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1<i<n j+t—1
1<j<n
) p+i+j+s+t—4
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History: D (n) was introduced in the work of Andrews in
1979-1980 in the context of descending plane partitions:

Inventiones math. 53, 193225 (1979) Inventiones

mathematicae
@© by Springer-Verlag 1979

Plane Partitions (IIT): The Weak Macdonald Conjecture

George E. Andrews*
The Pennsylvania State University, University Park, Pennsylvania 16802, US.A. 1/32
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“Conjecture 37" (Lascoux/Krattenthaler 2005)

Let i be an indeterminate and m,r € Z. If m > r > 1, then

Eﬁ?r—1(2m - 1) = (_1)m—r . 9dm+(m—r)(m—r—1)-3r

2r—3 . m—1 il (Z + 1)‘
% (g “) ' (1;[0 (21’)!(21’4—2)!)

2r—2
1) (b, (H (i~ 1>2m+zr—2i—1)

i=1

. (1:[2 ((2m —2i - 3)!)° >

it (m—i—2))?(@m+2i —1)! (2m + 2 + 1)

[
< | TI (4+3i+3r—1)> (=& — 3m +3i 4 3)

m—r—2i—1
=0

2
m—r—21
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e(a1,by1) e(ai,ba) -+ e(a,by)
e(az,b1) e(az,b2) -+ e(az,bn)
M =
e(an,b1) e(an,ba) -+ e(an,by)

Then the determinant of M is the signed sum over all n-tuples
P = (P,...,P,) of non-intersecting paths from A to B:

n

det(M) = > sign(o(P)) [ [w(P).

(P1,....P,): A>B i=1

where o denotes a permutation that is applied to B.
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Lindstrom-Gessel-Viennot Lemma
In our context, it implies that the determinant without the

Kronecker delta

det

1<i,j<n

ptitjtstt—4
jHt—1

counts n-tuples of non-intersecting paths in the lattice N2:
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Expansion of Kronecker Deltas

big bi7+1 big
Laplace expansion: oo bag bag bog+1 -+ =

big b1z big

b bog+1 ---
bag bar bag+1 | & 2.,6 2.,8
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Combinatorial Interpretation: Holey Hexagon
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A Combinatorial Proof
Lemma: For n,s € Z such that n > s >1and n > 1,

3

Eg,o(”) = Dg:,o(” - 1),
3

Dio(n) Egjl,o(” —1).
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pt
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Switching Lemma and DJD
Lemma: Let AL (n) be either D¥,(n) or E¥(n). For real
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I _ no AM
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Theorem (Desnanot-Jacobi-Dodgson). Let (m; ;) d

M t(n) := detscicstn,t<j<t+n(mij). Then:

ijez @M

M (n)Msi1p41(n —2) =
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Proof of the Lascoux/Krattenthaler Conjecture
Lemma: For m,r € Z and m > r > 1,
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14 / 32



Proof of the Lascoux/Krattenthaler Conjecture
Lemma: For m,r € Z and m > r > 1,

D/;r,l(Qm) _(mAr—=1)(p—1)(u+2m+1)(u+ 2r)
By 2m—1)  2m(2r = D(p+2)(p+2m+2r 1)
Ey 1 1(2m+1) _ (m4+7r)(u—1)(p+2m+2)(u+2r +1)

Db (2m) 2r(2m 4+ 1) (p + 2)(p + 2m + 2r + 1)

Theorem: For m,r € Z and m > r > 1,

(=)™ (p=1) (p+2r=1),,
2r —2)! (m+r— 1)mir+1(% + )
M (24 6r —5)7 (4 420+ 3r —2)°

Eg'r—l,l(Qm - 1) =

m—-r

%

X T 2
i=1 (Z)z (5 +7’+3T_2)i71

14 / 32



Proof of the Lascoux/Krattenthaler Conjecture
Lemma: For m,r € Z and m > r > 1,

D/;r,l(Qm) _(mAr—=1)(p—1)(u+2m+1)(u+ 2r)
By 2m—1)  2m(2r = D(p+2)(p+2m+2r 1)
Ey 1 1(2m+1) _ (m4+7r)(u—1)(p+2m+2)(u+2r +1)

Db (2m) 2r(2m 4+ 1) (p + 2)(p + 2m + 2r + 1)

Theorem: For m,r € Z and m > r > 1,

(=)™ (p=1) (p+2r=1),,
2r —2)! (m+r— 1)mir+1(% + )
M (24 6r —5)7 (4 420+ 3r —2)°

Eg'r—l,l(Qm - 1) =

m—-r

%

X T 2
i=1 (Z)z (5 +7’+3T_2)i71

Corollary: Apply switching lemma to obtain Efzr_1(2m —1).
14 / 32



Proof of the Lascoux/Krattenthaler Conjecture
Lemma: Forn,s€Z andn > s > 1,

AL (s —Qu—D(ptn+1)(p+s)
B (n— 1) (s —D(u+2)(p+n+s—1)

where (A, B,s,n) is (D, E,2r,2m) or (E,D,2r +1,2m + 1).

Theorem: For m,r € Z and m > r > 1,

(D)™ (p=1) (p+2r—1),
2r =2l (m+r—1),  (5+7)

M (24 6r —5)7 (4 420+ 3r —2)°

Eg'r—l,l(Qm - 1) =

m—-r

%

X T 2
il (z)l (5 +z+3r—2)i71

Corollary: Apply switching lemma to obtain Efzr_1(2m —1).
14 / 32



Matrix Transformations

S O O -~

o O H O

o +H O O

— o O O

Joscn

S O O

o O H O

o +H O O

— O O O

— N 32l <t
4+ = += +—~ + =
3 3 3 3

S— N N

N——

15 / 32



Matrix Transformations

S O O -~

o O H O

o +H O O

— o O O

Joscn

OO O o
S O - _
—

01_0

1_00

| ,
N N N /N
) < i o
+om +n +om +m
3 3 3 3
N— N N
—
|
N N N
~ ™
+a
— X 3 3
S—" N
+ o0

))))

+1 +1 +1 xT_I.
3 3 RS

((((

N——

15 / 32



Matrix Transformations

S O O -~

o O H O

o +H O O

— o O O

Joscn

S O O

01_0

pn+3
3
+
2
+
2

pt+5
2

15 / 32



Matrix Transformations

S O O -~

o O H O

— - O O

— o O O

) o

S O O

01_0

[a\] N <t
T+ + = =+

S— N N

))))
+1+0+0+0

((((

15 / 32



Matrix Transformations

S O O -~

o O H O

— - O O

— o O O

Joscn

S O O

01_0

[a\] N <t
T+ + = =+

S— N N

))))
+1+0+0+0

((((

15 / 32



Matrix Transformations

S O O -~

o O H O

— - O O

— o O O

Joscn

S O O

01_0

pn+3
3
+
2
+
2

pt+5
2

15 / 32



Matrix Transformations

S O O -~

— = - O

— - O O

— o O O

Joscn

S O O

01_0

15 / 32



Matrix Transformations

S O O -~

— = - O

— - O O

— o O O

Joscn

S O O

01_0

15 / 32



Matrix Transformations

— = =

— = - O

— - O O

— o O O

Joscn

S O O

01_0

15 / 32



Matrix Transformations

— = =

— = - O

— - O O

— o O O

Joscn

S O O

01_0

15 / 32



Matrix Transformations

— = =

— = - O

— - O O

— o O O

Joscn

S O O

01_0

15 / 32



Proof via the Holonomic Ansatz

To show:
Aa()  (n+s—2)(u-(ptn+1)(p+s)
B (n—1)  2n(s—D(u+2)(p+nts—1)
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Proof via the Holonomic Ansatz

To show:
Al(n) (4 s—2)(p—D(p+n+1)(p+s)
Bé‘jﬁl(n—l)_ 2n(s—1)(p+2)(p+n+s—1)

Laplace expansion:

AL (n) = det

= C~L1’1 . COle(’I’L — 1) + ...+ (~117n . COfl,n(TL — 1)

With ¢, ; := Cofy j(n — 1)/Cofy1(n — 1), we obtain

ORI Y
Y7 N Ly tng
3571,1(” —-1) j=1
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Proof via the Holonomic Ansatz

To show:
Al(n) (4 s—2)(p—D(p+n+1)(p+s)
BT n—1) _ 2n(s — D+ Dt nts—1)
Rgl(n)
Laplace expansion:
RCERECERNT G1n
1 |
AY (n) = det ‘
5,1( ) 1 : ng—il(n_ 1)
1

= C~L1’1 . COle(TL — 1) + ...+ (~117n . COfl,n(TL — 1)

With ¢, ; := Cofy j(n — 1)/Cofy1(n — 1), we obtain

AL (n)

n
|
) . . — pH
B3 (n—1) g g Cng = Rgi(n).

s—1,1
16 / 32



Proof via the Holonomic Ansatz

Guess: ¢, ; satisfies a holonomic system of recurrence equations.
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3 3 3 3
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These recurrences can be constructed from precomputed data via
ansatz with undetermined coefficients and interpolation.

1 1 1 1
PB,]Q * Cnj42 +P[1,]o “Cnt1,5 + P%,]l “ Cnjl "‘Pg,]o “Cn,j =0

2 2 2 2
p[l,]l * Cnt1,j+1 +P[17]o “Cnt1,5 + P<[),]1 “ Cnj4l +P([),]o “Cn,j =0

3 3 3 3
P[z,]o " Cnt2,j +P[1,]o “Cn1,j + P([),]l “ Cnjl +PE,]O “Cn,j =0

phl = —(j —2n —4)(j — 2n — 3)(u + 60+ 5) (1 + 60+ 7) (p +

6n+9)(n+r—1)(n+r)j+u+2n+3)J+p+2n+4)(25* +
353 — 6530 + 53 4+ 524 — 1252 un — 352 + 125202 — 305°%n —
852 —4ju’n — 25 pu® +245un? — 8jun — 65+ 725> +12jn — 45 +
8un? + 4p’n + 40un? + 20pn + 48n2 + 24n) (1 + 2n + 2r) (u +
2n 4 2r + 1) (p+2n +2r +2)(p + 20+ 2r + 3)(p + 4dn + 2r + 1)
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Proof via the Holonomic Ansatz

Prove: in the case where (A4, B, s,n) is (D, E, 2r,2m)

2r—1

2m .
+7+2r—1
<,U J ) " C2m,j — Z Com,j = R2r 1(2m)
=1

j J
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Prove: in the case where (A4, B, s,n) is (D, E, 2r,2m)

com,1 = 1,
2m . .
+i+j+2r—3 .

Z <'u .‘] > “Com,j — Comyitor—2 = 0, (2<i<2m),
j=1 i-1

2m . 2r—1

p+g+2r—1
> < , “Comg = ) Camyj = Rb,(2m).
j=1 J j=1

» Abandon the original definition ¢, ; := 22217%

> Use the conjectured holonomic description for ¢, ; instead.
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Proof via the Holonomic Ansatz

Prove: in the case where (A4, B, s,n) is (D, E, 2r,2m)

coam,1 =1,
2m . .
+i+j+2r—3 ~

Z <'u J > “Com,j — Comyit2r—2 = 0, (2<i<2m),
=1 71

2m . 2r—1

+7+2r—1
> (M 7 ) “Comg = ) Camyj = Rb,(2m).
j=1 J J=1

Abandon the original definition ¢, ; := 22217%

v

v

Use the conjectured holonomic description for ¢, ; instead.

The first two identities prove ¢, ; = 22217&:3

v

v

The third identity proves the claimed quotient of determinants.
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Proof of a Conjecture for s = —1

Theorem: For m,r € Zand m>r > 1,
B opa(2m+1) =
_ 2 .
(D™ "B —p) (m+71+Dmr (ﬁ (41— 3)2r>

gam=2r 1 (§ 47 — %)mfvurl i=1 ()2
(i 420+ 6r —3)7 (4 +2i+3r —1)7 |
(’L)z (5—1—1'—1—37"—1)?_1 .

(I
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Proof of a Conjecture for s = —1

D'L—Ll,Qr(2m)

3
EﬁJlr2r 1(2m - 1)

B gra(2m +1)

DM (2m)

Theorem: For m,r € Zand m>r > 1,

B opa(2m+1) =

(=)™ @B = p) (mtr+ Dmr
92m—2r+1 (% - §)

(I

II

i=1

u+2z+6r—3)f(g+2z‘+3r—1)f_

(i)Qr

(’L)z (5 + 1+ 3r — 1)?—1

(H‘i‘fi* 3)27"

1>.

)
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DI;T' —1(2m)
3
Egjl 1(2m —1)

E2r+1 (2m + 1)

DYF3 (2m)
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Theorem: For m,r € Zand m>r > 1,

B opa(2m+1) =

(=)™ @B = p) (mtr+ Dmr
92m—2r+1 (% - §)
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i=1
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Proof of a Conjecture for s = —1

Dgr —1<2m) . 0
E5j31 2m—-1) 0

By 4(2m+1) 0

DY3 (2m) 0

2r,—1

Theorem: For m,r € Zand m>r > 1,
B opa(2m+1) =
_ 2 .
(~D)™ " (3= ) (m A7+ Dy (ﬁ (+i— 3>2r>

22m—2r+1 (£ 4 5 _ 3) paley ()2r

2/ m—r+1
(n+2i+6r —3)7 (& 42+ 3r — 1)f_l>

(1;[ (’L)z (5 "'ii +237" o 1)?—1
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Proof of a Conjecture for s = —1

Dgr—&—s,—l—i—e(zm)

+3
Egr 1+-e, 1+s(2m_ 1)

Eyi1ye 14.(2m+1)

+3 -
D2Mr+a —1+e (2m)

Theorem: For m,r € Zand m>r > 1,
B gpa(2m+1) =
_ 2 .
(~1)™ " (3= ) (m A7+ Dy (ﬁ (+i— 3>2r>

gam—2r 1 (§ 47— %)mfvurl i=1 ()2
(i +2i+6r —3)7 (4 +2i+3r —1)7 |
(’L)z (5—1—1'—1—37"—1)?_1 .
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Proof of a Conjecture for s = —1
Lemma: For m,r € Z and m > r > 1,

- Dyie14:(2m)  2r(2m — 1)(p = 3)(n + 2m + 2r — 2)
e—0 E5j31+5 C(2m—1) pum+r)(u+2m —3)(u+2r —2) ’
i Eyirie14:Cm+ 1) 2m(2r +1)(u — 3)(u + 2m + 2r)
€0 Dzu:fa _..(2m) pum+r+1)(u+2m —2)(u+2r — 1)

Theorem: For m,r € Zand m>r > 1,
B gpa(2m+1) =
(~1)™ " (3= ) (m A7+ Dy (ﬁ (+i— 3)%)

22m—2r+1 (£ 4 5 _ 3) paley ()2r

2/ m—r+1
H u+2z+6r—3)f(g+2z‘+3r—1)f_1>
=1 ()7 (4 +i+3r—1)7 '
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Proof Layout

Ag—&—e,—l—l—s (n)

+3
BS—HE,—HE(” —1)

row/column

AL .(n) ——— LAR
sTe, 1+€( ) operations A

ldet det

Alstrs,flﬂf (n) ;) A



Proof Layout

A5+5,_1+5 (n)

+3
B§—1+s,—1+s(n —1)

row/column adapt 2nd

AL (n
s+e, 1+€( ) operations column

ldet det

Alye 14e(n) ———— 4



Ag—&—e,—l—l—s (n)

+3
B§—1+5,—1+s(n —1)

Ag-i-a,—l-s-a (n)

Proof Layout

ldet

row/column adapt 2nd -
, A
operations column
det ‘det
= linearity of
A+ 0O(g?)

Ag+s,71+€(n)

determinant



Proof Layout

Ag—&—e,—l—l-s (n)

n+3

Bs,1+57,1+8(n - 1)
row/column adapt 2nd € = 0 Taylor

AX _ n A Atr

ste, 1+€( ) operations column A truncation A

det det ‘det
= linearity of

K 2

Agie14e(n) A+ 0(e”)
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Proof Layout

Ag—&-s —1+E(n)
+3
Bg 1+e, ,1+8( - 1)

row/column adapt 2nd - € = 0 Taylor
Al:—i-a —1+e¢ (n) _A tr
’ operations column truncation
ldet det ‘ det
u = linearity of
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mod &2
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Proof Layout

Ag—&-s —14e (n)

o
Béﬁ_l?:rs 71+s( - 1) < B )

row/column adapt 2nd € = 0 Taylor
A n L A Atr
ste, 1+€( ) operations A column A truncation A
ldet det ‘ det
w = linearity of
Agie14e(n) +O0(e
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—>A+O( 2)

mod &2



Proof Layout

Ag—&-s —14e (n)

.
B (n—1) ( B )

) row/column

dapt 2nd € = 0 Taylor
© a
‘As—i-a,—l—‘ra (n

— LA A At
operations column truncation
ldet det ‘
+O0(e

det

AN

= linearity of
S+s,71+€(n)

determinant

) —— A+ 0(e2)
mod &2
Laplace
n

Z&i’l . COfijl(’I’L — 1)
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Proof Layout

Ag—&-s —1+e (n)

SR
Bg+13+5 714’8( - 1) < 5 )

row/column adapt 2nd € = 0 Taylor
A n 7 Atr
s+8,—1+€( ) operations LA column A truncation A
ldet det ‘ det
— linearity of
A* n +0(e —> A+ O(e?
S+E:*1+5( ) determinant mod &2 + ( )
Laplace
n
e - Cof;1(n — ~
— lim ii(n—1) Zam - Cofi1(n—1)
e—0 Cof1 1(71 — 1) =2
1=
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Proof Layout

A n '
+e, —1+E ~ a0 ===
S T3 = Za - Cn,i +0(e) < Btr)
s—14¢e,—1+¢ =2 '
row/column adapt 2nd ~ e = 0 Taylor -
Al n t
s—i—a,—l—&-a( ) operations column A truncation AY
ldet det ‘ det
= linearity of
A* n —> 2
S+E’71+E( ) determinant O mod &2 A+ O(E )
Laplace
- Cofj1(n—1) =
= lim ol Gi1 - Cofir(n—1
e—0 COfl 1(71 — 1) ; ul 171( )
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Matrix Transformations
ptitj+s—5+2¢ o
Ag+6 —1+a(”) = < ( Jj—2+e ) + 5573—1—1 )

(I<ij<n)
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Matrix Transformations
ptitj+s—542¢ L5
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‘ . J
(MrEdERE) (MR — (M) £ Y Sk
R e<i<m__ TN
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L - -Ag+s,—1+e(n) ‘Rn =

. J
+5—342e\ ' (utjts—3+2 +5—342
(M i1—&—5 6) ! (M ]j—82+5 6) B (M i2—1—5 6) =+ 2 557]9*2
| @<j<m
C(ptits—b+2e\ | (ptitjts—5+2e\ _ (utits—5+2e)\ - 5
() (TR = (PTEET) F g
2<i<n) ! (2<ij<n)
| | . J
| | -3
u+§—2 +0(e?) | 1+ 0(e) | (“Jr;j; ) + kzl ds—2 + O(e)
} } (3<j<n)
E it el il Al ety
GiFirs—ts T O(e?) | aFrsm O(?) 1 (" ey ) F 0s,j—i + O(e)
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The Holonomic Ansatz

-1 ~2s(n—1)(u—3)(p+n+s—2)

i oun+s)(p+n—3)(u+s—2)
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n
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» Abandon the original definition ¢, ; := lim e - Cofir(n )
’ e—0 CO'FLl(TL — 1)
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The Holonomic Ansatz

n

1

I S
i:2u+z+s—2

n . .

+i+j+s—5 .

Z(M ]3 )'Cn,i—:tcn,j—s (3<]<n)
=2 I
Z”: —1 e 2D =3)(ptnts—2)
—~ (p+i+s—4)y uwn+s)(p+n—3)(u+s—2)

=2

- Cof; -1
» Abandon the original definition ¢, ; := lim e - Cofir(n )
’ e—0 COfl,l(n — 1)

» Use the conjectured holonomic description for ¢, ; instead.
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» The first two identities prove ¢, ; = ig% eCofi,i’(lan— D )
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The Holonomic Ansatz

n

1

I S
1:2“+Z+5_2

n . .

+i+j+s—5 .

Z(” 7 )—i (B<j<n)
=2 I
Z”: —1 e 2D =3)(ptnts—2)
—~ (p+i+s—4)y uwn+s)(p+n—3)(u+s—2)

=2

- Cof; -1
» Abandon the original definition ¢, ; := lim e - Cofir(n )
’ e—0 C0f1,1 (n — 1)

» Use the conjectured holonomic description for ¢, ; instead.
) . .. . e-Cofji(n—1
» The first two identities prove ¢, ; = lim i )
’ e—0 COle(n — 1)
» The third identity proves the claimed quotient of determinants.
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Computational Challenge

Calculations went close to the limits and required a lot of “human
guidance”, for several reasons:
» intermediate results are quite large (several 100 MB) due to
the extra two parameters i and r
» some of the certificates had poles close to the summation
boundaries
» additional sums coming from the Kronecker deltas in
combination with the row and column operations, some of
which having non-natural boundaries
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Triangle Relations

Corollary: Let y be an indeterminate, and let m,r € Z.
If m >r >1, then

Egr,l(Qm + 1)
Egr,l(zm)

E§T,1(2m + 1)

Egr—&—l,l (2m) -

E5T+1,1 (2m) .
Egr,1(2m)
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Triangle Relations

Corollary: Let y be an indeterminate, and let m,r € Z.
If m >r >1, then

Egr,l(Qm_l_ 1) (,u—{—2m—{—4r ) +1 ( +2m—|—r+ 1)mfr
Egr,l(zm) a ( —r+ )m r+1 (% +m+ 2T> m—r ’
Eb,(2m+1) ()" (5+2mtr+1)  (5+3r—3), .,
E5r+1,1(2m) B (%)mfr (m - 7a)mfr 7
14 m—r (1
E2T+1,1(2m) _ (_1) (§)m7T+l (,LL + 2m + 4r — 1)m r+1
Ejy1(2m)  2m=2r+1)(§+m+2r)  (5+3r—3),. .|
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Conjecture for DY ;(n)

Dya(n) = C(n ) (n)G (L%(n +1)]) ,where

i=1

L% %(fH)J 2] Sl L515]-2 12 |-Li-1)|-
B(n) = (1 + 1)n ( u+‘21+6)2b(+2”)'< II (u+2i+2l%L%+1JJ71)2M2J el 1>,

1(n-1)] L34
Fp(n) = < H (i + 20 +n+m) =3~ "') . ( H (1 —2i+2n—2m + 1)]’2"m>,
i=1
E(n)Fy(n), if n is even,
L
F(n) = 2(n-
E(n)Fi(n) H u+2i+2n—1)‘ if n is odd,

i=1
(k) = 552965 + 41472( — 1)k> + 384(301 — 661 + 53)k* + 96(;1 — 1) (1502 — 42 + 61)k°
+ 419" — 1223 + 4192 — 5440 + T2)k% + (1 — 1) (" — 14 + 1012 — 160 — 84)k
+2(n=3)(1 = 2)(p = 1)(p + 1),
ol 90k (44 8k — 1) (u+5) (u+ 4k +2)),
S](ﬂ) E ( )Zk 1( )Zk 3( )

S (St 4k +2)), 0
-2 m-2k-2 gy
=1 (2R)! (3 (1 + 6k = 3)) 0 ®
. 7"71 2% (i + 8k + 3) (%); (301 +5))gp (30 4k +9), 1, Gt Ak +4))y, 4, Ll
Salm) = Z Ck+ D5+ 6k + 1)y Tlk+3).
o G A6 =3))s o (G 42y pe - DSI(n)
Pi(n) = 2% (E+9),, Z : ([L+3)§ 2+ 213 ,

(31 +5))y,_,
(n+1)) if n is odd,

if n is even.

o Glarbn 1) (4 14) (50 +4))y,_  plp—1)Sa(n)
Paln) =2 S\ T e e )

’5

I
,_Aﬁ
iz i
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Theorem for Dy, (n)

Let pj, be defined as py(a,b) = a and pi(a,b) = b for k > 0.
If n is an odd positive integer then

_( & 1 (/‘« T 1)3k 2 = (/” +2j+ 1)]'—1 (% +2j+ %)];1 ’
iE ;Z Pk (4(u -2), (2k — 1)!) 205 +k-1),_, (), (5+i+3),,
(

(“‘1’/2 (nt+2) (52— 3), (5 +2 + é)ﬁ])
X .

j=1

. L 2
i’ @), U+, (B+i+3);

If n is an even positive integer then

n/2 (1), k 1(#'*‘2]‘*‘1), (5 +2j+%)j—1 2
)it (i )

1
DY (n) Pk( p=2), ;
fal Z (2k = 1)! b+k- %)k—l j=1 (J)j—l (+i+ %)];1

x ("/Z (w29); (5 +27 )J 1) (n/21 (/“er) (5+2+3 )J+1)‘

0=, )\ G a0,
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The Holonomic Viewpoint

The holonomic systems approach (Zeilberger 1990) is a versatile
toolbox for solving many different kinds of mathematical problems:
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toolbox for solving many different kinds of mathematical problems:
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>

calculate integrals and summation formulas

prove special function identities

evaluate symbolic determinants

computations in g-calculus (e.g., quantum knot invariants)
fast numerical evaluation of mathematical functions

number theory (irrationality proofs)

Definition: A holonomic system is a maximally overdetermined
system of linear partial differential equations.

Algebraically, this corresponds to a left ideal in the Weyl algebra
that has smallest possible dimension (Bernstein's inequality).

(can be extended to recurrences, g-difference equations, etc.)
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Differential Equations and Recurrences

Example: The Bessel function J, (x) describes the vibrations of a
circular membrane, as well as many other phenomena with
cylindrical symmetry.
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Differential Equations and Recurrences

Example: The Bessel function J, (x) describes the vibrations of a
circular membrane, as well as many other phenomena with
cylindrical symmetry.

» Bessel differential equation:
2
5 d

S iJ,,(;E) + (2% =) Jy(z) =0

Ju
(x) + xdx

> Recurrence equation:

Jy(z) = Q(V:C_I)JH(@ — J,_a(x)

Many special functions can be characterized as solutions to
systems of linear differential equations and recurrences, and in fact

are holonomic.
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» A large portion of such identities can be proven via the
holonomic systems approach.
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- W

Gegenbauer Gamma Bessel
polynomials C{*(z)  function T'(z) function J,(z)
2 gt w2V T (2w 4n) _,
[ -y oy = BT T g, )

» A large portion of such identities can be proven via the
holonomic systems approach.

» Algorithms are implemented in the HolonomicFunctions package.
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The HolonomicFunctions Package
Example: Holonomic system, satisfied by both sides of the identity:
ia(n +2v)f)(a) + a(n + 1) for1(a) — in(n + 2v) fr(a) = 0,
a(n+1)(n+2)fpr2(a) —2i(n+ 1) (n+v+1)(n+2v+1) fri1(a)
—a(n+2v)(n+2v+1)fy(a) = 0.
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summation and integration is done via creative telescoping
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noncommutative Grobner bases in such operator algebras

vV v VY

coupled linear systems of differential-difference equations

Special function identities is one application area, but there are

also many holonomic functions without a name!
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