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OEIS A172671

an := #
{
A ∈ Z3n×6

>0

∣∣ row sums = 2, column sums = n
}

Example: for n = 2:

0 0 1 0 0 1

2 0 0 0 0 0

0 1 1 0 0 0

0 0 0 1 1 0

0 1 0 0 0 1

0 0 0 1 1 0

Sequence: 1, 90, 202410, 747558000, 3536978063850, . . .

Questions:

I Recurrence? Efficient method for computing next terms?

I Nature of the generating function?
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Nature of the Sequence
Answer 1: Denote by ci (1 6 i 6 21) the number of rows of type i:

an =
∑

06c1,...,c216n
+lin. constraints

(
3n

c1, c2, . . . , c21

)

Answer 2: Interpret arrays as walks in Z6
>0 ending at (n, . . . , n):

∞∑
n=0

anx
n = Diag

(
1

1− x1x2 − x1x3 − · · · − x5x6 − x21 − · · · − x26︸ ︷︷ ︸
=f(x1,...,x6)

)

=

∮
x2

· · ·
∮
x6

f

(
x

x2
,
x2
x3

, . . . ,
x5
x6

, x6

)
dx2 · · · dx6
x2 · · ·x6

−→ The an satisfy a linear recurrence and their g.f. is D-finite!

How to construct this recurrence / ODE?

2 / 12
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Guessing

Ansatz:
leads to a linear system M · x = 0 with

M = ()

I There are (r + 1)(d+ 1) unknowns in the ansatz.

I If a0, . . . , aN are given, then we get N − r + 1 equations.

I To trust the result, we need N − r + 1 > (r + 1)(d+ 1).

I For sequence A172671 we know only 33 terms, i.e. we can try
(r, d) = (1, 15), (2, 9), (3, 6), (4, 5), (6, 3), (7, 2), (10, 1), (16, 0).

3 / 12



Guessing

Ansatz: c0an + c1an+1 + · · ·+ cran+r = 0
leads to a linear system M · x = 0 with

M =



a0 a1 · · · ar
a1 a2 · · · ar+1

a2 a3 · · · ar+2

a3 a4 · · · ar+3

a4 a5 · · · ar+4
...

...
...
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Guessing with Little Data

If we have too little data, i.e., N − r + 1 < (r + 1)(d+ 1)− 1,
then dim(kerM) > 1.

Example: For A172671, try r = 4, d = 13 =⇒ dim(kerM) = 41.

Problem: Identify the true recurrence in the vector space kerM .
−→ is like looking for a needle in a haystack!

Filtering criteria:

I Unrolling the recurrence produces only integers.

I The ODE of the g.f. has only regular singularities.

I The p-curvature is nilpotent.

−→ These criteria lead to nonlinear (diophantine) equations /
I The coefficients of the recurrence involve small integers.

−→ Employ a lattice reduction algorithm (LLL, BKZ, . . . ).

4 / 12



Guessing with Little Data

If we have too little data, i.e., N − r + 1 < (r + 1)(d+ 1)− 1,
then dim(kerM) > 1.

Example: For A172671, try r = 4, d = 13 =⇒ dim(kerM) = 41.

Problem: Identify the true recurrence in the vector space kerM .
−→ is like looking for a needle in a haystack!

Filtering criteria:

I Unrolling the recurrence produces only integers.

I The ODE of the g.f. has only regular singularities.

I The p-curvature is nilpotent.

−→ These criteria lead to nonlinear (diophantine) equations /
I The coefficients of the recurrence involve small integers.

−→ Employ a lattice reduction algorithm (LLL, BKZ, . . . ).

4 / 12



Guessing with Little Data

If we have too little data, i.e., N − r + 1 < (r + 1)(d+ 1)− 1,
then dim(kerM) > 1.

Example: For A172671, try r = 4, d = 13 =⇒ dim(kerM) = 41.

Problem: Identify the true recurrence in the vector space kerM .

−→ is like looking for a needle in a haystack!

Filtering criteria:

I Unrolling the recurrence produces only integers.

I The ODE of the g.f. has only regular singularities.

I The p-curvature is nilpotent.

−→ These criteria lead to nonlinear (diophantine) equations /
I The coefficients of the recurrence involve small integers.

−→ Employ a lattice reduction algorithm (LLL, BKZ, . . . ).

4 / 12



Guessing with Little Data

If we have too little data, i.e., N − r + 1 < (r + 1)(d+ 1)− 1,
then dim(kerM) > 1.

Example: For A172671, try r = 4, d = 13 =⇒ dim(kerM) = 41.

Problem: Identify the true recurrence in the vector space kerM .
−→ is like looking for a needle in a haystack!

Filtering criteria:

I Unrolling the recurrence produces only integers.

I The ODE of the g.f. has only regular singularities.

I The p-curvature is nilpotent.

−→ These criteria lead to nonlinear (diophantine) equations /
I The coefficients of the recurrence involve small integers.

−→ Employ a lattice reduction algorithm (LLL, BKZ, . . . ).

4 / 12



Guessing with Little Data

If we have too little data, i.e., N − r + 1 < (r + 1)(d+ 1)− 1,
then dim(kerM) > 1.

Example: For A172671, try r = 4, d = 13 =⇒ dim(kerM) = 41.

Problem: Identify the true recurrence in the vector space kerM .
−→ is like looking for a needle in a haystack!

Filtering criteria:

I Unrolling the recurrence produces only integers.

I The ODE of the g.f. has only regular singularities.

I The p-curvature is nilpotent.

−→ These criteria lead to nonlinear (diophantine) equations /
I The coefficients of the recurrence involve small integers.

−→ Employ a lattice reduction algorithm (LLL, BKZ, . . . ).

4 / 12



Guessing with Little Data

If we have too little data, i.e., N − r + 1 < (r + 1)(d+ 1)− 1,
then dim(kerM) > 1.

Example: For A172671, try r = 4, d = 13 =⇒ dim(kerM) = 41.

Problem: Identify the true recurrence in the vector space kerM .
−→ is like looking for a needle in a haystack!

Filtering criteria:

I Unrolling the recurrence produces only integers.

I The ODE of the g.f. has only regular singularities.

I The p-curvature is nilpotent.

−→ These criteria lead to nonlinear (diophantine) equations /
I The coefficients of the recurrence involve small integers.

−→ Employ a lattice reduction algorithm (LLL, BKZ, . . . ).

4 / 12



Guessing with Little Data

If we have too little data, i.e., N − r + 1 < (r + 1)(d+ 1)− 1,
then dim(kerM) > 1.

Example: For A172671, try r = 4, d = 13 =⇒ dim(kerM) = 41.

Problem: Identify the true recurrence in the vector space kerM .
−→ is like looking for a needle in a haystack!

Filtering criteria:

I Unrolling the recurrence produces only integers.

I The ODE of the g.f. has only regular singularities.

I The p-curvature is nilpotent.

−→ These criteria lead to nonlinear (diophantine) equations /
I The coefficients of the recurrence involve small integers.

−→ Employ a lattice reduction algorithm (LLL, BKZ, . . . ).

4 / 12



Guessing with Little Data

If we have too little data, i.e., N − r + 1 < (r + 1)(d+ 1)− 1,
then dim(kerM) > 1.

Example: For A172671, try r = 4, d = 13 =⇒ dim(kerM) = 41.

Problem: Identify the true recurrence in the vector space kerM .
−→ is like looking for a needle in a haystack!

Filtering criteria:

I Unrolling the recurrence produces only integers.

I The ODE of the g.f. has only regular singularities.

I The p-curvature is nilpotent.

−→ These criteria lead to nonlinear (diophantine) equations /
I The coefficients of the recurrence involve small integers.

−→ Employ a lattice reduction algorithm (LLL, BKZ, . . . ).

4 / 12



Guessing with Little Data

If we have too little data, i.e., N − r + 1 < (r + 1)(d+ 1)− 1,
then dim(kerM) > 1.

Example: For A172671, try r = 4, d = 13 =⇒ dim(kerM) = 41.

Problem: Identify the true recurrence in the vector space kerM .
−→ is like looking for a needle in a haystack!

Filtering criteria:

I Unrolling the recurrence produces only integers.

I The ODE of the g.f. has only regular singularities.

I The p-curvature is nilpotent.

−→ These criteria lead to nonlinear (diophantine) equations /

I The coefficients of the recurrence involve small integers.

−→ Employ a lattice reduction algorithm (LLL, BKZ, . . . ).

4 / 12



Guessing with Little Data

If we have too little data, i.e., N − r + 1 < (r + 1)(d+ 1)− 1,
then dim(kerM) > 1.

Example: For A172671, try r = 4, d = 13 =⇒ dim(kerM) = 41.

Problem: Identify the true recurrence in the vector space kerM .
−→ is like looking for a needle in a haystack!

Filtering criteria:

I Unrolling the recurrence produces only integers.

I The ODE of the g.f. has only regular singularities.

I The p-curvature is nilpotent.

−→ These criteria lead to nonlinear (diophantine) equations /
I The coefficients of the recurrence involve small integers.

−→ Employ a lattice reduction algorithm (LLL, BKZ, . . . ).

4 / 12



Guessing with Little Data

If we have too little data, i.e., N − r + 1 < (r + 1)(d+ 1)− 1,
then dim(kerM) > 1.

Example: For A172671, try r = 4, d = 13 =⇒ dim(kerM) = 41.

Problem: Identify the true recurrence in the vector space kerM .
−→ is like looking for a needle in a haystack!

Filtering criteria:

I Unrolling the recurrence produces only integers.

I The ODE of the g.f. has only regular singularities.

I The p-curvature is nilpotent.

−→ These criteria lead to nonlinear (diophantine) equations /
I The coefficients of the recurrence involve small integers.

−→ Employ a lattice reduction algorithm (LLL, BKZ, . . . ).

4 / 12



Lattice Basis

Let v1, . . . , v` ∈ Zm. They generate a lattice

L = {c1v1 + · · ·+ c`v` | c1, . . . , c` ∈ Z}.

A lattice reduction algorithm computes a basis w1, . . . , w` of L
that consists of short vectors.

Caveat: Before we had computed a Q-vector space basis of kerM .

I Clearing denominators is not enough.

I We need a basis of the Z-module kerZM .

I It can be computed, e.g. using the Hermite normal form.
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Algorithm

Input: a0, . . . , aN ∈ Q, and r, d ∈ N
Output: A linear recurrence of order r and degree d which matches

the given data and involves short integers, or FAIL.

1 Compute Z-module basis v1, . . . , v` ∈ Z(r+1)(d+1) of kerZM .

2 if ` = 0, then return FAIL.

3 Apply LLL to v1, . . . , v`, and call the result w1, . . . , w`.

4 Return the recurrence corresponding to the vector w1.

Improvements and Variations:

I Use different basis than standard monomials (binomials, . . . )

I Incorporate homomorphic images and Chinese remaindering

I Recycle LLL-output when trying a range of degrees d
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The Generic Case

Theorem [Bombieri–Vaaler, 1983] Let M ∈ Zk×m with k < m,
and let g be the gcd of all k × k minors of M .
Then kerZM contains a nonzero element x ∈ Zm with

||x||∞ 6

(
1

g

√
det
(
MM>

))1/(m−k)

Implications:

I If the integer coefficients are larger than this bound, it is very
unlikely that the recurrence can be found.

I Use this bound to estimate how little data we need at least:
“generically”, we cannot expect to succeed if

N .
1

2

(√
8(r + 1)(d+ 1) + 49− 7

)
+ r − 1.

0 2 4 6
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15
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r = 4 r = 8
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The Non-Generic Case

I There are more than 350,000 sequences in the OEIS.

I Select those for which at least 50 terms are given,

I which seem to be D-finite (LA finds recurrence),

I which are not too simple (LA needs more than 10 terms),

I which are not too large (LA needs no more than 250 terms).
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Result for A172671

(10346454767880n13 + 439724327634900n12 + 8541142111645605n11 + 100346408873891460n10

+795176466036180480n9 + 4485660756765878340n8 + 18521224670025594405n7

+56639217843614362320n6 + 128197997261515989990n5 + 211964073373172447460n4

+248660072114197834440n3 + 195845152107619591920n2

+92743576895010081600n+ 19927056990544704000)an
+(194741607456n13 + 8763372335520n12 + 181116778854528n11 + 2276272139092056n10

+19409301171931086n9 + 118570454113296582n8 + 533897028046714761n7

+1794118103056008945n6 + 4499490897537212457n5 + 8317813242144219813n4

+11017108466619178896n3 + 9901273828612752684n2

+5411908796200065936n+ 1358800904704763520)an+1

+(−7905964176n13 − 375533298360n12 − 8210014228350n11 − 109384917208164n10

−990927551678562n9 − 6445641158908164n8 − 30971993224981077n7

−111314492026841106n6 − 299240095376493090n5 − 594271149013691226n4

−847459848696773373n3 − 821800045816910820n2

−485718284438018172n− 132150596906568240)an+2

+(−34192224n13 − 1709611200n12 − 39348646744n11 − 551960207552n10

−5264405804862n9 − 36048494147578n8 − 182315015737541n7

−689472630263907n6 − 1949560872565283n5 − 4070539427181535n4

−6099491170412670n3 − 6211013227585736n2

−3851899366258336n− 1098712786184832)an+3

+(3784n13 + 198660n12 + 4794801n11 + 70437960n10

+702635490n9 + 5025358332n8 + 26510256652n7

+104430770292n6 + 307166340054n5

+666220125600n4 + 1035598237875n3

+1092435142500n2 + 700889050000n
+206542200000)an+4

Trustworthy?

416745(n+ 2)(3n+ 4)(3n+ 5)(3n+ 7)(3n+ 8)(3n+ 10)(3n+ 11)(3n+ 13)(3n+ 14)
×(3784n4 + 62436n3 + 384549n2 + 1047914n+ 1066254)an
+9(3n+ 7)(3n+ 8)(3n+ 10)(3n+ 11)(3n+ 13)(3n+ 14)

×(29681696n7 + 712360704n6 + 7253307424n5

+40621828312n4 + 135172900470n3 + 267337368752n2

+291083104767n+ 134667010044)an+1

−9(n+ 3)(3n+ 10)(3n+ 11)(3n+ 13)(3n+ 14)
×(10844944n8 + 309080904n7 + 3833838118n6

+27035659722n5 + 118560795930n4 + 331121212914n3

+575194973415n2 + 568260550317n+ 244478848756)an+2

−(n+ 3)(n+ 4)3(3n+ 13)(3n+ 14)
×(3799136n7 + 98777536n6 + 1092573240n5

+6662600832n4 + 24184813590n3 + 52244190090n2

+62174897623n+ 31442101253)an+3

+(n+ 3)(n+ 4)3(n+ 5)5

×(3784n4 + 47300n3 + 219945n2

+450988n+ 344237)an+4

90
202410
747558000
3536978063850
19292117692187340
115428185943399529200
737005538936597762145600
4937928427617947420104982250
34335031273255183438800013252500
245885257930209910994050195049583660
1803606070619313418263028665207782889600
13495472374334172242190334756526625738793200
102686609451774712441837258821702706690958244000
792606936905424716827805609592848631050897983368000
6194061046984488807137976612543476252072240088843168000
48930886220271330542271419741692768122929164062703692950250
390229178478432343758493287708395462786699986146463590205462500
3138480844349933121860864061245246387668619696538799391771830312500
25432614295681739433196618354669628742557464857190982677010381944500000
207492558790308966981127400374613926115883943143470298306753431997561245100
1703218238481833503830053446085753316816923905337688679320940617430053026793000
14058848882589179758130070400729131813439016621575276111626854605226450646014928000
116634933760657037542233232023342488551082357129978746187082171269726955508399331520000
972123687656328288735978572104329068283230362616209131997797645253144907352505487518710000

8137021686675518646293987429238146291939698206862646669804019655299405410612322521011793199840
68378027287127596101538933052599954448793862727300484972893130374083314936140639370265791902301600
576696135477018756656097310539308206595297137655178128559217331447163987622287690653154248117571110400
4880259952199292008921826526312609348825249147788374851144194565482906902131493688167790266738802504840000
41428792196488801486282127539417868379239611007329360384215118568533632449531545568541320235439941375576624000
352722570320243675250582868120044596892546971115353276044155030127971499536247490129735774654399339137472372179200
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Result for A172671

First two vectors of kerZM :
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Result for A172671

LLL-basis of kerZM , using N = 33:
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Result for A172671

LLL-basis of kerZM , using N = 28:
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Result for A172671

LLL-basis of kerZM , using N = 33:
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Result for A172671

LLL-basis of kerZM , using N = 40:
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Result for A172671

LLL-basis of kerZM , using N = 50:
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Conclusion

I We designed a method for guessing recurrence equations,
using fewer terms than classical LA methods.

I Our algorithm is applicable to medium-sized examples where
computing more terms is prohibitively expensive.

I In practice, it often succeeds to reduce the required number of
sequence terms to 50% and less.

I For example, the recurrence for A172671 could be guessed
using 24 terms, while LA requires at least 75 terms.

I We identified trustworthy, yet-unknown recurrences for several
entries in the OEIS, which could not be found otherwise.

I The output of the algorithm is a guess and thus non-rigorous.
Independent verification is necessary to obtain a theorem!

I We were not able to find a recurrence for the notorious
Av(1324) sequence. . .
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Encore: Guessing from a Single Term

Toy example: The central Delannoy numbers Dn =
n∑

k=0

(
n
k

)(
n+k
k

)
satisfy a recurrence of order 2 and degree 1:

(n+ 2)Dn+2 − (6n+ 9)Dn+1 + (n+ 1)Dn = 0.

Search space: all recurrences of order 2 and degree 1 with
coefficients and initial values 6 9 (in absolute value).

Select those which produce integral terms a2, . . . , a20.

n 2 3 4 5 6 7 8 9 · · · 20

# 85994 48240 3056 853 25 8 1 1 · · · 1

Hence, the recurrence can be recovered from the single sequence
term D8 = 265729.
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