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Special Functions

I arise in mathematical analysis and in real-world phenomena

I are solutions to certain differential equations

I cannot be expressed in terms of the usual elementary functions
(
√

, exp, log, sin, cos, . . . )

Airy function Bessel function Coulomb function
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Differential Equations and Recurrences
Example: The Bessel function Jν(x) describes the vibrations of a
circular membrane, as well as many other phenomena with
cylindrical symmetry.

I Bessel differential equation:

x2
d2

dx2
Jν(x) + x

d

dx
Jν(x) +

(
x2 − ν2

)
Jν(x) = 0

I Recurrence equation:

Jν(x) =
2(ν − 1)

x
Jν−1(x)− Jν−2(x)

Many special functions can be characterized as solutions to
systems of linear differential equations and recurrences, and in fact
are holonomic.
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Holonomic Functions
Definition: A function f`,m,...,n(x, y, . . . , z) is called holonomic, if
it is the solution of a system

I of linear differential equations or recurrences,

I whose coefficients are polynomials,

I and which is maximally overdetermined.

Theorem (Closure Properties): If fn(x) and gn(x) are two
holonomic functions, then also the following expressions are
holonomic:

I fn(x)± gn(x)

I fn(x) · gn(x)

I d
dxfn(x)

I fan+b(x), where a, b ∈ Z,

I fn(h(x)), where h(x) is an algebraic function.
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Creative Telescoping
Holonomic functions are closed under summation and integration.

Telescoping sum: In order to compute the sum
∑b

k=a f(k), one
tries to find a representation of the summand in the form
f(k) = g(k)− g(k + 1).

b∑
k=a

f(k) =

b∑
k=a

(
g(k)− g(k + 1)

)
=

=
(
g(a)− g(a+ 1)

)
+
(
g(a+ 1)− g(a+ 2)

)
+
(
g(a+ 2)− . . .

= g(a)− g(b+ 1).

Creative telescoping: If there does not exist a suitable
representation f(k) = g(k)− g(k + 1), then one tries to find an
operator P (free of k), such that P (f) telescopes.

Result: holonomic description of the sum: P
(∑b

k=a f(k)
)

= . . .
This method works similarly for integrals.
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The Symbolic Computation Viewpoint
A holonomic function a priori is an infinite object (e.g., R2 → R

2).

But it can be represented (exactly!) by a finite amount of data:

I system of functional equations

I finitely many initial values

Use this as a data structure for calculations (closure properties).

The holonomic systems approach (Zeilberger 1990) is a versatile
toolbox for solving many different kinds of mathematical problems:

I calculate integrals and summation formulas

I prove special function identities

I computations in q-calculus (e.g., quantum knot invariants)

I fast numerical evaluation of mathematical functions

I number theory (e.g., irrationality proofs)

I evaluate symbolic determinants (e.g., in combinatorics)
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A Problem from Enumerative Combinatorics

6 / 9



A Problem from Enumerative Combinatorics

6 / 9



A Problem from Enumerative Combinatorics

6 / 9



Table of Integrals by Gradshteyn and Ryzhik
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Table of Integrals by Gradshteyn and Ryzhik

Gegenbauer

polynomials C
(α)
n (x)

Gamma
function Γ(x)

Bessel
function Jν(x)

I A large portion of such identities can be proven via the
holonomic systems approach.

I Algorithms are implemented in the HolonomicFunctions package.
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The HolonomicFunctions Package
Example: Holonomic system, satisfied by both sides of the identity:

ia(n+ 2ν)f ′n(a) + a(n+ 1)fn+1(a)− in(n+ 2ν)fn(a) = 0,

a(n+ 1)(n+ 2)fn+2(a)− 2i(n+ 1)(n+ ν + 1)(n+ 2ν + 1)fn+1(a)

− a(n+ 2ν)(n+ 2ν + 1)fn(a) = 0.
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Open Problems and Outlook

However, in general some human interaction is required.

Goal: Fully automate computer proofs of such identities:

I poles in the certificates g(k)− g(k + 1) = f(k)

I natural boundaries
∑b

k=a

(
g(k)− g(k + 1)

)
= g(a)− g(b+ 1)

I multiple sums and integrals

I initial value checking

I selection of operator algebra

Application: automatically verify large collections of mathematical
identities, such as Gradshteyn/Ryzhik.
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