np?-3r2p?),
(-1+21r2-1r4+12p2-21%p2+1%p2) D2+ (6r-2nr-6r°+2nr3+rp?2+2nrp?2-8r3p2-2nr3p?2+71r°p2) D+
(3-n-61r2+5nr?2-n?r?2+n?p?-6r2p2-4nr2p?+9rtp?)}
DFiniteSubstitutéannf, {r-xA2}, Algebra-OreAlgebra[Der[p], Der[x]]]
{((2p-2x%p-2p3+2x%P3) Dp+ (-x+x°+x0%2-%>p?) Dx+ (6x*-2nx?+2np?-6x*p?),
(-x+2x°-x%+x°p?-2x% p?+x13p?) D2+
(1+10x%-4nx*-11x8+4nx®+x%p%+4nx*p?-14x%p?-4nx®p?+13x2p?) Dy +
(12x3-4nx3-24x"+20nx"-4n’x"+4n?x3p%2-24x"p?-16nx"p?2+36x11p2)}
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intg= (n-1) *Gamma [n]/Gamma [(n+1) /2] (1-pA2)A(n/2)* (1-xA2)A((n-3)/2)=*
(l-p*x) A (-n+1/2) xHypergeometric2F1l [1/2,1/2,n+1/2, (1+p*x)/2];
{{P}, {Q}} =CreativeTelescopindintg, Der[x], Der[p]]

Dy +

{{D} { ~1+x2+x2p2-x%p2 (n-2nx2+nx*) p }}
o (-1+n)x (-1+p) (1+p) ’ (-1+n) x (-1+p)? (1+p)?

test=ApplyOreOperator[Q, intq] ;

inh=Limit [test, x> 0] -FullSimplify[test/.x-»-1, n>1]
1 3 n

- 277" (1-p%)™? Gamma [ ]

2

(1+2n) A/ (-1+p) (1+p)

1 1 3 3
(—1+4n2) Hypergeometric2F1 [—, n, —+n, —l] +Hypergeometric2F1 {—, n, —+n, —1]
2 2 2 2

minOp =First[Annihilatoxfinh, Der[p]]] **P
(-1+p2) D2+ (2p-np) D,

cfs={-(-1+rA2) A5,
(-17+3n) r (-1+rA2) A4,
-(-1+rA2) A3 (-28+84rA2+n (4-36rA2)+nAh2(-1+3rAn2)),
(n-2)r (-1+rA2) A2 (-22nrA2+nA2 (-3+TA2) +66 (-1+rA2)),
(-1+rA2) (3nA4rn2-48 (-1+rA2) A2+
nA2 (-3+30rA2-39rA4) +nA3 (3+5rn4) +2n(9-66rn2+41rnd)),
-nr (-30+20rA2+nA4rA2-6rA4+nA3 (3+2rN2)-3nAr2(-1+rhd)+
n(-3-26rnA"2+9rAnd))}/.r-p;
op=Total [MapThread [NonCommutativeMultiply , {Reverse[cfs], Der[p] ARange[6]}]];
OreReduce[op, {minOp }]

0
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