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Apéry
Theorem (Apéry, 1978): ζ(3) :=

∑∞
n=1

1
n3 is irrational.

I Sketched by Apéry in the conference Journées Arithmétiques
de Marseille-Luminy

I The story and the proof were written up in the classic paper A
Proof that Euler Missed by Alfred van der Poorten

Apéry’s proof uses the recurrence equation:

n3fn = (34n3 − 51n2 + 27n− 5)fn−1 − (n− 1)3fn−2 (1)

Let (un)n∈N and (vn)n∈N be defined by (1) as follows:

u0 = 1, u1 = 5

=⇒ u2 = 73, u3 = 1445, u4 = 33001

v0 = 0, v1 = 6

=⇒ v2 =
351

4
, v3 =

62531

36
, v4 =

11424695

288

I The numbers un are all integers.

I d3nvn ∈ Z where dn := lcm(1, 2, . . . , n).
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Theorem (Apéry, 1978): ζ(3) :=

∑∞
n=1

1
n3 is irrational.
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Beukers
Beukers (1979) reinterpreted Apéry’s proof in terms of integrals.

As a warmup, Beukers gave a new proof of the (already proved)

fact that ζ(2) = π2

6 is irrational.

Starting with the integral∫ 1

0

∫ 1

0

1

1− xy
dxdy =

π2

6
= ζ(2)

he studied the following sequence of double integrals:

I(n) :=

∫ 1

0

∫ 1

0

(x(1− x)y(1− y))n

(1− xy)n+1
dxdy.

Let’s calculate them:

I(0) =
π2

6
,

I(1) = 5− π2

2
, I(2) = −125

4
+

19π2

6
, . . .
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Beukers: ζ(2)

I(0) = π2

6

= 1.6449340668482264365

I(1) = 5− π2

2

= 0.0651977994553206905

I(2) = 19π2

6 −
125
4

= 0.0037472701163022929

I(3) = 8705
36 −

49π2

2

= 0.0002477288662693941

I(4) = 417π2

2 − 32925
16

= 0.0000176271312720269

I(5) = 13327519
720 − 3751π2

2

= 0.0000013124634659314

I(6) = 104959π2

6 − 124308457
720

= 0.0000001007763234860

I(7) = 19427741063
11760 − 334769π2

2

= 0.0000000079121296437

I(8) = 9793891π2

6 − 2273486234953
141120

= 0.0000000006317437711

We see

I(n) = un
π2

6
− vn

and lim
n→∞

vn
un

=
π2

6
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Beukers: ζ(2)

Hence, the family of integrals I(n) yields a sequence of rational
approximations to ζ(2):

lim
n→∞

vn
un

=
π2

6

Since un, vn ∈ Q, let’s clear denominators and write

vn
un

=
v′n
u′n
, u′n, v

′
n ∈ Z.

By estimating the size of the integral I(n), one can show,

by denoting I ′(n) = u′n
π2

6 − v
′
n:

lim
n→∞

|I ′(n)| = 0 and I ′(n) 6= 0.

4 / 23
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Beukers: ζ(3)

Starting from the integral

1

2

∫ 1

0

∫ 1

0

∫ 1

0

1

1− z + xyz
dx dy dz = ζ(3),

Beukers introduced the following family of integrals:

I(n) =
1

2

∫ 1

0

∫ 1

0

∫ 1

0

(x(1− x)y(1− y)z(1− z))n

(1− z + xyz)n+1
dx dy dz.

They evaluate as follows:

I(0) = ζ(3),

I(1) = 5 ζ(3)− 6, I(2) = 73 ζ(3)− 351
4 , . . .

and more generally: I(n) = unζ(3)− vn. In fact, I(n) satisfies

(n+2)3I(n+2) = (2n+3)(17n2+51n+39)I(n+1)−(n+1)3I(n).

5 / 23
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Zeilberger

An e-mail from Doron Zeilberger (dated 28.08.2020):

6 / 23



Beukers Integral
Task: Show that the Beukers integral for ζ(3) satisfies Apéry’s
second-order recurrence:

(n+2)3I(n+2) = (2n+3)(17n2+51n+39)I(n+1)−(n+1)3I(n).

−→ Wow, we are really impressed!
We will rave about your package in our forthcoming paper...
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General Strategy

Start with a constant C given by an explicit integral

C =

∫ 1

0
K(x) dx

or C =

∫ 1

0
· · ·
∫ 1

0
K(x1, . . . , xk) dx1 . . . dxk.

Then introduce a sequence of integrals

I(n) =

∫ 1

0
K(x) (x(1− x)K(x))n dx

or more generally

I(n) =

∫ 1

0
K(x) (x(1− x)S(x))n dx

for another function S(x) (and their multidimensional analogs).
Of course I(0) = C.
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Generalization of the Beukers Integral

I Look at the following generalization of Beukers’ integral for
certain values of the parameters a1, a2, b1, b2, c1, c2, d:∫ 1

0

∫ 1

0

∫ 1

0
xa1(1− x)a2yb1(1− y)b2zc1(1− z)c2

×
(
x(1− x)y(1− y)z(1− z)

)n
(1− z + xyz)n+d+1

dx dy dz

I Hope that this gives irrationality proos of some interesting
constants. . .
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Generalized Integral with Numeric Parameters

∫ 1
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Generalized Integral with Six Symbolic Parameters∫ 1

0

∫ 1

0

∫ 1

0
xb(1− x)c−fye(1− y)a+fza(1− z)c

×
(
x(1− x)y(1− y)z(1− z)

)n
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General Setting

Fix a family of integrals I(n) with C = I(0) to be proven irrational.

I I(n) satisfies a P -finite recurrence equation, that can be
found, e.g., by creative telescoping.

I Consider only cases where this recurrence has order 2.

I Then frequently it happens that I(0) and I(1) are
rationally-related:

c0I(0) + c1I(1) = c2 (for integers c0, c1, c2).

I Hence one can write I(n) = unC − vn for two sequences of
rational numbers (un) and (vn) that both satisfy the same
recurrence as I(n).

I Let E(n) be such that u′n := unE(n) and v′n := vnE(n) are
always integers and gcd(u′n, v

′
n) = 1. We call E(n) the

integer-ating factor.
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Irrationality Measure

Irrationality Criterion: If there is a δ > 0 and a sequence
(vn/un)n∈N of rational numbers such that vn/un 6= C with∣∣∣∣C − vn

un

∣∣∣∣ < 1

u1+δn

,

then C is irrational.

I The exponent δ is a measure how closely the number C can
be approximated by rationals.

I The maximum value of δ gives rise to the irrationality
measure of C.

I For rational numbers, the maximum is δ = 0.

I For (non-rational) algebraic numbers, the maximum is δ = 1.
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Quantitative Irrationality Proofs
We write x(n) = Ω(αn) to mean that limn→∞

log x(n)
n = α.

I Using bounds on the integral, we can find β > 1 such that

|I(n)| = |unC − vn| = Ω(β−n)

I Similarly, one can find a constant α > 1 such that

un = Ω(αn) and vn = Ω(αn).

I It follows that∣∣∣∣C − vn
un

∣∣∣∣ = Ω

(
1

(αβ)n

)
=

∣∣∣∣C − v′n
u′n

∣∣∣∣ .
I Let ν := limn→∞

logE(n)
n , then we need a positive δ such that

(enναn)1+δ = (αβ)n.

This translates into

δ =
log β − ν
logα+ ν

.
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Cooking Recipe

For each specific constant C defined by a definite integral in our
search space, we need to exhibit the following ingredients:

I A second-oder recurrence equation for the numerator and
denominator sequence un and vn such that I(n) = unC − vn

I The initial conditions u0, u1, v0, v1, enabling a very fast
computation of many terms of un, vn

I The constants α and β

I A conjectured integer-ating factor E(n), or else conjecture
that one exists, and find, or estimate (respectively),

ν := limn→∞
logE(n)

n .
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Some Results
Generalizing the Alladi-Robinson family of integrals

I(n) :=

∫ 1

0

1

1 + cx

(
x(1− x)

1 + cx

)n
dx,

note that I(0) = 1
c log(1 + c)

, to

I1(a, b, c)(n) :=
1

B(1 + a, 1 + b)

∫ 1

0

xa(1− x)b

1 + cx
·
(
x(1− x)

1 + cx

)n
dx

led us to quite a few irrationality proofs of constants of the form
I1(0) = 2F1(1, a+ 1; a+ b+ 2;−c).

I Many of these constants are expressible terms of algebraic
numbers and/or logarithms of rational numbers.

I Hence proving them irrational is not that exciting. . .

I However, there are also some unidentified cases.
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Some Results
Generalizing the Beukers Integral for ζ(2), we define

I2(a1, a2, b1, b2)(n) :=
1

B(1− a1, 1− a2)B(1− b1, 1− b2)

×
∫ 1

0

∫ 1

0

x−a1(1− x)−a2y−b1(1− y)−b2

1− xy
·
(
x(1− x)y(1− y)

1− xy

)n
dx dy.

It allows us to realize the following constants as weak Apéry limits:

C2(a1, a2, b1, b2) := 3F2

(
1 , 1− a1 , −b1 + 1

2− a1 − a2 , 2− b1 − b2
; 1

)
.

I Most choices of random a1, a2, b1, b2 yield negative δ’s.
I E.g., for C2(

1
2 , 0, 0,

1
2), which is 8 times Catalan’s constant.

I Several hundred cases with positive δ, but many of them are
equivalent via transformations C 7→ a+bC

c+dC with integer coeffs.
I Again, there are some cases that could not be identified.
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2), which is 8 times Catalan’s constant.

I Several hundred cases with positive δ, but many of them are
equivalent via transformations C 7→ a+bC

c+dC with integer coeffs.
I Again, there are some cases that could not be identified.
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Examples

C2(0, 0,
1
2 , 0) = 3F2(1, 1,

1
2 ; 2, 32 ; 1) = 2 log 2

C2(0, 0,
1
3 ,−

2
3) = 3F2(1, 1,

2
3 ; 2, 73 ; 1) = −6 + 4π

√
3/3

C2(−3
4 ,−

3
4 ,−

1
4 ,−

3
4) = 3F2(1,

7
4 ,

5
4 ; 7

2 , 3; 1) = −240 +
512

3

√
2

C2(−4
5 ,−

4
5 ,−

2
5 ,−

3
5) = 3F2(1,

9
5 ,

7
5 ; 18

5 , 3; 1) = −845

2
+

2275

12

√
5

C2(−5
6 ,−

5
6 ,−

1
2 ,−

1
2) = 3F2(1,

11
6 ,

3
2 ; 11

3 , 3; 1) = −1344

5
+

16384
√

3

105

C2(−5
6 ,−

5
6 ,−

1
3 ,−

2
3) = 3F2(1,

11
6 ,

4
3 ; 11

3 , 3; 1) =
972 22/3

5
− 1536

5
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Some Results
Using the generalized Beukers integral for ζ(3),

J3(a1, a2, b1, b2, c1, c2; e)(n) :=

∫ 1

0

∫ 1

0

∫ 1

0

(
x(1− x)y(1− y)z(1− z)

1− z + xyz

)n
× xa1(1− x)a2yb1(1− y)b2zc1(1− z)c2

(1− z + xyz)e
dx dy dz,

we define

I3(a1, a2, b1, b2, c1, c2; e)(n) :=
J3(a1, a2, b1, b2, c1, c2; e+ 1)(n)

J3(a1, a2, b1, b2, c1, c2; e)(0)
.

Using the previously derived symbolic recurrence, allows to study
the constants

K(a, b, c, d, e)(n) := I3(b, c, e, a, a, c, d)(n)

The output file contains many such conjectured evaluations and we
challenge the birthday boy [WZ], or anyone else, to prove them.
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The Birthday Boy Problem

In their recent preprint arXiv:2101.08308, Robert Dougherty-Bliss,
Christoph Koutschan and Doron Zeilberger come up with a
powerful strategy to prove the irrationality, in a quantitative form,
of some numbers that are given as multiple integrals or quotients
of such. What is really missing there, for many examples given, is
an explicit identification of those irrational numbers. Without an
identification, the numbers are hardly appealing to human (number
theorists). The goal of this note is to outline a strategy to do the
job and illustrate it on several promising entries discussed in the
preprint above.
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Zudilin

K(0, 0, 0, 23 ,
1
3) = − K1 − 2

2(K1 − 3)
, where K1 = log 3 +

π√
3

K(0, 0, 0, 13 ,
2
3) = −2(K2 + 1)

K2 + 1/2
, where K2 = log 3 +

π√
3

K(0, 13 ,
2
3 ,

1
3 ,

2
3) = −20(7− 54K3)

52− 405K3
, where K3 =

Γ(2/3)3

Γ(1/3)3

K(0, 15 , 0,
3
5 ,

2
5) = −4(1− 4K4)

5− 24K4
, where K4 =

1√
5

log

√
5 + 1

2

K(17 , 0,
2
7 ,

3
7 ,

4
7) = −189(8− 5K5)

832− 525K5
, where K5 =

22/7
√
π Γ(9/14)

cos(3π/14) Γ(4/7)2

Perhaps, a real pearl in this collection of “quantitatively” irrational
numbers is the number K3.
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