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q-P-finite Sequences

(fn)nen € CN is called P-finite if Jag, ..., aq € C[z] s.t.

ag(n) fora + -~ +ao(n)fn =0 (n>0)

In the univariate case this is equivalent to holonomic.
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q-P-finite Sequences

(fn)nen € CN is called P-finite if Jag, ..., aq € C[z] s.t.
ag(n) fota+--- +ao(n)fon =0 (n>0)
In the univariate case this is equivalent to holonomic.
(fa)nen € C(q)N is called g-P-finite if Jao, . ..,aq € C(g)[z] s.t.

aqg(q") fara + - +ao(qd")fn=0 (n>0)

Analogously we call these “g-holonomic”.

“P-finite N ¢-P-finite = C-finite”
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g-D-finite Power Series

fx) =" faa™ € C[x] is called D-finite if 3a,...,aq € Cla] s.t.
n=0

ag(z) fD(@) + -+ a1(@) f'(z) + ao(x) f(z) = 0

Again this is equivalent to saying f is holonomic (univariate case!).
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g-D-finite Power Series

fx) =" faa™ € C[x] is called D-finite if 3a,...,aq € Cla] s.t.
n=0

ag(z) fD(@) + -+ a1(@) f'(z) + ao(x) f(z) = 0

Again this is equivalent to saying f is holonomic (univariate case!).

f(z) = i faz" € C(q)[] is called g-D-finite if
Yo, ... ag € C(g)[a] st

aa()DEF(3) + - + ar(2) Do f () + ap () f(z) = 0
Again we call these “g-holonomic”.
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g-Differentiation

Definition for the ¢-differential operator:

flgz) — f(z)  f(z) — f(qz)

Daf(x):= -z (1—-q)z
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g-Differentiation

Definition for the ¢-differential operator:

_ flgz) — f(z) _ flz) - f(qz)
Dyf(z) = gr—z  (1—q)x

()" —z"  ¢"—1
(1-q)z g—1

Example: Djz" =
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g-Differentiation

Definition for the ¢-differential operator:

flgz) — f(z)  f(z) — f(qz)

Dqf(w) := qr — T - (1—-¢q)x

(qr)" —a" _¢"—1 . 4
1-qz  q-1 a

Example: Djz" =

Product rule:

Dy (f(2)g(x))

.M.M.
%



g-Differentiation

Definition for the ¢-differential operator:

_ flgz) — f(z) _ flz) - f(qz)
Dyf(z) = gr—z  (1—q)x

()" =" " =1

Example: D z" = =
! 1-qz  q-1

Product rule:

Dy (f(2)g(x))

Definition for the g-shift operator:
ef(x) := f(qx)

Of course we have ef(z) = f(x) + (¢ — 1)x Dy f(z).
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(fn)nen is P-finite

Basic Facts

<~  f(x) =3 fax™ is D-finite
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(fn)nen is P-finite

(fn)nen is g-P-finite

Basic Facts

<~  f(x) =3 fax™ is D-finite

<~ f(x) =) fax™ is ¢-D-finite
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Holonomic sequences / power series are closed by

Closure Properties

sum
Cauchy product
Hadamard product
taking subsequences

algebraic substitution
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Closure Properties
Holonomic sequences / power series are closed by
e sum
e Cauchy product
e Hadamard product
e taking subsequences

e algebraic substitution

g-holonomic sequences / power series are closed by
e sum
e Cauchy product
e Hadamard product

e taking subsequences
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Closure Properties

Holonomic sequences / power series are closed by
e sum
e Cauchy product
e Hadamard product
e taking subsequences

e algebraic substitution

g-holonomic sequences / power series are closed by
e sum
e Cauchy product
e Hadamard product
e taking subsequences
e substitution of 2* (1)
Proof:
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A Formula
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!!ommands
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RE2L

RE2DE
DE2RE

REPlus

Commands

QRE2L

QDE2L, QSE2L
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RE2L

RE2DE
DE2RE
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Task 1

Image that there is a guest from Vienna who asks you to guess the
following sequence

1,

1,

¢ +1,

CHat+P P+,

02+ g0+ 2884+ q"+2¢° + P+ 2  + P+ P41,
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Task 2

Prove identities involving the g-trigonometric functions

0 (_1)n$2n+1 o0 2n+1)n 2n+1
sing(x) = -—————  Sin ,
q( ) ,;) (¢ @)2n+1 q nz—o Q)2nt1
o o 2n l)n 2n
(—1)“1’2”
cosy(x) = -~ Cos,(
o2) nz_‘; (4 @)2n ol nz_% ()20

1. sing(x) Sing(x) + cosq(x) Cosy(x) =

1
2. sing(z) Cosy(x) — Sing(x) cosy(z) =0
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Task 3

Prove the following identity:

5 [1] = 55 e

k=0 k——n

2n
n + 2k

|

&,

\\'4



Thanks for your attention!

» Clap now!



