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Apéry
Theorem (Apéry, 1978): ¢(3) :=> 7, % is irrational.
» Sketched by Apéry in the conference Journées Arithmétiques
de Marseille-Luminy

» The story and the proof were written up in the classic paper A
Proof that Euler Missed by Alfred van der Poorten
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» Sketched by Apéry in the conference Journées Arithmétiques
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» The story and the proof were written up in the classic paper A
Proof that Euler Missed by Alfred van der Poorten

Apéry’s proof uses the recurrence equation:
n3fn = (34n® — 5102 +2Tn —5) fr1 — (n — 13 fan (1)
Let (un)nen and (vn)nen be defined by (1) as follows:
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Apéry
Theorem (Apéry, 1978): ¢(3) :=> 7, % is irrational.
» Sketched by Apéry in the conference Journées Arithmétiques
de Marseille-Luminy

» The story and the proof were written up in the classic paper A
Proof that Euler Missed by Alfred van der Poorten

Apéry’s proof uses the recurrence equation:
n3fn = (34n® — 5102 +2Tn —5) fr1 — (n — 13 fan (1)
Let (un)nen and (vn)nen be defined by (1) as follows:

ug =1, u1 =5 = ug = 73, uz = 1445, uy = 33001
351 62531 11424695
I TR D T

» The numbers u,, are all integers.

» d3v, € Z where d,, :=lem(1,2,...,n).

1)0:0,1)1:6:>U2: V4
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Beukers
Beukers (1979) reinterpreted Apéry’s proof in terms of integrals.
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Beukers

Beukers (1979) reinterpreted Apéry’s proof in terms of integrals.

As a warmup, Beukers gave a new proof of the (already proved)
fact that ((2) = %2 is irrational.

Starting with the integral

1 1 1 7T2
dedy = — = (2
/0/01_xy:ry C =)

he studied the following sequence of double integrals:

a(1—z)y(l—y))"
/ / (A= 2y dz dy.

Let's calculate them:

72 72 }g§_+_19n2
4 6
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Beukers:
sl
6
_
2
1972 125
6 4
8705 4972
36 2
41772 32925
2 16
13327519 _ 3751xw?
720 2
10495972 124308457
6 720

19427741063 _ 3347697
11760 2

— 979389172 _ 2273486234953

[§ 141120
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Beukers: ((2)

. = 1.6449340668482264365

-z = 0.0651977994553206905
100 _ 1% = 0.0037472701163022929
8705 _ 49r% = 0.0002477288662693941

a7e _ 5200 — 0.0000176271312720269
13327519 _ 3751n” — 0.0000013124634659314
104950m% _ 124308457 _ () 0000001007763234860
1427741063 _ 3347697 _ ) 0000000079121296437

979389172 2273486234953
89ln® _ 2273486234955 — (),0000000006317437711
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Beukers: ((2)

. = 1.6449340668482264365

-z = 0.0651977994553206905
100 _ 1% = 0.0037472701163022929
8705 _ 49r% = 0.0002477288662693941

a7e _ 5200 — 0.0000176271312720269
13327519 _ 3751n” — 0.0000013124634659314
104950m% _ 124308457 _ () 0000001007763234860
1427741063 _ 3347697 _ ) 0000000079121296437

979389172 2273486234953
89ln® _ 2273486234955 — (),0000000006317437711

= Un, 72

I(n):ung_vn and nl1_>ngou—n:F
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Beukers: ((2)

Hence, the family of integrals I(n) yields a sequence of rational
approximations to ((2):

lim — = —
n—00 Uy,
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Beukers: ((2)

Hence, the family of integrals I(n) yields a sequence of rational
approximations to ((2):

. Un, w2
lim — = —
n—00 Uy, 6

Since u,, v, € Q, let's clear denominators and write

/
vy 0 ,
— = Uupy,v, €7
Up  ub

By estimating the size of the integral I(n), one can show,
. 2
by denoting I'(n) = u;, & — v);:

li_>m |[I'(n)] =0 and I'(n)#0.
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Beukers: ((3)

Starting from the integral

1111 1
= = dzdydz=
s || [ e e = o,
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1111 1
- ——dadydz = {(3
s || [ e e = o,

Beukers introduced the following family of integrals:

/ / / - _1x— z+ xy)z)gl_ W 4o dydz.

They evaluate as follows:

I(0) = ¢(3), I(1)=5¢(3)—6, I(2)=73¢(3)~ 7,
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Beukers: ((3)

Starting from the integral

1111 1
- ——dadydz = {(3
s || [ e e = o,

Beukers introduced the following family of integrals:

/ / / - _1x— z+ xy)z)gl_ W 4o dydz.

They evaluate as follows:

5¢(3) =6, I(2)=73¢(3)— ",

~
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and more generally: I(n) = up((3) — vp.
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Beukers: ((3)

Starting from the integral

1111 1
= ——dadydz = {(3
s || [ e e = o,

Beukers introduced the following family of integrals:

/ / / - _1x— z+ xy)z)gl_ W 4o dydz.

They evaluate as follows:

~
—
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~—
I

5¢(3) =6, I(2)=73¢(3)— ",

and more generally: I(n) = un((3) — v,. In fact, I(n) satisfies

(n+2)*I(n+2) = (2n+3)(17n*+51n+39)I(n+1)— (n+1)*I(n).
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Zeilberger

An e-mail from Doron Zeilberger (dated 28.08.2020):

For the Beukers integral for Zeta(3)

B{n)=int(int(int{ (<x*(1-x)"y*(1-y)"Z*(1-2))*n/{(1-z+x*y*z)*(n+1),x=0_1),y=0_1),z=0_1)
even without any extra parameters it takes a VERY long time.

In an optimized version, that targets these kind of integrals it still takes about
2000 seconds.

Our guestions are:

1. Can your package find these recurrence in one "key-stroke” or
does it need some pre-processing?

2. How fast can your package find the recurrence for B(n), and similar

integrals where you stick in the integrand x*(a1)y*(1-x)*a2* ...
(for numeric al,a2, ..)

6/23



Beukers Integral

Task: Show that the Beukers integral for ((3) satisfies Apéry's
second-order recurrence:

(n+2)*I(n+2) = (2n+3)(17n*+51n+39)I(n+1) — (n+1)*I(n).
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Beukers Integral

Task: Show that the Beukers integral for ((3) satisfies Apéry's
second-order recurrence:

(n+2)*I(n+2) = (2n+3)(17n*+51n+39)I(n+1) — (n+1)*I(n).

ina7):= << RISC HolonemicFunctions®

HolonomicFunctions Package version 1.7.3 (21-Mar-2017)
written by Christoph Koutschan

Copyright Research Institute for Symbolic Computation (RISC),
Johannes Kepler University, Linz, Austria

--» Type ?HelonomicFunctions for help.

In[og)- CreativeTelescoping[CreativeTelescoping[CreativeTelescoping[
(Xx (l-x)xy* (l-y)xzZx (1-2))*n/ (l-z+xay=*x2Z)*(n+1),
Der[x], {S[n], Der[y]l, Der[z]}1[[1]], Der[y1][[1]], Der[z]][[1]] // Timing

ousel- {2.87527, [(8+12n+6nt+n®) S+ (-117-231n-153n’ -34n%) Sy« (1+3n+3n? -n®)})
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Task: Show that the Beukers integral for ((3) satisfies Apéry's
second-order recurrence:

(n+2)*I(n+2) = (2n+3)(17n*+51n+39)I(n+1) — (n+1)*I(n).

ina7):= << RISC HolonemicFunctions®

HolonomicFunctions Package version 1.7.3 (21-Mar-2017)
written by Christoph Koutschan

Copyright Research Institute for Symbolic Computation (RISC),
Johannes Kepler University, Linz, Austria

--» Type ?HelonomicFunctions for help.

In[og)- CreativeTelescoping[CreativeTelescoping[CreativeTelescoping[
(Xx (l-x)xy* (l-y)xzZx (1-2))*n/ (l-z+xay=*x2Z)*(n+1),
Der[x], {S[n], Der[y]l, Der[z]}1[[1]], Der[y1][[1]], Der[z]][[1]] // Timing

ousel- {2.87527, [(8+12n+6nt+n®) S+ (-117-231n-153n’ -34n%) Sy« (1+3n+3n? -n®)})

— Wow, we are really impressed!

We will rave about your package in our forthcoming paper...
7/23



General Strategy

Start with a constant C given by an explicit integral

C:/OlK(x)dm
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Then introduce a sequence of integrals

1
I(n) = /0 K(z)(z(1 —2)K(x))" dz

d.%'k.
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General Strategy

Start with a constant C given by an explicit integral

1 1 1
C:/ K(z)dx or C:/ / K(z1,...,z;)dzy ... dog.
0 0 0

Then introduce a sequence of integrals

/ K(z)(z(1 —2)K(x))" dz

or more generally

/ K(z) (z(1 — 2)S(z))" dz

for another function S(z) (and their multidimensional analogs).
Of course 1(0) = C.
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Generalization of the Beukers Integral

» Look at the following generalization of Beukers' integral for
certain values of the parameters ay, ao, b1, bo, c1, o, d:

1 1 1
/ / / (1 — )2y (1 — )22 (1 — 2)°
0 0 0

(@ = 2)y(1 —y)z(1 - 2))"
(1 -z 4 zyz)rtdtl

drdydz
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Generalization of the Beukers Integral

» Look at the following generalization of Beukers' integral for
certain values of the parameters ay, ao, b1, bo, c1, o, d:

1 1 1
/ / / (1 — )2y (1 — )22 (1 — 2)°
0 0 0

(=)l —y)=(1 - 2)"

(1 -z 4 zyz)rtdtl dodydz

» Hope that this gives irrationality proos of some interesting
constants. . .
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Generalized Integral with Numeric Parameters

/ / / 1/3 1/5 2/3( )4/522/5(1 o 2)3/5

(@ = 2)y(1 —y)z(l = 2))"
(1 —z+ zyz)nt!

drdydz
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Generalized Integral with Numeric Parameters

1 1 1
/0 /0 /0 231 — 2)Voy23(1 — y)HP22/5(1 — 2)3/°

(z(1 —2)y(1 —y)z(1 - 2))"
(1 —z+zyz)ntl

drdydz

ipis- CreativeTelescoping[CreativeTelescoping[CreativeTelescopingl
(A (L/3) % (L-x)A(1/5) yA(2/3) % (L-y) A (4/5) x2(2/5) % (1-2) »(3/5)) =
(X% (1-X) sy (L-y) #2z% (1-2))An/ (1-z+xxy#2) A (n+1),
Der[x], {S[n], Der[y], Der[z]}1[[1]], Der[y]]1[[1]], Der[z]]1[[1]] // Timing
Cuflitsi- [4.1699, | (809 156 506 681963 520 + 5867 425 510 376 868 160 n + 14 542081 347 310 357120 n® +
25319 953 606388 665 760 n + 29 842 834920 776 537400 n” + 25142793 811471399 500 n° +
15577 799 653225 653 750 n° + 7 186 224321 391 359375 n’ + 2468 228 839 434 421875 n° + 623 361733 800 156250 n° +
112 528926 684 375000 n'® - 13748 203 880859 375 n'! . 1018 941240 234 375 n'? + 34599 023437560 ') 52 +
(—17 125635748 645552 128 - 109 729476620 207 403520 n - 322 769 689989 785 724288 |’|2 -577188476311327 527680 ﬂ3 -
700 151928 007 931611 200 n* - 608 446931 731 545645000 n° - 389 745 966 708 905 310800 n° -
186 337566 996 167643 750 n' - 66 438 692 729896 406 250 n° - 17496 721516131 562 500 n° -
3299344288917 187500 n'® - 422 270445 958 593750 n' - 32879 451972656250 n' - 1176 366796875000 ) 5, +
(208 791484354 252 300 + 1448 758522 297 658 886 n + 4 606 818936 047 867 520 n’ - 8 858 945878 483621920 n° +
11611921076602 419800 n' + 10 845 296 255 561 809 500 n° + 7450 933284 163 738758 n° +
3812727944067 609375 n' + 1 453218514 321 359375 n° + 407 501515823 906250 n° +
81719 325815625 000 n'? 4 11898 995 839 609 375 n'! . 915 144169 921 875 n'? . 34599 823 437500 n'? ) ||
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Generalized Integral with Numeric Parameters

/01/01/01 (1 — o)1 — )20 (1 — 2)3

(@ - o)y —y)=(1 - 2)"
(1 —z+ l‘yz)nJrl

d.’L’ dy dz
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Generalized Integral with Numeric Parameters

/01/01/01 (1 — o)1 — )20 (1 — 2)3

(z(1 —2)y(1 —y)z(1 — 2))"
(1—z+ zyz)ntt

drdydz

In[182]= CreativeTelescoping[CreativeTelescoping[CreativeTelescopingl
XP3% (1-X) +y"2+ (l-y)"4+Z 5% (1-Z) 3«
(X* (L-X) *xy*(l-y)*Z+ (l-Z))"n/(l-Z+xX*xy*xZ)P(n+1),
Der([x], {S[n], Der[y], Der[z]}]1[[1]], Der[y]11[[1]], Der[z]1[[1]] // Timing
oufl182]= [3.44204, [ (142334280 343227108 n- 357150418 n> - 211221795 n° -
78696369 n* - 19325330 n° -3172216n° - 344195 n - 23661 n° -932n° - 16n'%) 53 4
(8634592800 + 18280 850 800 n + 16901 127872 n® + 9023 153352 n° : 3089 809298 n* +
710 664515 n° + 111371203 n° - 11757433 n' + 868987 n° - 31828 n” - 560 n'?) s2 -
(~17235247 680 - 31662217276 n - 25995705428 n* - 12561638841 n° - 3956 545763 n" -
848851634 n° - 125646202 n° - 12672109 n' - 833567 n° - 32300 n° - 568 n'%) 5, -
(285 956 166 + 586 168 912 n + 525 286 576 n° + 272 628 648 n° + 91123028 n* -
20554853 n° + 3175443 n° . 332327 n' 422577 n° 4900 n” - 16 n'?) ]

11/ 23



Generalized Integral with Six Symbolic Parameters

1 r1 p1
///xbl_xc—fyel_ya-i-fzal_zc
0o Jo Jo

(1 —z)y(1 —y)z(1 — 2))"
[ dxdydz

2eadiesten
B e 20 a5 b 13abE 20he b abE e aact e abel 2abeta e act 15d - Mad 384
be'd 3abed 4t 23cid SE 336 306 23bE 6 33ed 2bed abCE 2P 3 150

Be'e.2ncic 2beescte- Wde-Sade- wde-R2bde

2easbocfom 2ea " 2eboc-d-fom 2.

(1201580597155 18ab. 627 b 517 6ab 227 b7 30c . 2ac . 90
1ba aba 2v'ba 3bd 2w 2med acd 3wcd

Lae.3atc.dbe.1Sabe s 3albes6hiesabteratble s e,

. Lbede dabcde bede e 2acide hede

sFed wcd Lace Fea
Kbee. labee 20 bee Shees2abce s Metes 20
e 3 e At e Ibde abd e J e bod e C B e Se IaeBhe1abe2b 6 ab

S 38 ef Sbef2abef ahef Ak el abicl 6c f sc o 2c fLTbe

4ncdfn-Shedfn Sc'dfn ad fnibdifn.cd fn

e
Isant s 1sent 12 st

22126° b7 a7aan b 260220 b 202692500

v 21188 5 185676 57 40492 2" M2 HDIS2DC
3 14837 b c 25107 8¢ br 202607 bY € 038D C 4
3455 526 21 - 513857 7 842376 b - 1701618 b
21 B 120085 b 22687 a0 650t

AT s s 1w S19aR0BC

o 1578010 615607 b7 &
zmszmean a0

2 ssogh et
1034 nade
st

S6alc.224be . Waabe. Uathe b . d0ablc. a'hic,

4ab'd 2wcd ssca s¥cd T2bcd uabed ¥ bed

Sade 2 de dsbde loabde vbde 4bide sbde scde
abel 4Bl abiel e Bace - Mbeel2abeet cbice’ s el el
- EET

et 126 f 42w f Abetf abelf Geel f-acet fbeet fcielfo2derfs
LEF cE R Ler anet 4nef aber o e
168 b Taben 2b cnuSab cnL eI 68C N 5a°C 0, T2beTn L 3BT
Lebeen labcen sbicen dcien. 120 en 1bean
UBeTni3abein.2btelnedicelnidnceln,Theetn el eln
The fno4e fnolzagtnoatn-i2batn-bdtn-Lcatn.
Acdefn defn 22 fn a8 fn befn cetfn.d

BN 120 S0 S4adn 33 MON123bdrt 35N leCan 2acdn 18bean 18CEr e 33l b

GBbont 2Tabent s 6b e 168 c i 2sact et

12 /23



General Setting
Fix a family of integrals I(n) with C' = I(0) to be proven irrational.
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Fix a family of integrals I(n) with C' = I(0) to be proven irrational.

>

General Setting

I(n) satisfies a P-finite recurrence equation, that can be
found, e.g., by creative telescoping.

Consider only cases where this recurrence has order 2.

Then frequently it happens that 7(0) and I(1) are
rationally-related:

col(0) + 1 I(1) = e (for integers ¢y, c1, c2).

Hence one can write I(n) = u,C — v, for two sequences of
rational numbers (u,) and (v,) that both satisfy the same
recurrence as I(n).

Let F(n) be such that u), := u, E(n) and v}, := v, E(n) are
always integers and ged(ul,, v),) = 1. We call E(n) the
integer-ating factor.

13/23



Irrationality Measure

Irrationality Criterion: If there is a § > 0 and a sequence
(Un/tun)nen of rational numbers such that v, /u,, # C with

then C is irrational.
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Irrationality Measure

Irrationality Criterion: If there is a § > 0 and a sequence
(Un/un)nen of rational numbers such that v, /u, # C with

then C is irrational.

» The exponent ¢ is a measure how closely the number C' can
be approximated by rationals.

» The maximum value of § gives rise to the irrationality
measure of C.

14 / 23



Irrationality Measure

Irrationality Criterion: If there is a § > 0 and a sequence
(Un/un)nen of rational numbers such that v, /u, # C with

then C is irrational.

» The exponent ¢ is a measure how closely the number C' can
be approximated by rationals.

» The maximum value of § gives rise to the irrationality
measure of C.

» For rational numbers, the maximum is § = 0.

14 / 23



Irrationality Measure

Irrationality Criterion: If there is a § > 0 and a sequence
(Un/un)nen of rational numbers such that v, /u, # C with

then C is irrational.

» The exponent ¢ is a measure how closely the number C' can
be approximated by rationals.

» The maximum value of § gives rise to the irrationality
measure of C.

» For rational numbers, the maximum is § = 0.

» For (non-rational) algebraic numbers, the maximum is § = 1.
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» Using bounds on the integral, we can find 8 > 1 such that
[I(n)| = [unC — vy| = Q(B™)
» Similarly, one can find a constant « > 1 such that

up, = Q™) and v, = Q(a").

1 o,
_Q((aﬁ)“> “C‘ua |

log E(n)
n

» It follows that

o_

Unp,

> Let v :=lim, . , then we need a positive § such that
(€™t = (aB)™. This translates into

5— log8 —v
~loga+v’
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Cooking Recipe

For each specific constant C' defined by a definite integral in our
search space, we need to exhibit the following ingredients:

» A second-oder recurrence equation for the numerator and
denominator sequence u,, and v, such that I(n) = u,C — v,

» The initial conditions ug, u1, vg, vy, enabling a very fast
computation of many terms of u,, v,

» The constants « and 3

» A conjectured integer-ating factor E(n), or else conjecture

that one exists, and find, or estimate (respectively),
log E(n)

vi=limp 00 =,
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o [ ()

note that 7(0) = 1 log(1 + ¢), to

T c

_ 1 tat(l—2) (e(l-2)\"
Ii(a,b,c)(n) := B(1+a,1+b)/o 1+cz ( 1+cx ) a

led us to quite a few irrationality proofs of constants of the form
Il(O> = 2F1<1, a+l;a+b+2; —C).
» Many of these constants are expressible terms of algebraic
numbers and/or logarithms of rational numbers.
» Hence proving them irrational is not that exciting. ..

» However, there are also some unidentified cases.
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Io( bi,b =
(1, a2:b1.b2) () = B b1~ B

/ / o= (1 - 1_2?{;1(1—y)‘b2,<$(1—1w_)yx(;—y)>” de dy.

It allows us to realize the following constants as weak Apéry limits:

I,1—ap,=bi+1
2—@1—&2,2—()1—52’

Cs(ai, az,bi,b2) == 3F> <

v

Most choices of random ay, as, b1, bo yield negative ¢'s.
E.g., for Cg(%,0,0, %) which is 8 times Catalan’s constant.
Several hundred cases with positive J, but many of them are

equivalent via transformations C' — errgg with integer coeffs.

v

v

v

Again, there are some cases that could not be identified.
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Examples

C5(0,0,3,0) = 3F5(1,1,3:2,3:1)  =2log2
(0,0, %,—%) =3l (1,1, %;2, %; 1) = —6—0—477\/5/3
o33~ 1) = 5B, 1.5 3.31) =200 + 223
Col~4 4 -3 —D =sR( 8T Em) =50 + SR V5
Co(=3,—5 1“1y Ry, 1, 31 5,1) — _13544 N 16318045\/§
Co(=3,5, 1 _2) (11 41 ) 972522/3 B 15536
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Some Results
Using the generalized Beukers integral for {(3),

z(1—x)y(l— 1—2z)\"
J3(a1,az,b1,b2,c1,c2;€) ///< 1—z+9yc>yz( )>

a1 (1 _ b2 (1 — z)e2
L (1= )"y G 2) drdydz,
(1 —z —|— a:yz)

we define
J3(a1,az,b1,b2,c1,c2;€ + 1)(n)
Js(ai,az,b1,b2,c1,c2;€)(0)

I3(a1,az,b1,bo,c1,c0i€)(n) ==
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Some Results
Using the generalized Beukers integral for {(3),

z(1—x)y(l— 1—2)\"
J3(a1,az,b1,b2,c1,c2;€) ///< 1—z+9yc>yz( )>

(1 —x)*2y y)P22¢1 (1 — 2)°2

X
(1 — z—i—a:yz)

drdydz,

we define
J3(a1,az,b1,b2,c1,c2;€ + 1)(n)
J3(a1,az,b1,b2,c1,c2;€)(0)

Using the previously derived symbolic recurrence, allows to study
the constants

I3(a1,az,b1,bo,c1,c0i€)(n) ==

K(a,b,c,d,e)(n) = I3(b,c,e,a,a,c,d)(n)

The output file contains many such conjectured evaluations and we
challenge the birthday boy [WZ], or anyone else, to prove them.
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The Birthday Boy Problem

In their recent preprint arXiv:2101.08308, Robert Dougherty-Bliss,
Christoph Koutschan and Doron Zeilberger come up with a
powerful strategy to prove the irrationality, in a quantitative form,
of some numbers that are given as multiple integrals or quotients
of such. What is really missing there, for many examples given, is
an explicit identification of those irrational numbers. Without an
identification, the numbers are hardly appealing to human (number
theorists). The goal of this note is to outline a strategy to do the
job and illustrate it on several promising entries discussed in the
preprint above.
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K (0,0, 0;3»%) _2(121__23), where K1:10g3+%

K(0,0,0,%,%) = m where Ko :10g3+%
K0.3.3.4.9) - e where £, = 0
KO0.40.83) =T 100 where Ky = otop Y2

Zudilin

Perhaps, a real pearl in this collection of “quantitatively” irrational
numbers is the number K.
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