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What is Creative Telescoping?

Creative telescoping is a methodology
> to deal with parametrized symbolic sums and integrals
» that yields differential /recurrence equations for such expressions

> that became popular in computer algebra in the past 25 years
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What is Creative Telescoping?

Creative telescoping is a methodology
> to deal with parametrized symbolic sums and integrals
» that yields differential /recurrence equations for such expressions

> that became popular in computer algebra in the past 25 years

Creative telescoping can be performed in different settings:
» difference fields (Carsten Schneider, RISC)
> differential fields (Clemens Raab, DESY — RICAM)

> holonomic functions (here)
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Motivating Example

T. Combot, C. K.: Third order integrability conditions for
homogeneous potentials of degree —1. Define:

1 an—l

S R )
Po(t) = 5 5mt — 1)
Qn(t) = €, P, (t) arctanh (1) + g/n_(tl)

where W,, are polynomials and ¢, is a real sequence, given by

Wak(t) = (_1)2%? = (W 21z bk +21’ 2t)
I'(k+3)
2kt(2k + 1) arctanh(t) oFy (1 — k, k + 3, 3,1?)
(K1)? >
Wori1(t) = ...
n(n+1)
T ()2
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Motivating Example

Task: Compute recurrences for the following quantities:

fi(n) = (0®) 26,2 Resi—oo ((t2 — 1)%(Qp + €,0P)*(Q2 + e P)
X /(t2 — 1D3(Qn + enaPy)?Py dt),

fa(n) = (a3) 2¢,% Resi—oo ((t2 —1D3(Qn + enaP,)?
X /(t2 —1)*(Qn + enaP,)* P, dt>,

f5(n) = (0¥ éef Resi—oo (2 — 1)}(Qn + encrPo)") .
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Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

b
Consider the following summation problem: F(n) := Z f(n, k)
k=a
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b
Consider the following summation problem: F(n) := Z f(n, k)

k=a
Telescoping: write f(n,k) = g(n,k+ 1) — g(n, k).
b
Then F(n) = Z (g(n, k+1)—g(n, k‘)) =g(n,b+1)—g(n,a).
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Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

b
Consider the following summation problem: F(n) := Z f(n, k)

k=a
Telescoping: write f(n,k) = g(n,k+ 1) — g(n, k).
b
Then F(n) = Z (g(n, k+1)—g(n, k‘)) =g(n,b+1)—g(n,a).
k=a

Creative Telescoping: write
ca(n)f(n+d, k) +---+co(n)f(n, k) = gln,k+1) —g(n, k).
Summing from a to b yields a recurrence for F'(n):
ca(n)F(n+d)+---+co(n)F(n) = g(n,b+1) —g(n,a).
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Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

Consider the following integration problem: F'(x / f(z,y)d

Telescoping: write f(z,y) = & g(a: Y).

Then F(n) = /ab (d%g(x, y)) dy = g(z,b) — g(z,a).
Creative Telescoping: write
ca(®) 35 (@ y) + -+ co@) f(z,y) = Lg(a.y).
Integrating from a to b yields a differential equation for F'(x):
i) g F () + -+ co(@)F(z) = g(z,b) ~ g(a,a)

4/32



D-finite and P-recursive

Definition: A function f(x) is called D-finite if it satisfies a linear
ordinary differential equation with polynomial coefficients:

pa(@) [ (@) + -+ pr(2)f' (@) + pola) f(x) = 0,

P0; - - -, pa € K[z] not all zero.
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it satisfies a linear recurrence equation with polynomial coefficients:

puln) F(n+d) + -+ pr(m) f(n + 1) + pofn) () = 0,
Do, - - -, pd € K[n] not all zero.

— In both cases, only finitely many initial conditions!
— Also called holonomic function resp. holonomic sequence.
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Example: Harmonic Numbers

Example: The harmonic numbers H, ="} _; % satisfy the
recurrence

nHy,=02n—-1)H,_1 —(n—1)Hp_2 (n>2)

with initial conditions Hy = 0 and H; = 1.
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Closure Properties
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Closure Properties

If f(n) and g(n) are P-recursive then also the following are
P-recursive

> f(n)+g(n)
> f(n)-g(n)
> f(an + b) for integers a and b
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Closure Properties

If f(n) and g(n) are P-recursive then also the following are
P-recursive

> f(n)+g(n)
> f(n)-g(n)
> f(an + b) for integers a and b

A sequence is P-recursive iff its generating function is D-finite.
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Proof

Show that for P-recursive sequences f(n) and g(n) also
h(n) = f(n)g(n) is P-recursive. Assume f and g satisfy
recurrences of order d; and ds, respectively.
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Proof

Show that for P-recursive sequences f(n) and g(n) also
h(n) = f(n)g(n) is P-recursive. Assume f and g satisfy
recurrences of order d; and ds, respectively.

Ansatz: want to find co,...,cq € K[n] such that

0=cq(n)h(n+d)+ -+ co(n)h(n)
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Proof

Show that for P-recursive sequences f(n) and g(n) also
h(n) = f(n)g(n) is P-recursive. Assume f and g satisfy
recurrences of order d; and ds, respectively.
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ca(n)f(n+d)g(n+d)+ -+ co(n)f(n)g(n)
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di—1da—

—_

7ij(co, - cq,m) f(n+i)g(n+j)

=0 5=0

.

All coefficients 7; ; must vanish: this yields did> equations for the
unknowns cg, ..., cq. The choice d = dyds ensures a solution.

8/32



Multivariate Generalization

Try to generalize the finiteness property to

» multivariate functions f(x1,...,zs)
(the z; are called continuous variables)
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Multivariate Generalization

Try to generalize the finiteness property to

» multivariate functions f(x1,...,zs)
(the z; are called continuous variables)

» multidimensional sequences f(nq,...,ns)
(the n; are called discrete variables)

> mixed setting: functions in several continuous and discrete
variables f(x1,...,zs,n1,...,1;)

9/32



Example: Legendre Polynomials P, ()

This family of (orthogonal) polynomials is a particular solution of
the differential equation

(z% — 1)P!(x) 4 22 P! (x) — n(n + 1)P,(z) = 0.

Consider the set {P7(f) (z):1>0}.
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Example: Legendre Polynomials P, ()

This family of (orthogonal) polynomials is a particular solution of
the differential equation
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Example: Legendre Polynomials P, ()
The Legendre polynomials can be defined recursively:

Py(z) =1
Pi(z)==x
nP,(z) = (2n — 1)aP,_1(z) — (n — 1) Py_a(x).
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Example: Legendre Polynomials P, ()
The Legendre polynomials can be defined recursively:
Py(z) =1
Pi(z) =2z
nP,(z) = (2n —1zP,—1(xz) — (n — 1)Py_2(x).
Consider the set { nﬂ (z): 4,5 >0}.
i
Y . . .
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[ ) . . . n z
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[ ) . . .
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Example: Legendre Polynomials P,(x)

The Legendre polynomials can be defined recursively:
Po(x) =1
Pi(z)==x
nP,(x) = (2n —1zP,—1(xz) — (n — 1)Py_2(x).
Consider the set { nﬂ (z): 4,5 >0}.
i
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Consider the set {Pﬂ](a:) ti,5 >0},

i

Example: Legendre Polynomials P, ()
The Legendre polynomials can be defined recursively:

nP,(x) = (2n — DzP,—1(x) — (n — 1) Py—2(x).

— P,(z) is O-finite w.r.t. n and z (of rank 2).
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O-Finiteness

First attempt at a definition:

Let f(x1,...,25,m1,...,n,) be a function in the continuous
variables z1, ..., x5 and in the discrete variables nq,...,n,.
If there is a finite set of basis functions of the form

an o d

dzyt day

f(xl,...,a:s,nl —‘rjl,-..,nr +]7~>

with 41, ...,%s,J1,-..,Jr € N such that any shifted partial
derivative of f (of the above form) can be expressed as a

K(x1,...,2s,m1,...,n,)-linear combination of the basis functions.
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O-Finiteness

First attempt at a definition:

Let f(x1,...,25,m1,...,n,) be a function in the continuous
variables z1, ..., x5 and in the discrete variables nq,...,n,.
If there is a finite set of basis functions of the form

an o d

dzyt day

f(xl,...,a:s,nl —‘rjl,-..,nr +]7~>

with 41, ...,%s,J1,-..,Jr € N such that any shifted partial
derivative of f (of the above form) can be expressed as a
K(x1,...,2s,m1,...,n,)-linear combination of the basis functions.

Again, finitely many (modulo details) initial conditions suffice to
fix f.

11/ 32



Algebraic Setting

Write differential /difference equations in operator notation:

shift operator S,: S, f(v) = f(v+1)

partial derivative D,: D, f(v) = % (v)

>
> g-shift operator S, 4: Sy qf(v) = f(qu)
> arbitrary operator 0,: any of the above

v
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Algebraic Setting

Write differential /difference equations in operator notation:

> shift operator S,: S,f(v) = f(v+1)

> partial derivative D,: D, f(v) = & f(v)

> g-shift operator S, 4: Sy qf(v) = f(qu)
> arbitrary operator 0,: any of the above

Example 1: The Legendre differential equation
(22 = 1)P"(x) + 2zP.(z) — n(n + 1)Py(x) =0
translates to the operator
(> = 1)D? + 22D, — n(n + 1).
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Algebraic Setting

Write differential /difference equations in operator notation:

> shift operator S,: S,f(v) = f(v+1)

> partial derivative D,: D, f(v) = & f(v)

> g-shift operator S, 4: Sy qf(v) = f(qu)
> arbitrary operator 0,: any of the above

Example 1: The Legendre differential equation
(22 = 1)P"(x) + 2zP.(z) — n(n + 1)Py(x) =0
translates to the operator
(> = 1)D? + 22D, — n(n + 1).
Example 2: The three-term recurrence
nP,(x) = (2n — 1)zP,—1(x) — (n — 1) P_2(x)
translates to the operator

(n+2)S% — (2n + 3)xS, + (n + 1).

12 /32



Operator Algebra

Differential equations and recurrences are translated to skew
polynomials.

Noncommutative multiplication:

Dix=zD,+1, Sn=nS,+S5,, etc.
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Differential equations and recurrences are translated to skew
polynomials.

Noncommutative multiplication:

Dix=zD,+1, Sn=nS,+S5,, etc.

More general:
Dea(x) = a(z)D, + d'(x)  S,a(n) =a(n+1)S,, etc.
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Operator Algebra

Differential equations and recurrences are translated to skew
polynomials.

Noncommutative multiplication:

Dix=zD,+1, Sn=nS,+S5,, etc.

More general:
Dea(x) = a(z)D, + d'(x)  S,a(n) =a(n+1)S,, etc.

Even more general:
Opa = o(a)dy, + 0(a)
where ¢ is an automorphism and ¢ a o-derivation, i.e.,

5(ab) = o(a)d(b) + 6(a)b.

13 /32



Operator Algebra

Such operators form an Ore algebra
K(v,w,...) {0y, Ow,---),

i.e., multivariate polynomials in the 0's with coefficients being
rational functions in v, w, ..., where K is a computable field of
characteristic 0 (i.e., containing Q).
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Operator Algebra

Such operators form an Ore algebra
K(v,w,...) {0y, Ow,---),

i.e., multivariate polynomials in the 0's with coefficients being
rational functions in v, w, ..., where K is a computable field of
characteristic 0 (i.e., containing Q).

In fact, the above notation is a shortcut for

K(v,w,...)[0p; 0, 0] [Ow; Ow, O] * - -

Example: The operators that we encountered with the Legendre
polynomials live in the Ore algebra

K(z,n)(Dy, Sp) = K(z,n)[Dy; 1, L][Ss5 09, 0.

14 / 32



Annihilating ldeals
Let now O be such an Ore algebra. The set

Ann@f::{PE(D:P-f:O}

is called the annihilator of the function f.
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Let now O be such an Ore algebra. The set

Ann@f::{PE(D:P-f:O}
is called the annihilator of the function f.

Let Eq; and Eq, be two linear equations for a function f, given by
the operators P and Q, i.e., P- f=Q - f =0.
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Let now O be such an Ore algebra. The set
Ann@f::{PE(D:P-f:O}
is called the annihilator of the function f.

Let Eq; and Eq, be two linear equations for a function f, given by
the operators P and @, i.e., P- f=Q - f =0. Then

> Eq; + Eqy

> Eq1|v—>v+1
are also valid equations for f.
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is called the annihilator of the function f.

Let Eq; and Eq, be two linear equations for a function f, given by
the operators P and @, i.e., P- f=Q - f =0. Then

> Eq; + Eqs corresponds to P + @)
> r-Eq corresponds to r - P

> d%qu corresponds to D, - P
> Eqqlvovt1 corresponds to S, - P

are also valid equations for f.
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Annihilating ldeals
Let now O be such an Ore algebra. The set
Ann@f::{PE(D:P~f:O}
is called the annihilator of the function f.

Let Eq; and Eq, be two linear equations for a function f, given by
the operators P and @, i.e., P- f=Q - f =0. Then

> Eq; + Eqs corresponds to P + @)
> r-Eq corresponds to r - P

> d%qu corresponds to D, - P
> Eqqlvovt1 corresponds to S, - P

are also valid equations for f. More generally,

P,QeAmp f = P+Q € Anngp f
LeO,PeAnnp f = LP € Anng f

which means that Anng f is a left ideal in O.
15 / 32



Definition: O-Finite Function
Let © = K(v,w,...){0y, Ow,...) be an Ore algebra.

A function f(v,w,...) is O-finite w.r.t. O if “all its shifts and
derivatives”

O-f={P-f:PecO}

form a finite-dimensional K (v, w, ... )-vector space:

dim (y p,...) (O/ Annp(f)) < oo.
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O-f={P-f:PecO}

form a finite-dimensional K (v, w, ... )-vector space:

dim (y p,...) (O/ Annp(f)) < oo.
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Definition: O-Finite Function
Let © = K(v,w,...){0y, Ow,...) be an Ore algebra.

A function f(v,w,...) is O-finite w.r.t. O if “all its shifts and
derivatives”

O-f={P-f:PecO}

form a finite-dimensional K (v, w, ... )-vector space:
dim (y p,...) ((D/ Ann®(f)) < o0.

In other words, if the left ideal of annihilating operators of f
Annp(f) ={PecO:P-f=0}

is a zero-dimensional ideal.

16 / 32



Definition: O-Finite Function
Let © = K(v,w,...){0y, Ow,...) be an Ore algebra.

A function f(v,w,...) is O-finite w.r.t. O if “all its shifts and
derivatives”

O-f={P-f:PecO}
form a finite-dimensional K (v, w, ... )-vector space:
dim (y p,...) ((D/ Ann@(f)) < 0.
In other words, if the left ideal of annihilating operators of f
Amnp(f)={PecO: P - f=0}
is a zero-dimensional ideal.
We use (noncommutative) Grobner Bases for certain operations

on left ideals, e.g., for normal form computation modulo an ideal.
16 / 32



Why O-Finite Functions?

1. Definition gives rise to a finite data structure.
> annihilating ideal of operators (Grobner basis is finite)

> finitely many initial values
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Why O-Finite Functions?

1. Definition gives rise to a finite data structure.
> annihilating ideal of operators (Grobner basis is finite)

> finitely many initial values

2. This set of functions is closed under many operations.

>

>

>

addition,
multiplication,
certain substitutions,

operator application,

e.g., 2" + P,(x)

e.8. Pa(2)Pasi (2)
e.g., Ponis(Vz2 +1)
eg. Ploa)
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1. Definition gives rise to a finite data structure.
> annihilating ideal of operators (Grobner basis is finite)

> finitely many initial values

2. This set of functions is closed under many operations.

> addition, e.g., 2" + P,(x)

> multiplication, e.g., Po(z)Pry1(x)
> certain substitutions, eg., P2n+3( x? + 1)
> operator application, e.g., P o(x)

3. These operations (closure properties) can be executed
algorithmically.
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Why O-Finite Functions?

. Definition gives rise to a finite data structure.
> annihilating ideal of operators (Grobner basis is finite)

> finitely many initial values

. This set of functions is closed under many operations.

> addition, e.g., 2" + P,(x)

> multiplication, e.g., Po(z)Pry1(x)
> certain substitutions, eg., P2n+3( x? + 1)
> operator application, e.g., P o(x)

. These operations (closure properties) can be executed
algorithmically.

. Many elementary and special functions are covered.

17/ 32



(Incomplete) List of 0-Finite Functions
ArcCsc, KelvinBei, HypergeometricPFQ, ExplntegralE, ArcTanh,
HankelH2, AngerJ, JacobiP, ChebyshevT, AiryBi, AiryAi, Sinc,
Multinomial, CatalanNumber, QBinomial, Coslntegral, ArcSech,
SphericalHankelH2, HermiteH, ExplntegralEi, Beta, AiryBiPrime,
SphericalBesselJ, Binomial, ParabolicCylinderD, Erfc, EllipticK,
Fibonacci, QFactorial, Cos, Hypergeometric2F1, Erf, KelvinKer,
HypergeometricPFQRegularized, Log, Factorial, BesselY, Cosh,
Coshlintegral, ArcTan, ArcCoth, LegendreP, Laguerrel, EllipticE,
Sinhlntegral, Sinh, BetaRegularized, SphericalHankelH1, ArcSin,
EllipticThetaPrime, Root, LucasL, AppellF1, FresnelC, LegendreQ,
ChebyshevU, GammaRegularized, Erfi, HarmonicNumber, Bessell,
KelvinKei, ArithmeticGeometricMean, Exp, ArcCot, EllipticTheta,
HypergeometricOF1, EllipticPi, GegenbauerC, ArcCos, WeberE,
FresnelS, EllipticF, ArcCosh, Subfactorial, QPochhammer, Gamma,
StruveH, WhittakerM, ArcCsch, HypergeometriclF1, Sinlntegral,
BesselJ, Struvel, ArcSec, Factorial2, KelvinBer, BesselK, ArcSinh,
HankelH1, Sqrt, PolyGamma, HypergeometricU, AiryAiPrime, Sin,
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That is nice, but we want (and can) do more. ..

What about integrals

/abf(a:,...)dx

and sums

19 /32



Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

b
Consider the following summation problem: F'(n) = Z fln, k)
k=a
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Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

b
Consider the following summation problem: F'(n) = Z fln, k)
k=a
Telescoping: write f(n,k) = g(n,k+ 1) — g(n, k).
b

Then F(n) = Z (9(n,k+1) — g(n,k)) = g(n,b+1) — g(n,a).
k=a
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Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

b
Consider the following summation problem: F'(n) = Zf(n, k)

k=a
Telescoping: write f(n,k) = g(n,k+ 1) — g(n, k).
b
Then F(n) = Z (g(n, kE+1)—g(n, k‘)) =g(n,b+1)—g(n,a).
k=a

Creative Telescoping: write
ca(n)f(n+d, k) +---+co(n)f(n, k) = gln,k+1) —g(n, k).
Summing from a to b yields a recurrence for F'(n):
ca(n)F(n+d)+---+co(n)F(n) = g(n,b+1) —g(n,a).
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Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

Consider the following integration problem: F(x / f(z,y)d

Telescoping: write f(z,y) = & g(a: Y).

Then F(n) = /ab (d%g(x, y)) dy = g(z,b) — g(z,a).
Creative Telescoping: write
ca(®) 35 (@ y) + -+ co@) f(z,y) = Lg(a.y).
Integrating from a to b yields a differential equation for F'(x):
i) g F () + -+ co(@)F(z) = g(z,b) ~ g(a,a)
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Creative Telescoping, O = K(n, k)(S,, Sk)

cin)f(n+d,k)+---+co(n)f(n, k) = gln, k+1) — g(n, k)
= (% —1) - g(n, k).
Where should we look for a suitable g(n, k)?
Note that there are trivial solutions like:

k—1

g(n, k) := Z (cd(n)f(n +di)+- -+ co(n)f(n,i))

=0
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Creative Telescoping, O = K(n, k)(S,, Sk)

can)f(n+d,k)+---+co(n)f(n, k) =gn,k+1) — g(n, k)
= (% —1)-g(n, k).

Where should we look for a suitable g(n, k)?
Note that there are trivial solutions like:
k—1

g(n, k) := Z (ca(n)f(n+d,i) + -+ co(n) f(n,i))

i=0
A reasonable choice for where to look for g is O - f.

Then the task is to find P(n, S,) = cq(n)S% + - - 4 co(n) and
Q@ € O such that

(P=(S%—-1)Q) - f=0 <= P—(%—-1)Q € Amnp(f).
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Creative Telescoping (Example 1)

Let F'(n) denote the double sum over the trinomial coefficients

=33 (50" i) = XX

ily! I
j=01 7=0 =0 ‘7 )
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Creative Telescoping (Example 1)

Let F'(n) denote the double sum over the trinomial coefficients

ZZ(ZL > ZZZU -

J=01=0 7=0 =0
Then the creative telescoping operator
CT=28,—-3+(S 1);+(S- 1) /
B n—i—j+1 ! n—i—j+1

with CT ((;;,";_,)) = 0 implies that

F(n+1) = 3F(n).
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Creative Telescoping (Example 2)

The lattice Green's function of the square lattice is given by

11 1
P(Z):/o /0 (1—myz)\/1—x2@dxdy'
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Creative Telescoping (Example 2)

The lattice Green's function of the square lattice is given by

11 1
P(Z):/o /0 (l—myz)\/l—ﬁﬂdxdy‘

The creative telescoping operator

(1-2?) L pyE- y?)

Y
(23— 2)D2+ (322 = 1)D. + z + D, o

ryz — 1

that annihilates the integrand, certifies that P(z) satisfies the
differential equation

(23 — 2)P"(2) + (32 = 1)P'(2) + zP(z) = 0.
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Creative Telescoping in Several Variables

In general, a creative telescoping operator has the form
P(’U, 811) + AlQl(vv w, am a'w) et AQO(’U, w, 81:7 a'w)

where A; = S, — 1 or A; = D,,, (depending on the problem).
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Creative Telescoping in Several Variables

In general, a creative telescoping operator has the form
P(’U, av) + AlQl(vv w, am a'w) et AQO(U, w, 81)7 a'w)

where A; = S, — 1 or A; = D,,, (depending on the problem).

v

Corresponds to an m-fold summation /integration problem.
> w = wi,..., W, are the summation/integration variables.

> v = wv,0Vs,... are the surviving parameters.

v

P(v,8y,) is called the telescoper.

v

The Q;(v,w, 8y, Oy) are called the certificates: they certify
the correctness of the telescoper.
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Holonomy

Question: Does there always exist such a telescoping operator?
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Answer 1: No!
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Holonomy

Question: Does there always exist such a telescoping operator?
Answer 1: No! In general not for d-finite functions.
Answer 2: Yes! If additionally the function is holonomic.

Combine the two notions:
» Use O-finiteness for computations.

» Use holonomy for justifications.
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Holonomic Functions

Assume that f(z1,...,2s) depends only on continuous variables.

Consider the Weyl algebra
W =K[z1,...,25(Dyy, ..., Dy,).

Then f is holonomic if the left ideal Annyy (f) has dimension s
(which, by Bernstein's inequality, is the minimum possible).
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Holonomic Functions

Assume that f(z1,...,2s) depends only on continuous variables.

Consider the Weyl algebra
W =K[z1,...,25(Dyy, ..., Dy,).

Then f is holonomic if the left ideal Annyy (f) has dimension s
(which, by Bernstein's inequality, is the minimum possible).

Differently stated: f is holonomic if for any (s — 1)-subset
Ec{zi,...,55,Dy,..., Dy}, |E|=5-1,

there exists a nonzero element in Annyy (f) that is free of all
generators in F.
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Holonomic Functions

Assume that f(z1,...,2s) depends only on continuous variables.

Consider the Weyl algebra
W =K[z1,...,25(Dyy, ..., Dy,).

Then f is holonomic if the left ideal Annyy (f) has dimension s
(which, by Bernstein's inequality, is the minimum possible).

Differently stated: f is holonomic if for any (s — 1)-subset
Ec{zi,...,55,Dy,..., Dy}, |E|=5-1,

there exists a nonzero element in Annyy (f) that is free of all
generators in F.

— This is why a creative telescoping operator always exists.
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O-Finite and Holonomic Functions

Theorem: The function f(z1,...,zs) is holonomic if and only if
it is O-finite.
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Theorem: The function f(z1,...,zs) is holonomic if and only if
it is O-finite.

— This equivalence holds only in the continuous case!
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O-Finite and Holonomic Functions

Theorem: The function f(z1,...,zs) is holonomic if and only if
it is O-finite.

— This equivalence holds only in the continuous case!

A sequence is defined to be holonomic if its (multivariate)
generating function is holonomic.
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O-Finite and Holonomic Functions

Theorem: The function f(z1,...,zs) is holonomic if and only if
it is O-finite.

— This equivalence holds only in the continuous case!

A sequence is defined to be holonomic if its (multivariate)
generating function is holonomic.

Example: The sequence JW is O-finite but not holonomic.
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Creative Telescoping Algorithms

> Zeilberger’s slow algorithm:
Eliminate all summation/integration variables from the
annihilator ideal. Can be done, e.g., with Grobner bases.
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» Takayama's algorithm:
Assuming natural boundaries. Mod out the certificate parts
and then eliminate the variables using module Grobner bases.
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Creative Telescoping Algorithms

> Zeilberger’s slow algorithm:
Eliminate all summation/integration variables from the
annihilator ideal. Can be done, e.g., with Grobner bases.
» Takayama's algorithm:
Assuming natural boundaries. Mod out the certificate parts
and then eliminate the variables using module Grobner bases.
» Chyzak’s algorithm:
Ansatz with undetermined coefficients of the telescoper and
the certificate. No Grdbner bases, but solving a coupled
first-order linear difference/differential system is required.
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Creative Telescoping Algorithms

Zeilberger’s slow algorithm:

Eliminate all summation/integration variables from the
annihilator ideal. Can be done, e.g., with Grobner bases.
Takayama'’s algorithm:

Assuming natural boundaries. Mod out the certificate parts

and then eliminate the variables using module Grobner bases.

Chyzak’s algorithm:

Ansatz with undetermined coefficients of the telescoper and
the certificate. No Grdbner bases, but solving a coupled
first-order linear difference/differential system is required.
C.K.’s heuristic method:

Refined Chyzak-type ansatz. Yields a linear system for the
undetermined coefficients.
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Creative Telescoping Algorithms

Zeilberger’s slow algorithm:

Eliminate all summation/integration variables from the
annihilator ideal. Can be done, e.g., with Grobner bases.
Takayama'’s algorithm:

Assuming natural boundaries. Mod out the certificate parts

and then eliminate the variables using module Grobner bases.

Chyzak’s algorithm:

Ansatz with undetermined coefficients of the telescoper and
the certificate. No Grdbner bases, but solving a coupled
first-order linear difference/differential system is required.
C.K.’s heuristic method:

Refined Chyzak-type ansatz. Yields a linear system for the
undetermined coefficients.

Algorithms using Hermite reduction:

Allow to compute the telescoper without the certificates. So
far, only available for special cases, e.g., hyperexponential
functions.
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Principia Holonomica

1. Functions and sequences are represented by their
annihilating left ideals (and initial values).
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3. Integrals and sums are treated by the method of
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Principia Holonomica

. Functions and sequences are represented by their
annihilating left ideals (and initial values).

. An annihilating ideal is given by its Grobner basis
(i.e., a finite set of generators that allows to decide
ideal membership and equality of ideals).

. Integrals and sums are treated by the method of
creative telescoping.

. The output is always given as an annihilating ideal,
not as a closed form.
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Standard Application

Special Function |dentities

NIST Handbook
of Mathematical
Functions

Ol
FUNCTIONS
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Some Special Function Identities

SWET-SOESE o

o) (m-i-%,—m )
1 Py,
| ey de =T e
0 (2% +2a2®+1) 9mt3 (g 4+ 1) T2
6_$xa/2n!Lg(x) = / e lztn g, (2\/%) dt (3)
0
o0 OO oo _Hn x Tm8n€_$2 .
DR dr=vae ()
m= On 0 men:
_ 2\~ 2 plax (v) _ Wznr(n + QV)Jn+V(a)
/1 (=) O ) A = S i ) (5)
sin (VE24202) _ §5 (0)"ne1(2) 6
z n!

n=0
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Computer Proof of a Special Function Identity

e 2 ?nI LY (x) :/ e_tt%"'”Ja(Q\/ﬁ) dt.
0
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Computer Proof of a Special Function Identity

o0
e a2l LY (z) = / ettatn g, (2\/{’6) dt.
0

<< HolonomicFunctions.m
Annihilator [Exp[-x]*x~ (a/2)*n!*Laguerrel[n, a, x],
{slal, S[n], Der[x]}]
{25, — 22Dy + (—a — 2n — 2),
42°D? + (42% + 42) Dy + (—a? + 2az + 4nx + 4z),
2252 + (2az + 222 + 22) Dy + (—a® + ax — a + 2nx + 27)}
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Computer Proof of a Special Function Identity

o0
e a2l LY (z) = / ettatn g, (2\/{’6) dt.
0

<< HolonomicFunctions.m
Annihilator [Exp[-x]*x~ (a/2)*n!*Laguerrel[n, a, x],
{s[a], S[n], Der[x]}]
{25, — 22Dy + (—a — 2n — 2),
42°D? + (42% + 42) Dy + (—a? + 2az + 4nx + 4z),
2252 + (2az + 222 + 22) Dy + (—a® + ax — a + 2nx + 27)}

CreativeTelescoping[Exp[-t]*t~ (a/2+n)*BesselJ[a,2*Sqrt [t*x.
Der[t], {S[al, S[nl, Der[x]}]

{{-25,+ 22D, + (a+2n +2),
422 D2 + (422 + 42) D, + (—a® + 2ax + 4nx + 4x),
2292 + (2azx + 222 + 22) D, + (—a* + ax — a + 2nzx + 22)},
{—2t,—4tx, —2tz}}

— The annihilating ideals agree; check a few initial values. 2,3



