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On Potentials Integrated by the Nikiforov-Uvarov Method
Lina Ellis, Ikumi Ellis, Christoph Koutschan, and Sergei K. Suslov

ABSTRACT. We discuss basic potentials of the nonrelativistic and relativistic
quantum mechanics that can be integrated in the Nikiforov and Uvarov para-
digm with the aid of a computer algebra system. This approach may help the
readers to study modern analytical methods of quantum physics.

Building on ideas of DE BROGLIE and EINSTEIN, I tried to show that the ordinary differential equations
of mechanics, which attempt to define the co-ordinates of a mechanical system as functions of the
time, are no longer applicable for “small” systems; instead there must be introduced a certain partial
differential equation, which defines a variable ¢ (“wave function”) as a function of the co-ordinates and
the time.

Erwin Schridinger [36]

1. Introduction

Discovery of the relativistic and nonrelativistic Schrédinger equations [33], [34],
[35], [36], [37], [38] is discussed in [3] (see also the references therein). Invented
about a century ago, the stationary Schrédinger equation turns out to have an enor-
mously wide range of applications, from the quantum theory of atoms and molecules
to solid state physics, quantum crystals, superfluidity, and superconductivity. Find-
ing of the energy levels and the corresponding normalized wave functions of various
systems is one of the basic problems of quantum physics. Only in a few elementary
cases the exact solutions are known. They are usually investigated by different
techniques. Nonetheless, those completely integrable problems are important in
creation of mathematical models for complex quantum systems. Moreover, they
may provide a useful testing ground for verification of numerical methods. A true
story of calculations of the energy levels for the two-electron atoms [29] is presented
in [20].

We assemble analytical solutions for a range of potentials in the nonrelativis-
tic and relativistic quantum mechanics that are available in the literature. Data
for most of the potentials that can be studied, in a unified way, by the so-called
Nikiforov—Uvarov method [27] are collected, independently verified, and completed
with the help of the Mathematica computer algebra system. Only bound states are
discussed. On the contrary, in a traditional approach, for each of those problems
one has to identify and factor out the singularities of the corresponding square inte-
grable wave functions and find the remaining terminating power series expansions
or use algebraic methods (see, for example, [4], [6], [7], [9], [10], [12], [17], [18],
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[23], [39], [40]). As a result, each of such problems has to be treated separately,
which is not suitable for a unified computer algebra approach.

One should admit nonetheless that, despite of our successful unification and
creation of the elaborate Mathematica codes, each of the collected cases, with
exception of a few trivial ones, has required a separate consideration with lots of
specific details that are far away from a formal application of the Nikiforov—Uvarov
paradigm, as it might be thought of at the first glance. We hope that the interested
reader, already confronted or about to, with all those quantization problems in the
study, research or teaching will be able to appreciate our diligent work. Applications
of hypergeometric functions are important to know for all mathematicians.

Moreover, an interesting new case of the modified Hulthén potential and its
rotation correction can be useful in the study of vibration-rotation spectra of di-
atomic molecules; this is a work in progress. In addition, our analysis has revealed
incomplete information and typos for some valuable potentials discussed in the clas-
sical sources. The complementary Mathematica notebook gives an opportunity to
fix those typos immediately. In general, despite of a long history of applications of
the computer algebra methods in quantum physics, we were unable to find suitable
techniques in the available literature and, as a result, had to create most of our
Mathematica codes from scratch, of course, by using our preliminary experience
and enthusiasm in solving quantum physics and similar problems with the aid of
computers.

Our review article is organized as follows. In the next section, we introduce the
basics of the Nikiforov—Uvarov approach and then, successively, apply it to the main
problems of introductory quantum mechanics, such as harmonic oscillators, Bessel
functions, Coulomb problems, Poéschl-Teller potential holes, Kratzer’s molecular
potential, Hulthén potentials, and Morse potentials, in the forthcoming sections.
All calculations are verified in a complementary Mathematica notebook that can
serve both educational and research purposes. Appendices [A] and [B] contain, for
the reader’s convenience, the data for classical orthogonal polynomials and a useful
integral evaluation, respectively, in order to make our presentation as self-contained
as possible. Appendix [C] describes the Mathematica notebook.

This review is written for those who study quantum mechanics and would
like to see more details than in the classical textbooks by utilizing the advanced
computer algebra system, Mathematica. It is motivated by an introductory course
in mathematics of quantum mechanics which one of the authors (SKS) has been
teaching at Arizona State University for more than two decades.

2. Summary of the Nikiforov—Uvarov approach

The generalized equation of the hypergeometric type

ot G
> oWt e
(o(z), o(x) are polynomials of degrees at most 2 and 7(z) is a polynomial degree
at most one) by the substitution

(2.2) u = p(x)y(z)
can be reduced to the form

(2.3) o)y’ +7(x)y +Ay=0
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if:

ﬁl = @ m(x) = 1 7(z) — T(x
(2.4 T ) = 5 ()~ 70)
(or, 7(x) = 7 + 2m, for later),
(2.5) k=X\—n'(x) (or, \ =k +7'),
and

(2.6) W(x):UIQ_?:I:\/<U/2_F>2—3+kJJ

is a linear function. (Use the choice of the constant k to complete the square under
the radical sign; see [27] and our argument below for more details.)

In Nikiforov—Uvarov’s method, the energy levels can be obtained from the quan-
tization rule:

1
(2.7) )\+nT’+§n(n—l)a" =0 (n=0,1,2,...)
and the corresponding square-integrable solutions are classical orthogonal polyno-
mials, up to a factor. They can be found by the Rodrigues-type formula [27):

(28) (@) = 225 @@l (o) =7,

where B,, is a constant (see also [42] and Table [I9). (The corresponding data
for basic nonrelativistic and relativistic problems are presented in the Tables
below.)

Let us try to transform the differential equation to the simplest form by
the change of unknown function u = ¢(z) y with the help of some special choice of
function p(z).

Substituting u = ¢(x) y in one gets

~ / -~ -~ / /!
(2.9) y”+<7+2“0>y'+<02+T¢+‘p>y0.

o ® o o ®
Equation should not be more complicated than our original equation .
Thus, it is natural to assume that the coefficient in front of 3’ has the form
7(z)/o(x), where 7(x) is a polynomial of degree at most one. This implies the
following first-order differential equation

/

(2.10) ¢ _ mlx)
¢ oz

for the function ¢(z), where

1 ~
(211) 7(2) = 5 ((z) — 7))
is a polynomial of degree at most one. As a result, equation (2.9)) takes the form
219 w, 7@, o) -0
(2.12) Vet oo Yt rm v
where

(2.13) G(x) = 5(x) + (z) + n(x) [F(z) — o' ()] + 7' (z)o ().
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The functions 7(x) and &(z) are polynomials of degrees at most one and two in
x, respectively. Therefore, equation is an equation of the same type as our
original equation .

By using a special choice of the polynomial 7(z) we can reduce to the
simplest form assuming that

(2.14) 7(z) = A o(x),

where A is some constant. Then equation (2.12)) takes the form (2.3). We call
equation (2.3)) a differential equation of hypergeometric type and its solutions func-
tions of hypergeometric type. In this context, it is natural to call equation (2.1) a

generalized differential equation of hypergeometric type [27].
The condition (2.14]) can be rewritten as

(2.15) P+ (F-0)m+5—ko=0,
where
(2.16) k=X—7'(2)

is a constant. Assuming that this constant is known, we can find 7 (x) as a solution
(2.6) of the quadratic equation (2.15). But w(x) is a polynomial, therefore the
second degree polynomial

(2.17) p(x) = (M) —5(z) + ko(z)

under the radical should be a square of a linear function and the discriminant of
p(x) should be zero. This condition gives an equation for the constant &, which
is, generally, a quadratic equation. Given k as a solution of this equation, we find
m(x) by the quadratic formula , then 7(z) and A by and . Finally,
we find the function ¢(z) as a solution of (2.10). It is clear that the reduction of
equation to the simplest form can be accomplished by a few different
ways in accordance with different choices of the constant k& and different signs in
for 7(x).

A closed form for the constant k& can be obtained as follows [3]. Let

(2.18) p(z) = ("/ - ?) — G+ ko = q(z) + ko(x),

where

(2.19) q(z) = (UI - ?>2 ~ 5.

Completing the square, one gets

(2.20) (@) = %” (x N p’p(/?))? ) (10/(0))22;”2]9”19(0)7
where the last term must be eliminated:

(2.21) (p(0))* = 2p"p(0) = 0.

Therefore,

(2.22) (¢'(0) + ko' (0))* =2 (¢" + ko) (q(0) + ko (0)) = 0,
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which results in the following quadratic equation:

(2.23) ak?® + 2bk + ¢ = 0.
Here,
(2.24) a=(c'(0)) = 20" 5(0),
(2.25) b=q'(0)0’(0) — "q(0) — a(0)q",
(2.26) c=(¢'(0))* - 2¢"q(0).
Solutions are

c . _
(2.27) ko=—g; if a=0
and
(2.28) ko = *b%\/a, if a#0.
Here,
(2.29)

d =t —ac= (0(0)¢" — 0"q(0))* — 2(c'(0)¢" — 0"¢(0)) (¢(0)q'(0) — o’ (0)q(0)).

As a result,

(2.30) pla) = po (m + p;j(,?))Z] ,

k=ko,1,2

which allows evaluating the linear function m(«) in the Nikiforov—Uvarov technique.
Examples, for the most integrable cases that are available in the literature,
are presented in the Tables below, where all these analytical arguments are
implemented in a supplementary Mathematica notebook (Appendix|C|).
“Quantizations” of some solutions of require generalized power series ex-
pansions, given by

co m—1

a A— A a—x
(2.31) y(z) =(r —a) ZHT(QM +Cf+k+1))

m=0 k=0
where
(230 m@) =) +po'@),  Ae=—pr — plu— a2,
provided that o(a) = 0 and at,_1 (a) = 0 (in particular when o = 0). More details

can be found in [42].

3. Harmonic Oscillator

Let us consider the one-dimensional stationary Schrédinger equation for the
harmonic oscillator:

(3.1) — ——— + —mw?a?p = By
with the orthonormal real-valued wave function

(3.2) / 2 (z) do = 1.
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Introducing dimensionless variables

(3.3) W) =ue),  w=& . B=hue

one gets
(3.4) u' + (26 — &) u=0.
Here, 0(&) =1, 7(£) = 0, and (&) = 2e — £2. Therefore,

(3.5) m(€) =tk -2+ =+ k=2

We pick 7 = =&, which gives a negative derivative for
(3.6) 7(§) =7(§) +2m(§) = —2¢.
Then

(3.7) :00/ = 78 =-¢, QD(E) = 6752/2

and A =2e—1, p(§) = e=¢". The energy levelsaree = ¢, =n+1/2,(n=0,1,2,...)
from (2.7). The eigenfunctions,

Q

(39 (€)= Bue I ().

are, up to a normalization, the Hermite polynomials (Table .
As a result, the orthonormal wave functions are given by [34], [36], [23]

(3.9) b(x) = (%)1/4 \/%exp (—ﬂ;—;:xz) H, <w\/?) :

corresponding to the discrete energy levels

1
(3.10) En—hw<n+2> (n=0,1,2,...),

in Gaussian units; see also Figure [I]| for graphs of the first five wave functions.
(More general, “missing”, solutions of the time-dependent Schrodinger equation
are discussed in [19], [21], and [24].)

4. Bessel Functions
Let us also mention some solutions of the Bessel equation:
(4.1) 2+ 2w 4 (22— ) u=0.

With the aid of the change of the function u = ¢(z)y when ¢(z) = z"€'* this
equation can be reduced to the hypergeometric form

(4.2) 2"+ (2iz+2v+ 1)y +i(2v + 1)y =0

(Table [2) and one can obtain the Poisson integral representations for the Bessel
functions of the first kind, J,(z), and the Hankel functions of the first and second
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— Wo(x)

— Wi(x)

‘ A — Wa(x)
2 ¥ — W5(x)
— Wy(x)

FicUure 1. “The first five proper vibrations of the Planck os-
cillator according to undulatory mechanics. Outside the region
—3 < z < 3, represented here, all five functions approach z-axis
in monotonic fashion.”— generated by Mathematica following the
original Schrédinger article [36].

TABLE 1. Stationary Schrédinger equation for the harmonic po-

tential U(z) = Fmw?a?.

a(§) 1
a(§) 2 — &
7(§) 0
k 2e
7(£) +£
7€) =7+ 2rm —2£
A=k+x 2e—1
p(€) et/
p() et
1
Ca /T 27n!
kind, H,(,l)(z) and H,@(z):
ENC.) Y AT
(43) JV(Z) = m /_1 (1 —1 ) COS(Zt) dt,

™

9 eFi(z—%v—%) oo i\ v1/2
4.4 PSSO ) iy (e — / =12 (14 2 dt
(44) v mz T(v+1/2) J, ¢ 2z ’
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TABLE 2. Bessel’s equation.

o(z) z
o(z) P
7(2) 1

+2iv
m(z) tvtiz
T(2) =T+ 2w 142+ 2iz
A=k+n i(2v +1)
@(z) LTV etiz
p(2) L2 20z

where Rev > —1/2. It is then possible to deduce from these integral representations
all the remaining properties of these functions. (For details, see [27] and [42] or
[44] and [45]).

5. Central Field: Spherical Harmonics

The stationary Schrodinger equation in the central field with the potential
energy U(r) is given by

2
(5.1) A+ g (E—U@r) ¢ =0.
The Laplace operator in the spherical coordinates r, 8, ¢ has the form [26], [27]:
1
(5.2) A=A+ T—QAw
with
10 0 1 9 0 1 2
5.3 A, =—— (= A, =—— [sinf= | + —— .
(5:3) 20 (T 8r) ’ sin 6 96 (5111 39) * sin? § Op?
and separation of the variables ¢ = R(r)Y (6, ) gives
(5-4) ALY (0,0) + 1Y (0,0) =0,
1 d [ 5dR(r) 2m 1

. —— — (£ — - =0.
(55) o (P + (G E-ve) - &) Ry =0
Bounded single-valued solutions of equation (5.4)) on the sphere S? exist only when
pw=1(1+1) withl=0,1,2,... . They are the spherical harmonics Y = ¥,,(6, ).

Looking for solutions in the form Y = ™% f() with m = 0,41,+2,... one
gets

1 d dg m?
5.6 —— [sinf — | — =0.
(5.6) s do (Sm de) snZg 9 M
The following change of variables £ = cosf and F'(§) = f(0) results in the general-
ized equation of hypergeometric type:

m2
(5.7) (1—€%) F" —26F + (u - 1_52) F=0,
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with o(§) =1 — &%, 7(€) = —2¢ and (&) = p (1 — €2) — m?, which can be reduced
to the simpler form by the standard substitution F' = ¢y :

(5.8) (1= y" =2(m|+ )&y + (u—|m|(Im| + 1))y =0
Indeed, by
(5.9) m(€) = £/ (n — k)& + k +m? — p,
or
_ £lm|, k=p
(5.10) m(€) = { imle, b e

where we should choose the case when the linear function 7 = 7 + 27 will have a
negative derivative and a zero on the interval (—1,1).

Then
" —Iml¢ gdg 1
(5.11) %: 11722, 1n<p:—|m|/1_§2:§ln(1—§2)
and
(5.12) 0(€) = (1— )2 = (sing)™ |

(see our complementary Mathematica notebook and Table [3| for further details of
calculations).

The final result is given by
(5.13)

eme 241 L gyml plimlml)
= _— _— —_ | | ’

Yim(0,0) = A Sl l!\/ i (I —m)l(I14+m)! (sinf) Pl (cos ).
Here, Pﬁa’a)(f) are the Jacobi polynomials (Table ; Ay = (=1)™, m > 0 and
Ap=1,m<0,or Ay, = (=1)"H"D/2 (Sec [26], [27], [43] for more details.)

Solutions of the Laplace equation, Au = 0, in the spherical coordinates, have
the form
(5.14) u= C1r'Yim (0, 0) + Cor™ ' Yin (6, ),
where C; and C, are constants. Here, r'Y;,, (6, ¢) are homogeneous polynomials in
x,y, z [43]:

(5.15)
20+ 1 1 z+iy\l [z —iy\!?
! Y e 11 —m)! T

Min(0,0) =\ L - 3 L (1) ()

lq!r!
p.q,r Pq

where p, g, r are positive integers subject to the following conditions p+ g+ r =1
and p — ¢ = m. (See our Mathematica notebook for direct verifications.)

6. Nonrelativistic Coulomb Problem

In view of identity

1d dR 1 d?
6.1 — (=)= (R,
(6.1) Tzdr<r dr) rdr2(r )
the substitution F(r) = rR(r) into ([5.5)) results in the standard radial equation
2me (l+1) Ze?
(62) F”+ |: h2 (E*U(T’))f 7‘2 :| F:(), U('I") = 77
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TABLE 3. Equation for spherical harmonics.

a() 1-¢€2 E=cosf, 0<6H<m
5(¢) (- ) —

7(§) —2¢

k i —m?

7(£) —|ml¢

T(€) =7+ 2rm —2(m|+1)¢

A=k+7 w—|m|(jm|+1)

e(§) (1 =&)lm/2 = (sing)

p(§) (1)l

Yn(§) Nim Pl(j:yll"lm‘) (cosf), n=1—|m|
Ninm wim\/m;l (1= m)( + m)!

for the nonrelativistic Coulomb problem in spherical coordinates. In dimensionless
units,

(63)  F(r)=u@), z=-—, & - (ao - Fo= 62)

aw 7 Eo mee?’ ag
the radial equation is a generalized equation of hypergeometric type,
(6.4) u’ + [2 <50+Z> - l(ltl)} u =0,
x x
where
(6.5) o(r) =z, 7(x) =0,  o(x) =2c02* +2Zx — (1 + 1).

Therefore, one can utilize Nikiforov and Uvarov’s approach in order to determine
the corresponding wave functions and discrete energy levels.

We transform (6.4]) to the equation of hypergeometric type (2.3)). The linear
function m(x) takes the form

1 1
(6.6) m(x) = B + \/4 —2e02? — 2z + (I + 1) + kz,

or
6.7) () li V=20 x+14+1/2, k=2Z+4 (214 1)v/—2¢9

. ™) = <
2 V2% x—1—-1/2, k=2Z— (2 +1)y/—2

where we should choose the case when the linear function 7 = 7 + 27 will have a
negative derivative and a zero on (0, +00):

(@) =2(+1-2v—2e).
This choice corresponds to

m(z) =1+1—2v=2e80, (x)=2a"""exp(—zv/~220)
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and
A=k+n =2[Z—-(14+1)vV-2¢].
The energy values are given by (2.7):
E ZZ 2
= — = ——2’ EO - i
Eo 2(ny +1+1) ao

Here, n = n, + 1+ 1 is known as the principal quantum number.

(68) €0

In order to use the Rodrigues formula, one finds
pT—0d 20+1 2Z

P o x n
or p
p(x) = 2 exp <x> , z=_
ag
Therefore,
B dnr
_ ny ne4+2041 ,—n) _ 72l+1
(6.9) Yn, (¥) = TN p———— (517 € n) =L, (n),
where 07 07
n=—r=— (r) = 2x+v/—2¢0,
n n \ ag

and, up to a constant,
(6.10) F(r) =rR(r) = Cp n'Tte "2L2 ().
In view of the normalization condition
1= [ Fa-c (%) /oo P2 (L2 (p)] d,
0 0
the three-term recurrence relation
nLy = —(m+1)Lp + (a+2n+ 1)Ly — (a+n)L;,_4,
and the orthogonality property of the Laguerre polynomials (Table , one gets
Z (n—1-1)!
agn?  (n+1)!
More details can be found in [27] and [42]. (See also Appendices [A] and [B])

As aresult, the nonrelativistic Coulomb wave functions obtained by the method
of separation of the variables in spherical coordinates, see above, are

(6.12) ¥ = Ynim(r) = Rui(r) Yim (0, ¢),

where ¥, (6, ¢) are the spherical harmonics, the radial functions R,;(r) are given
in terms of the Laguerre polynomials (Table [19) [4], [10], [23], [27], [39] :

(6.11) 2 =

2 (Z\*? [m—1-1) _
(6.13) R(r) = Ry (r) = s (ao> NCET e~/ 2 Liljltl(n)
with

27 K2
(6.14) - <7“> a1

n \ao mee

and the normalization is

(6.15) / RZ,(r)r? dr = 1.
0
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TABLE 4. The Schréodinger equation for the Coulomb potential
U(r) = —Ze?/r. Dimensionless quantities: r = aox, ag =
h?/(mee?) ~ 0.5 - 1078 cm, Eg = €2 /ag, R(r) = F(z) = u(x) /.

o(x) x
o(x) 2e0 22 +2Zx—1(l+1), eo=E/Eg
7(x) 0

27 — (20 + 1)y/—25
() I+1—+/—2ex

T(x) =T+ 27 2(1+1—+=2g )
A=k+n 2(Z — (1+1)v/=2e0)

(p(x) xl+167m\/T€0
p($> p2+1—(22 ;16)/n7 T = 7“/0,0
27 27
Yn, (l‘) Oanng—l(n): N=—2=— < - )
" n n ago
—] = |
CT2L Z u7 np=n—1—1
apn? (n+1)!
Here n =1,2,3,... is the principal quantum number of the hydrogen-like atom in

the nonrelativistic Schrédinger theory; I =0,1,...,n—1and m = =, —-l+1,...,l—
1,1 are the quantum numbers of the angular momentum and its projection on the
z-axis, respectively. The corresponding discrete energy levels in the cgs units are
given by Bohr’s formula [33]:

meZ2e?
6.16 E=E, =-— 7
(6.16) 2h2n2
where n = 1,2, 3,... is the principal quantum number; they do not depend on the

quantum number of the orbital angular momenta .
Remark. In the original Nikiforov—Uvarov approach, the variable coefficients
o(x) and 7(z) in (2.3)) should not depend on the eigenvalue A. Here, we obtain

(6.17) xy’ +2 (l +1-— x\/7250) y +2 (Z — I+ 1)\/7250) y=0.

Nonetheless, the change of variables y(z) = Y (n) with n = 2xy/—2¢( results in

Z
6.18 Y+ (2042~ Y’+<—l—1)Y:0.
Thus the Nikiforov—Uvarov method can be applied and the uniqueness of square
integrable solutions holds.

In a similar fashion, one can consider solution of the Kepler problem in the
so-called parabolic coordinates, which is important in the theory of Stark effect
1351, 23],
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7. Relativistic Schrodinger Equation
The stationary relativistic Schrédinger equation has the form [3], [7], [17], [39]:
Ze2\?
(7.1) <E + ) x = (-R*AA+m?ct) x.
T

We separate the variables in spherical coordinates, x(r, 8, ) = R(r)Y;m (0, @), where
Yim (0, ) are the spherical harmonics with familiar properties [43]. As a result,
(7.2)

ii 7«2@ +
r2 dr dr

In the dimensionless quantities,

(E+Z62/T)2—m204 I(1+1)

h2c2 r2

R=0 (1=0,1,2,...).

E me Ze?
(7.3) C= e *57"*?7 H= o
for the new radial function,
(7.4 R(r) = () = "2,
one gets
1 d [ ,dF 1y 2 (1+1)

. == (225 EY -1 F=0.
(7.5) z? dz (glj dx)+[(5+m) z? 0
Given the identity (z2F’)’ = x(xF)", we obtain

2 (l+1
(7.6) u”+[(s+g) —-1- (mQ )}u().

This is the generalized equation of hypergeometric form (2.1)), when
(7.7 o(z) ==, T(z) =0, o(z)= (e —1)2® +2pex+ p* — (1 + 1)
The normalization condition takes the form:

me

(7.8) /000 R%(r)r? dr = 1, or /000 u?(z) de = B3, B= -

Here, u = ¢ y. For further computational details, see our supplementary Mathemat-
ica notebook, as well as Refs. [3] and [27]. Final results are presented in Table

In particular, one gets Schrodinger’s fine structure formula (for a charged spin-
zero particle in the Coulomb field):
2

(7.9) E=E, = e = (=, =0,1,2,...),
\/ 1+ (“ )
n,+v—+1
Here,
Ze? 1 1\?
7.1 = = - 1+ =) — .2
(7.10) p=—- V=gt ( + 2) [
The corresponding eigenfunctions are given by the Rodrigues-type formula
B d"
. n n+2v+1 _—2azx\ __ 2v+1
(711) yn(fE) = W@ (I’ € ) = CnL,n (2@1')
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Up to a constant, they are Laguerre polynomials (Table [19). In view of the nor-
malization condition ([7.8]):

B = /OOO u?(z) doe = C? /OOO [gp(m)LfL”H(an)]z dx

c; > £ £2u+2 (12041 2
(7.12) = W/o e ¢ (L H9)” dg, &= 2ax.
The corresponding integral is given by (see [41], [42], and Appendix :
o r 1
(713) L=J3Y = / e et (L8 (2))? dx = (o + 20 + 1)7@( + TL + )
0 n!

As a result,
(7.14) Chy = 2(aB)*2(2a)"

' " F2v+n+2)

The normalized radial eigenfunctions, corresponding to the relativistic energy levels
(7.9), are explicitly given by

n,.!

= = 3/2 | Mt v —€/2 720+l
(7.15) R(r) = B, (1) = 2008)") [ 52— €772 1@,
where
(716) f = 2ax = QCLﬁ’I‘ = 92v/1 — &2 % r.

(More details can be found in [3], [7], [39].)
Let us analyze a nonrelativistic limit of Schrédinger’s fine structure formula

Enr,l 1

ESchrsdi = =
cnro mger mcz M2

14 ;
(nr-l-;-ﬁ- (l+§)2—u2>

2 4
(7.17) :1—“—“( n__3

2n?2 2pt \Il+1/2 4
which can be derived by a direct Taylor expansion and/or verified by a computer
algebra system (see our supplementary Mathematica notebook). Here, n = n,+I+1
is the corresponding nonrelativistic principal quantum number. The first term in
this expansion is simply the rest mass energy Ey = mc? of the charged spin-zero
particle, the second term coincides with the energy eigenvalue in the nonrelativistic
Schrédinger theory and the third term gives the so-called fine structure of the energy
levels, which removes the degeneracy between states of the same n and different [.

Once again, our equation,

(7.18) 2y’ +2(v+1—ax)y’ +2(pe — (v+1)a)y =0,

) +0(u%), n—0,

by the change of variables y(z) = Y (£) with £ = 2az can be transformed into the
required form:

HE

(7.19) &Y' 4 (2042 8)Y (m

Vl)YO.



THE NIKIFOROV-UVAROV METHOD 15

TABLE 5. Relativistic Schrodinger equation for Coulomb potential
U(r) = —Ze?/r. Dimensionless quantities: ¢ = E/(mc?), x =
pr = (me/h)r, p= Ze*/(he), R(r) = F(z) = u(z)/x.

o(x) x
o(x) (e =1) #? +2pex +p* =11+ 1)
7(x) 0

1 1\?

k 2ue — (2v + 1)V1 — €2, v=—s+ (1+2> 2
() v+l—-auw, a=+1-¢2
() =7+2r |2(v+1—ax), 7 <0
A=k+n 2 (pe — (v + 1a)
4,0(-7»') pVtle—a
P(l') p2vtle—2a
Yn, (2) Co L2HY(E), € = 2ax = 2afr = 2V/1 — 52%r

T
e 2<a5>3/2<2a>u\/ ( !

v+n,+1DI2v +n, + 2)

Therefore, the set of the square integrable solutions above is unique.

8. Relativistic Coulomb Problem: Dirac Equation

8.1. System of radial equations. The radial Dirac equations are derived
in Refs. [27], [41], and [42] by separation of variables in spherical coordinates (see
also [4], [7], [10], [12], and [I7]). Then the radial functions F(r) and G(r) satisfy
the system of two first-order ordinary differential equations

dFF 14k me? +E —U(r)
8.1 — F= G
(8.1) dr r he ’
dG 1—-k& me? — E+U(r)
8.2 — G = F,
(8:2) dr + r he
where k = ky = £(j +1/2) = £1,42,43,... respectively. For the relativistic
Coulomb problem, when U = —Ze? /7, we introduce the dimensionless quantities
E mc Ze?
(8:3) e=E  FEfr=gn w=ge
and change the variable in radial functions
(8.4) fl@)=F(r),  g(z)=Gr)
The Dirac radial system becomes
df 14k I
. — =(1 —
(8.5) TS = (1441
dg 1-rx I
(8.6) I+ —(1—5—;)]"
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(One can show later that in the nonrelativistic limit, ¢ — oo, the following estimate
holds: |f(z)| > |g(x)]; see, for example, Refs. [27], [41], and [42] for more details.)

8.2. Decoupling of the radial system. We follow [27] with somewhat dif-
ferent details. Let us rewrite the system 1) in a matrix form. If

Uy xf(x) )
(8.7) u= = L ou =
Uy zg() U
Then
(8.8) v = Au,
where
K
a1 612 - I1+e+ %
(8.9) A= = ) I K
a1 Q22 € - -

To find u;(x), we eliminate ug(x) from the system (8.8)), obtaining a second-order
differential equation

a
(8.10) 7.1,/1/ — | a1 +age + -2 u'l
a12

/ a/12
+ | a11a22 — aiza21 —ay; + —= a1 Ju; = 0.
a12
Similarly, eliminating u;(x), one gets an equation for us(z):

a/
(811) U/Q/ — | a11 + ag2 + 22 u'2
a21

/
a
/ 21
+ <a11(122 — Q12021 — Qg9 + o a22> ug = 0.
21

The components of the matrix A have the following generic form
(8.12) aik = biy + i/,

where b;;, and ¢;;, are constants. Equations (8.10) and (8.11]) are not generalized
equations of hypergeometric type (2.1]). Indeed,

!
a1 C12
=—-— -
a2 €122 + brox?
and the coefficients of v} (x) and u(z) in (8.10) are
/
a P1 (iU) C12
12
air +az +— = - 3
a2 T c127 + biow
/
a pe(z)  ciz(cir + biz)
/ 12
G11G22 — 12021 — @11 + ——ai1 = -

SU2 (012 —+ b12$)$2 ’

where pi(x) and pa(x) are polynomials of degrees at most one and two, respec-
tively (see supplementary Mathematica notebook for their explicit forms). Equa-
tion will become a generalized equation of hypergeometric type with
o(x) = z if either b2 = 0 or ¢35 = 0.
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8.3. Similarity transformation. The following consideration helps. By a
linear transformation

(% (5%
(8.13) =C
(%] U9

with a nonsingular matrix C' that is independent of =, we transform the original
system (8.8)) to a similar one

(8.14) v = Av,
where

U1 aip  aiz

v = ., A=CAC'=

V2 az; a2

The new coefficients a;;, are linear combinations of the original ones a;. Hence they
have a similar form

(8.15) ik = b + Ca/,

where b;;, and ¢;;, are constants.

The equations for vy (z) and va(x) are similar to (8.10) and (8.11):

~
(816) ’U’ll - 511 +622 + ? ’Ui
ai12

>~/
a
~ ~ ~ ~ ~ 12 ~
+ ((111022 — Q12021 — a1q + = CL11> v =0,

~ ~ al
(8.17) vy — (au + ag2 + ~21> vh
az1

-~/
a
~ ~ ~ 21 ~
+ (a11a22 — a12021 — Ggy + = a22> vy = 0.
21

The calculation of the coefficients in (8.16)) and (8.17) is facilitated by a similarity
of the matrices A and A :
a1y + aga = aiy + asz, a11G22 — 12021 = A11022 — (12021

By a previous consideration, in order for to be an equation of hypergeometric
type, it is sufficient to choose either 512 =0 or ¢12 = 0. Similarly, for : either
321 = 0 or ¢21 = 0. These conditions impose certain restrictions on our choice of
the transformation matrix C. Let

(8.18) C— <a 5) .
v 4

Then
6 B
, A =detC = ad — B,
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and

(8.19)

A=CAC™!

1 [a1106 — ar2ay + a21 86 — axfy  a120 — a2 B? + (aze — a11)af

A

a210? — a127? + (a11 — az2)¥d  arpay — a1y + azead — a1 6

(Here, we have corrected typos in Eqgs. (3.74) of [42]; see also [27] and the supple-
mentary Mathematica notebook.) For the Dirac system f:

K
ain = —— a12:1+8+ﬁ,
T T
I K
ag1=1—-e—~=,  agp=—
x x
and
2 2
2
(8.20) A&12=Oé2—52+(0<2+52)5+ (a + B )x,u—&- aﬁn’
~ 82 +4%) u+ 270k
(8.21) Aa21:52_72_(52+72)€_( 7); oK

The condition bio =0 yields (1+¢e)a?—(1—¢)82=0,

” 9 512:0 9 (ozZ—I—ﬂz),u—l—Qozﬁm:O,
v ¥ byy=0 7 (l4+en?—(1-e)%=0,
9 9 '521 _ O 9 (52 + 72) U + 2’)/5I<E — 0

We see that there are several possibilities to choose the elements «, 3, 7, § of the
transition matrix C. All quantum mechanics textbooks use the original one, namely,
b1o = 0 and by; = 0, due to Darwin [8] and Gordon [16]. Nikiforov and Uvarov
[27] take another path, they choose ¢12 = 0 and ¢2; = 0 and show that it is more
convenient for taking the nonrelativistic limit ¢ — oo. These conditions are satisfied
if

(8.22) C= ,

where v = /K2 — 2, and we finally arrive at the following system of first-order
equations for v (z) and va(x):

(8.23) W = (6—” - 5) o+ (1 n 5—“) v,
14 X 14
(8.24) vp= (1= o+ (2=,
14 xr 14
Here
2ep VP 2 2

(825) TrA=ay +ap=0 detA=c?—-1+"0 " 2=x2— 42
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which is simpler than the original choice in [27]. The corresponding second-order

differential equations (8.16])—(8.17) become
(g2 —1)a? + 2epz —v(v +1)

(8.26) i - v =0,
€2 1) 2?4 2epr —v(v —1
(8.27) g BN xg’w vv=b) o

They are generalized equations of hypergeometric type of the simplest form
7 = 0, thus resembling the one-dimensional Schrédinger equation; the second equa-
tion can be obtained from the first one by replacing v — —v (see also Eqs. (3.81)—
(3.82) in Ref. [42]).

8.4. Nikiforov—Uvarov paradigm. All details of the calculations are pre-
sented in Table[6] (see also our supplementary Mathematica notebook and Refs. [27],
[41], and [42] for more details). Then the corresponding energy levels € = ¢,, are
determined by
(8.28) ep=alv+n+1),
and the eigenfunctions are given by the Rodrigues-type formula
Ch
p(x)
These functions are, up to certain constants, Laguerre polynomials L2/ +1(¢) (Ta-
ble with £ = 2az. The corresponding eigenfunctions have the form

dn
(o"(@)p(x)™ = C, m‘ZV_leQ““dI—n (x2Fntlem20m)

(829)  yn(2) =

0, n =0,
(8.30) vi(z) =
Ap&rtle S22 (¢), n=1,23,....

They are square integrable functions on (0, 00). The counterparts are

(8.31) vy(x) = Bp€le 2L 1), n=0,1,2,... .
It is easily seen that the solution e = —v//k is included in this formula when n = 0.
As a result,
Bn v, _— v v—
(8.32) xzf(x) = mﬁ e8/? (fl’fLZL—Jil(f) + f2L2771(9))
Bn v _— v v—
(833) 559(33) = m e 8/2 (91§L3L—J§1 (f) +92Li 1(5)) ,
where
a a\rR — UV
(8.34) fi=—E_ p=r-u, glzgv g2 = b
EK — U EK —V

(These formulas remain valid for n = 0; in this case the terms containing L*{* ()
have to be taken to be zero.) Thus we derive the representation for the radial
functions up to the constant B,, in terms of Laguerre polynomials (Table . The
normalization condition

(8.35) Ty do = /OO r? (F?(r)+ G*(r)) dr =1
R3 0
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gives the value of this constant as follows [27]:

(8.36) B, = a/63/2\/("€ —v)(ek —v)n! .

ul'(n +2v)

(This is verified in section 5.4 of Ref. [42]. Observe that Eq. (8.36) applies when
n=0.)

8.5. Summary: wave functions and energy levels. The end results,
namely, the complete wave functions and the corresponding discrete energy levels,
are given by Egs. (3.11)—(3.17) of Ref. [42]. The WKB, or semiclassical, approxi-
mation for the Dirac equation with Coulomb potential is discussed in [3].

The relativistic energy levels of an electron in the central Coulomb field are
given by
mc? Ze?
(8.37) E=E, ;= , p=—— (n.=0,1,2,...).
VUt 2+ 0P he

In Dirac’s theory,

(8.38) V = Upirac = V/ (J +1/2)% — p?,

where j = 1/2,3/2,5/2,... is the total angular momentum including the spin of
the relativistic electron. More details on the solution of this problem, including the

nonrelativistic limit, can be found in [27], [41], [42] (following Nikiforov—Uvarov’s
paradigm), or in classical sources [4], [7], [8], [12], [16], [39].

In Dirac’s theory of the relativistic electron, the corresponding limit has the
form [4], [7], [39], [42]:

E,, ; u? u n 3
. irac = = =1 - I
(8 39) €D j 1/2 1

6
me =17 58 " g >OW”“”’

where n = n, + j + 1/2 is the principal quantum number of the nonrelativistic hy-
drogenlike atom. Once again, the first term in this expansion is the rest mass energy
of the relativistic electron, the second term coincides with the energy eigenvalue in
the nonrelativistic Schrédinger theory and the third term gives the so-called fine
structure of the energy levels — the correction obtained for the energy in the Pauli
approximation which includes the interaction of the spin of the electron with its
orbital angular momentum. (See our supplementary Mathematica notebook for a
computer algebra proof.)

9. A Model of the 3D-confinement Potential
Looking for solutions of the Schrodinger equation ((5.1)) in spherical coordinates,

1
with the following model central field potential,
(9.2) U(r) = Vi (3—9)2
. — Vo a r )
one gets the radial equation of the form
(9.3)
2m a?  r? B2+ 1)
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TABLE 6. Dirac equation for the Coulomb potential U(r) =

—Ze?/r. Dimensionless quantities: ¢ = E/(mc?), x = fr =
(me/h)r, p = Ze*/(he), F(r) = f(z) = wi(z)/z, G(r) = g(x) =
o(x) x
o(x) (2 —Da?+2uex —v(v+1)v=/Kr2—p? k== <] + ;)
T(x) 0
k 2ue £vV1—¢e2(2v +1)
() ;:ﬁ:(\/lé:Qz:t(l/Jr;))
() =T+27 20v+l—azx), a=+v1-¢% 7 <0
A=k+n 2 (ue — (v + 1a)
QO(LC) xl/+lefax
p(.f) $2u+1672az
me
Yn () A, L2YFH(E); € = 2ax = 2afBr = 2V/1 — &2 -
n=mn,=0,1,...
— — !
A - " B lp = e (k —v)(ke —v)n!
KE —V ul'(2v +n)

This is not a generalized equation of hypergeometric type and, therefore, cannot
be treated right away by the Nikiforov—Uvarov method. By using the substitution

2mVO
(94) R(r)=u§), €=ar’, =T
we finally obtain equation (2.1)) with the following coeflicients:
- 1 _ 11]2m 9 4 9
05) ol©)=¢ F=i. HO=1 [W<E+zvo>g_a 1) }

In the Nikiforov—Uvarov method, the energy levels and the corresponding radial
wave functions can be obtained by (2.7) and (2.8)). As a result, they are given by

8w 1 1 ( [2mVya? 1\2 \/W
(9.6) Eni=h e n+§+§ \/ 2 + l+§ — 52

and

(9.7) R(r) = Ry (r) = Cp P12 exp(—¢/2) LE(€),

provided

(9.8) /OOO R*(r)dr =1,
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respectively. Here

(9.9) Cp= Ve V2mb 8= \/vaoaz + (l + 1>2.

"TTB+n+1) T ha 12 2

Details of the calculations are presented in Table (The case | = 0 corresponds
to a one-dimensional problem from [14].)

In this case, the spectrum is linear, as for the harmonic oscillator. There
is no continuous spectrum thus resembling the confinement property in quantum
chromodynamics.

Energy levels can be expanded as follows

1 h2 1\?
(910) En,l = hw (n+ 2) + m <l + 2)
h n* (1+1/2)2
_ (I + = k1.
4aVy(2m)3/2 ( + 2) Foen 2maVy <

Here

8Vy
9.11 =\ —
(9.11) w ma

the first term represents the familiar harmonic oscillations, the second one is the
rotational energy, and the last term gives its correction in the nonsymmetric well.

10. 3D-Spherical Oscillator
Looking for solutions of the Schréodinger equation (5.1) with harmonic potential
1
(10.1) U(r)= §mw2r2

in spherical coordinates (9.1)), one gets the following radial equation:
R {ZmE ~mPw? 2 I(1+1)

(10.2) = = 3

Using the abbreviations [10]

]R—O (1=0,1,2,...).

2mE 5 mw K2 E

(10.3)

K, — M 5 = €,
n2 ot T hw
the radial equation can be rewritten in the standard form

d’R I(1+1)
(10.4) LE [Fﬂ ! ] R=0.

Finally, the substitution R(r) = u(¢) with £ = ur? results in the generalized equa-
tion of hypergeometric type with

W3 =& HO-3 5601 [Te-e-w+n].
Therefore,
(10.6) 2ksi<l+;), w(g)ii;[gi(uiﬂ.

Further details of calculation are presented in Table [§] and in the corresponding
Mathematica file.
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TABLE 7. A model of the 3D-confinement potential U(r) given
in (0.2). Dimensionless quantities: ¢ = ar?, a = /2mVy/(ha),

R(r) = u(§).
a(§) 3
a(§) i [OQJ_LW;(E%-QVO){—&%‘*—Z(I—FI) —¢ }
7(§) 1/2
k % %(E+2%)i\/a2a4+(l+1/2)2}
() lifi\/aQa‘l—&—(l—&—l/Z)?
4 2
- 2mVya? 1\?
T)=7+2r|14+8-¢ p= 2 +<l+2>
1 1
A=k+r 5[%(E+2V())—\/a2a4+(l+l/2)2} -3
(© e (ef2), v=pt =y farary (14 1)]
@ p =P+ 5 =3 5
4] &% exp (=¢)
Yn(§) C,LE(E), ¢=ar?, n=0,1,...
2nly/a ~V2ml,
Cn TG intD " ha

As a result, the energy levels are given by

3
(10.7) E,n:hw(2n+l+2), n=0,1,2,...
and the corresponding radial wave functions are related to the Laguerre polynomials
(Table [L9):
(10.8) R(r) = Cp& ™ exp (-2) LHY2(6), n=0,1,2,... .
Here,
(o)
(10.9) / R%(r)dr = 1.
0

Extension to the case of n-dimensions is discusses in [26].

11. Po6schl-Teller Potential Hole

Let us consider the one-dimensional stationary Schrodinger equation:
R? d*y
2m dx?

(11.1) + U(z)y = Ev,
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TABLE 8. Data for the 3D-spherical harmonic oscillator potential
U(z) = $mw?r?. Substitution: § = pur?, p = mw/h, and R(r) =

u(§).
a(§) 3
~ 1 FE
a(¢) p2ee- -0+, e=—
~ 1
1 1
k —5 (l + 5 — 6)
(&) %(l +1-¢)
T(§) =7+ 2w l+gf§
A=kt _;(H;_g)
@(&) gD/ 2 exp (—£/2)
p(€) §H/2 exp (=€)
Yn(€) Canjlm(f), n=0,1,...
27’7,'\//.7 . mw
O Tients2 "~
where
1 ala—1)  bb-1) _ h?a?
(112) Ulz) = 5% [sinz(ax) cos?(ax) |’ Vo= m

with real-valued parameters ¢ > 1,5 > 1 in the finite region 0 < =z < 7/(2a)
bounded by the singularities of U(z) (see [10], [30], [32] for original references and
applications). Here, we are looking for orthonormal real-valued wave functions:

m/(2c)
(11.3) / Y?(z) dr = 1.
0
Introducing new quantities

(11.4) Y(x) = u(é), € =sin’(ax), 1—¢&=cos?(ax),

one gets the following generalized equation of hypergeometric type:

(11.5) E1—9u" + (; — g) u’
1 |:62 ala—1) b(b—l)} w=0 &= 2mE

a? 3 1-¢

1 h2
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Here,
e e@=ca-9.  #9=(5-¢).
~ 1[c?
0= 1 | 360~ 9 - ala— DL~ - 4 - 1
and the boundary conditions take the form u(0) = u(1) =0 .
Therefore,
(11.7)  p§ = % |:(l€ + 1) - (k+1+(a—b)(a+b—1)+ala—1)+ i] ;
K= 2—22 —4k.
Equation takes the form
(11.8) k+1+(@—b(a+b—1)]%=(k+1)[4a(a—1)+1].
There are two solutions
(11.9) k1=(a+b)(a+b—-2), ke=—-(b—a—-1)(b—a+1)
If one chooses
(11.10) 2—227416:(a+b)(a+bf2)7
then
11 a+b—1 (2a—=1\ _a a+b
(11.11) W(f)—2(2—§)—( 2 £— 4 )—2 B) £
and
2
(11.12) T(g):a+%—(a+b+1)£, )\i{;(aer)z}

25

Further details of calculation are presented in Table |§| (see also the corresponding

Mathematica file).
As a result, the energy levels are given by ([2.7)):

1
(11.13) E, = 5Vo(a+b+2n)2, n=0,1,2,...
and the corresponding wave functions are related to the Jacobi polynomials:
(11.14) U (z) = Cp sin®(ax) cost () PEOY/2071/2) (cos(2ai)),

where C,, is the normalization constant.
Indeed, by the Rodrigues-type formula (2.8)):

Bn d" n+a— n+b—
Yn = T g [5 +a=1/2(] _ gyn+d 1/2}

and with the aid of the substitution n = 1 — 2 = cos(2ax) one gets
(11.16)

(11.15)

(-1 B, a
2 (1= n)e=1/2(1 + 5)b—1/2 dy»
=C, Pr(Lafl/2,b71/2) (n)

yn(n) = {(1 _ 77)n-i-a—l/2(1 + n)n+b—1/2:|
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TABLE 9. The Péschl-Teller potential hole U(z) is given in (11.2)).
Substitution: ¢ = sin*(ax), ¥ (x) = u(€), 0 < z < 7/(20).

a(§) (1-¢)=¢-¢

5 () —i [;52 - (22 Fla—b)atb— 1)) ¢ +ala— 1)] 2= QT;E

~ 1

7(§) ) —¢

k i{2—(a+b)(a+b—2)}

"(€) Cla—(a+b)g

T(€) =742 | (a+1/2) — (a+b+1)¢

A=k+n i{;—(cﬂ—b)z]

e(€) §92(1 = ©)P? = sin®(ax) cos’ (ar)

p(©) g2 (1 — )12

yn(€) Cp P20 (1= €)/2)) = €, PP (cos(20m)
9 2anl(a+b+2n)T'(a+b+n) B

Cn Tatnti200+n+12 = 0LZ-)

Moreover, by the normalization condition:
(11.17)

w/(2a) 2 1 2 2 q
1= 2 dr — =n pla—1/2,b-1/2) P an
/0 1/%(33) X % ‘/_1 |: n (77) (1 _77)1/2(]— +77)1/2
CQ

1 2
= (20)2a+ /1 [Prga_l/lb_l/z)(??)} (1 =) 21+ )12 dy

_ClT(a+n+1/2)T(b+n+1/2)

~ 2a nlla+b+2n)(a+b+n)

(Here, the value of the squared norm d? for the Jacobi polynomials has been taken
from Table [L9]) As a result,

o 2anl(a+b+2n)I'(a+b+n)
" Tla+n+1/2)T(b+n+1/2)

(11.18)

12. Modified Poschl-Teller Potential Hole

In order to solve the one-dimensional stationary Schrodinger equation (11.1)
for the potential:

_h2a2 ala—1)

(12.1) V@) = = 5 cost®(an)

(—o0 < 2 < 0)
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with a > 1, one can use the following substitution ¢ (z) = (&), where & = cosh? (o)
[10], [30]. As a result, we arrive at the generalized equation of hypergeometric type

:|UO CQZM

1 {02 ala—1) C

1 1 /
(122) €1-€u +(2§>u+4 G-

where
(123) s =c-0.  7©=(5-¢).
1[c?
56 = | S¢—ale- 1] 09,

Using the standard substitution u = @(&)y with (&) = £€1=%/2 one gets the
hypergeometric differential equation of the form:

(124)  £1-oy" + {3

2—a+(a—2)§]y’+j1 [;22—(@—1)2]34:0.

Here, we concentrate only on the bounded states (continuous spectrum is discussed
in [10]).

There is a finite number of negative discrete energy levels that are explicitly
given by

h2a?

12.5 E=E, =
(12.5) o

(1—a+2n)? n=0,1,...<(a—1)/2.

The corresponding orthonormal wave functions are related to a set of Jacobi poly-
nomials with a negative value of one parameter that are orthogonal on an infinite
interval (1,+00). They are given by the Rodrigues-type formula or in terms
of a terminating hypergeometric series:

(12-6) ’yn(f) = (122!)n2F1 (Tl, 1—a+mn; %; 1- f)

= P=1/21/2=9) (cogh(2a))

where (1/2),, =T'(n +1/2)/T'(1/2). Cauchy’s beta integral,

o5} A-1
(12.7) /0 (1;)A+B it = Fr((i)i(g))’ R(A) >0, R(B) >0,

should be used in order to find the value of the normalization constant (see [42],
Exercise 1.15 and [28], (5.12.3)). Further details of calculation are presented in

Table [10| (see also the corresponding Mathematica file). As a result, for the bound
states (12.5)), the normalized wave functions are given by

. nl(a—1—2n)T(a—n—1/2) 1/2
(12.8) Un(z) = Va { T DT

x cosh! () P{1/2:1/279) (cosh(20x)) .

n
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TABLE 10. The modified Péschl-Teller potential hole U(x) is de-
fined in (T2.1)). Substitution: & = cosh?(azx), ¥(z) = u(€).

o(§) £(1-9)
02 mi—

(0 1| Se-ae-n]a-g, =208
~ 1
7(€) 5 3
k i (;22 +1- a2>

1—a
(€) 5 (1=¢)
T(€) =7+ 2rm g—a—&-(a—Q)f
A=k+n i{;—(a—l)ﬂ
() gi-/2
p(6) £0/D-a(g — 1)~/
Un (€) C, P2 279 (cosh(2az)), n < (a— 1)/2
o2 nla—1—-2n)'(a—n—1/2)

n T T+ 1/2)0(a—n)

13. Kratzer’s Molecular Potential

In order to investigate the rotation-vibration spectrum of a diatomic molecule,
the potential

a 1la?
13.1 Ur)=—20(2 -2 D >0,
(13.1) =-20(%-3%)
with a minimum U(a) = —D, has been used [10]. Once again we are looking

for solutions of the Schrodinger equation (5.1) in spherical coordinates (9.1) and
introduce the dimensionless quantities:

— 2 _

together with the standard substitution: R(r) = u(x).
For bound states ' < 0,5 > 0 and the radial equation takes the form
272 24101 +1
(13.3) W'+ |-p 2l - L(j) u=0.
x x

Further computational details are presented in Table (see also the correspond-
ing Mathematica file). This case is somewhat similar to Coulomb and relativistic
Coulomb problems.
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As a result, the bound states are given by

2ma?D? 1
( ) oL h? (v +n)?
where
1 1\? 2ma?
13. = 24 (14 < =" D.
(13.5) v 2+ 7+<+2>, 0 2

We can obtain the same exact result with the aid of the Bohr—Sommerfeld quan-
tization rule in the semiclassical approximation (the WKB-method [3], [22], [27],
140)).

The dimensionless parameter 72 is proportional to the reduced mass of the
nuclei m. When v > 1 and n < v, | < 7, the energy can be expanded as
follows

(13.6) Eni =D+ hw 41 +h—2 l+1 2
' et = "T9) T oma? 2
LA A A

4 2 v 2

3h2 1 1\?
(n+2) <l+2> +0 (v, v>1

" 2mya?

2h2

ma?

(see our Mathematica notebook). Here

2D 2D
(13.7) ho= 22 _ k2D
v aV m

The second and third terms in this expression give the energy of the vibrational
and rotational motion, respectively. The fourth term takes into account anharmonic
oscillations, and, finally, the last term gives the correction to the energy due to the
interaction between the rotational and vibrational motions of the nuclei [10], [14]
(we have corrected a couple of typos therein).

The normalized radial wave functions,

(13.8) /OOO R%*(r)dr =1,

are related to the Laguerre polynomials (Table :

(13.9) Rn(r) = Cn 2" exp(—Bx) Ly~ (207) (”3 - g) ’
where
(15.10) o2 (28)2+1n!

" a(2u+2n)T(2v +n)

Once again, we have used the integral (7.13)). (See also [1], [5], [10], [13], [14], [18]
and the Mathematica file for some applications of Kratzer’s molecular potential,
graphs, and further references.)
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TABLE 11. Kratzer’s molecular potential (13.1). Substitution:
x =r/a, R(r) = u(x); see also ([13.2).

o(x) x
a(x) 292z — B2a? — 42 —1(1+1)
T(x) 0
1 1\?

k 292 £+ B(2v — 1), v=g+ 72+<l+2>
() v — Bz
T(x) =T+ 2m 2(v — Bx)
A=k+7 2(v% - vp)
(@) ¥ exp(—fr)
p(x) a? ! exp (~27)
Yn(7) Cn L7 1(2p2)

23)2v+1n) 2ma® D
Ch a(2v :—BZL)F(QV—FTL) » B=Fbu= R v+n

14. Hulthén Potential

We are looking for solutions of the Schrodinger equation (5.1) in spherical
coordinates (9.1)) for the following central field potential,

efr/a

1—e /e
when [ = 0. (See, for example, (6.2)) with F = R and use these data for an explicit

form of the corresponding radial equation.)
With the aid of the substitution

(14.1) U(r)=-V (0 <r <),

(14.2) R(r)=u(§), &=e"/",
when
2mE 2mV;
(14.3) a2:—7;;2a2>0, f? = TZ2OQ>O

with a > 0 and 8 > 0, one obtains the following generalized equation of hypergeo-
metric type,

2d2u du 9 5 £ _
where
(14.5) o) =£&01-¢), TE=1-¢,
and

(14.6) 7(&) = (1 =& ((® + %) ¢~ a?).



THE NIKIFOROV-UVAROV METHOD 31

The boundary conditions are

(14.7) R(0) = lim R(r) =0, R(c0) = lim R(r) =0,
r—0+ r—00
or
(14.8) u(0) = u(l) =0.
We have
(14.9) k=pB*Fa, m(€) =—§:|: <—a:ﬁ:§+a§>
for all four possible sign combinations. The solutions can be found by putting [10]
(14.10) u=p()y(§) =& (1 = y(S),
which results in
(14.11) 1=y +20+1—(2a+3)]y — 2a+1-5%)y=0

(details of calculations are presented in Table [12| and in a complementary Mathe-
matica file).

As one can see, a direct quantization in terms of the classical orthogonal poly-
nomials by Nikiforov and Uvarov’s approach is not applicable here, right away,
because the second coefficient,

(14.12) T(€) =20+ 1 — (2a+ 3)¢,

does depend on « and therefore on the energy E. We have to utilize the boundary
conditions instead, in a somewhat similar way to the consideration of a
familiar case of an infinite well.

Equation is a special case of the hypergeometric equation [2], [28§],

(14.13) EQ1-Huw"+[C - (A+ B+ 1)§w — ABw =0,
with
(1414) A=14a+vy, B=l4a-7v, C=2a+1; v =+/a?+ 32
The required solution, that is bounded at £ = 0, has the form
A, B 1+a+y, 1+a—v )
14.15 = oF; ; = o F; €,
(14.15) y21<05> 21( 201 3

up to a constant, and the first boundary condition is satisfied 4(0) = 0, when « > 0.
As is known [28],

(14.16) lim (1 - ¢&AB-C R

E—1—

(A, B g) _T(O)T(A+B-C)
c ') ri)r:s)

provided R (C'— A — B) < 0. Thus

L I+a+y, 1+a—7v
(14.17) () = Jim (1-9) F( ol @)
I'(20 +1)1(1)

Tlta+NI(1l+ta—7)

provided that
(14.18) a—vy=-n=-1,-2,-3, ...,
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(14.19) azan:ﬂQQ_nTLZ > 0.
As a result, the discrete energy levels are given by
p* —n? ? 2 2
(14.20) En:—V()( 25 ) ; n=1,23, ... (n*<p?.

There exists a minimum size of potential hole before any energy eigenvalue at all
can be obtained, viz. 82 = 1. Equation 1 < n? < 2 determines the finite number
of eigenvalues in a potential hole of a given size [10].

The radial wave functions take the form

(1421)  Ru(r) = Cy €5(1 — €) o Fy (1 —n It2atn, g), £=e /e,
200+ 1

where the hypergeometric series terminates and C,, is a constant to be determined.
Thus, the energy levels can be obtained by the condition ([2.7)) and the corresponding
wave functions are derived with the help of the Rodrigues-type formula (2.8) as
follows:

(14.22)
S m(n-1)  T'(2a+n)
(g1 - gy = TR0

I'2a+1)

This result follows also, as a special case, from (15.5.9) of [28].
Once again, we can use (|13.8) for normalization of the radial wave function.
Then

520‘(1—5) 2F1<1n, 2a+n+1;£>’

200+ 1

1
(14.23) ack [P de -1
0
where
2 _ F(2OZ+1) 2a+n—1 n](n—1)
(14-24) 13 (1 - f)yn(f) = m [5 + (1 - 5) ]
by . Moreover,
—-n, 2a—|—n_
(14.25) (- gt =2mr (1 2 ),
by the familiar transformation [27]:
A, B C—-A C-B
4. Y T I (S ey ’ ;
(14.26) 2 1( o 7f> (1-¢) 2 1< o ,§>

with A = —n, B = 2a + n, C = 2a + 1. Therefore,

1
(14.27) /O 7M1 - )% yn(©) de = w

1
-1 -n, 2a+n 2a+n—1 s\ (n—1)
x/o lfs 2F1( o ,5) [e2etn=1(1 — g)m] "V g,
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and integrating by parts n — 1 times, one gets

(14.28)
! —n, 2 e
feren(T e o a
1
_ -1 -, 2a+n 2a+n—1 _\n (n—2)
= (5 2F1< 2041 7§> ¢ (1-¢)" >
£=0
1 -7
— -1 M 205+n. 2a+n—171 _ £\n (n—2)
| e zFl( o ,5)_ [g2etn=1(1 - 6] " g
1 (k=1) 1
(~DH elm(‘”’ 2‘””;5) [t a— g Y
200+ 1
] o
+(—1)F /1 ¢ ,F (_”7 2O‘+”.€) " [§2a+n—1(1_£)n](”*k*1) de
0 . 200+ 1 7
) (n—1)
=..=(=1)"1 -1 —n, 2a+n, 2a4n—1(1 _ ¢\n
= (1) /O [ﬁ 2F1( oot 1 é)] ¢ (1— &)™ de,

in view of the boundary conditions (14.7)—(14.8]). By the power series expansion,
(14.29)
2 + TN (Ca2a )
1o <n, e n; > _ () 4 EnlEat Wn o en—1y(n-1)
lf i e ¢ EIEE R
(=D (—n)p(2a+n),
= (=1)" 1 (n —1)!

and our integral evaluation can be completed with the aid of the following Euler

beta integrals (B.2):

L e _ I'(2a)(n!)
2a—171 _ ¢£\(n+1)-1 _
0 G- dg_F(2a+n+l)’
1
at+n— - (n+1)— _ F(za + n)(n')
; 52 + 1(1 g) +1 1d§— F(2a+2n+1)

The final result is given by

(14.30) an(Qsl)”\/m“(g)c(f)jJrn), a:BQZ_n”Q (n=1,2,3, ...)

as a complementary normalization in (Table . We were not able to find
the value of this constant in the available literature (see, for example, [10]).

The Hulthén potential at small values of r behaves like a Coulomb potential
Uc = —Vpa/r, whereas for large values of r it decreases exponentially. (See [10]
for more details and a numerical example.) Section 17 below contains an extension
of this potential that is suitable for diatomic molecules.
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TABLE 12. The Hulthén potential (14.1)) in the spherically sym-
metric case | = 0. Substitution: R(r) = u(§), & = exp(—r/a),
a? = —(2mE/k?)a* > 0, % = (2mVy/h*)a® > 0.

a(§) §1-9)
(¢) (19 [(o® +5%) € — o?]
7€) 1-¢
k 8% —a
7(£) a—(a+1)§
7€) =T+21 | 2a+1— (2a+3)¢
A=k+n B2—2a—1=(ny—a-1D(y+a+l), v=+/a2+p32
e(8) §(1-¢)
p(&) £e(1-¢)

2 . 2\2
E, ~Vh (5%: ) . on=123 ... (n*<p?
yn(§) oF1(1—n, 14+ 2a+mn; 2a+1; &)

(2a)n, [(a+n)(2a+n) -

Cn n! \/ (2a)a R S 0

15. Morse Potential
The following central field potential:

(15.1) U(r) =D (e 2" —2¢7 %), z= 71;7700 (0<r <o)
0

is used for the study of vibrations of two-atomic molecules [I], [10], [25]. The
corresponding Schrodinger equation (5.1)) can be solved in spherical coordinates
(9.1) when [ = 0. Introducing new parameters

2mEnr 2mDr?
(15.2) g o2 g, g 2D
(8, > 0), with the help of the following substitution

2 oz, rT—r
(15.3) R(r) =u(e), &= =10
one gets
(15.4) 52 5 —ﬂj + g 52 u =
d§2 f
This is the generalized equation of hypergeometrlc type with
(15.5) o§)=¢ T =1,
and
52

(15.6) o(§)=——+ 5 - 52-
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The substitution

(15.7) u=p(E)y(&) = €72y (€)

results in the confluent hypergeometric equations:
2 — 1

(15.8) y”+<’8+1—§>y’+(w—>y=0
«a o 2

with the following values of parameters:
B 1 v _1 B—n

15.9 =92 11 — —e_ 1l _Z
(15.9) ¢ « thoa 27 a2 + «

(see Table |13| and the corresponding Mathematica file for more details).
The general solution of ((15.8) has the form [27], [28]:

(15.10) y=A1F1<Z ;5)+B£1—c 1F1(1;“_C;§).

Here, the second constant must vanish, B = 0, due to the boundary condition
lim,_, o R(r) = u(0) = 0, because

(15.11) 1—er 2By,
(0% «

The first constant A has to be determined by the normalization.
The second boundary condition, namely, lim,_,o R(r) = u(§) = 0 with & =
(2v/)e”, states

(15.12) 151 (a ;50) =0,
C

where both coefficients depend on energy in view of and (15.9). This tran-
scendent equation for the discrete energy levels cannot be solved explicitly but for
all real diatomic molecules & > 1 [10]. This is why one can use the familiar
asymptotic:

(15.13) 151 (Z ;5) = F(l;(f)a)(—f)_“ {1 +0 (2)]
?E?) & goe [1+o (2)}  E oo

for the confluent hypergeometric function [27], [28].
By eliminating the largest asymptotic term with I'(a) = oo, an approximate
quantization rule states: [1

+

v 1
15.14 = —; =0,1,2, ... <= —=-
( ) a v; v V<=3
(more details can be found in [10]). The corresponding approxiation to the discrete

energy levels is given by
2 2 1 2 1\’
(15.15) — B = -7+ 2y v+§ -« v+§ .

1 The values v = 0 can be added because exp(—£o0/2) < 1 and the upper bound is due to
convergence of the normalization integral (|15.19).
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This result can also be obtained in the Nikiforov-Uvarov approach by (2.7)). Hence,
the approximate energy levels in terms of the vibrational quantum number v are

(15.16) E,=-D+ 1 41 2 +12
' v omrg |[TT\"T2) T\ T2

)

where the last term reflects the anharmonicity correction. This formula can be

rewritten as follows [10]:
2D
E, = —D + hw R Y
mrd oV m

(15.17) .
(+2) -5 (+3)

The first two terms in this formula are in complete agreement with the harmonic
oscillator energy levels. The last term reflects the anharmonicity correction, which
shows that the anharmonic term never exceeds the harmonic one [10].

The corresponding radial wave functions are given in terms of the Laguerre
polynomials (Table [19):

(25) ot Blog—¢/2 26/

15.1 = = @ L:P7(€).
( 5 8) R(T) RU(T) \/T()F (2ﬁ/0¢ + v + 1) 6 € v (g)
Here, we have used the following normalization:

o0 o
(15.19) / R(r) dr = ’LO/ €28/0=1=6,2(¢) ¢
r=0 & Je=o
o0 2
~ a2l [ gsleted (100ng)) dg =1
« £=0

and the following integral:
Fo+m+1)

(15.20) Iy=J3, =/0 eSS (L0,(0)° ds = =

Here 6 = 23/a > 0 (see [41], [42] and Appendix [B} further details are left to the
reader).

16. Rotation Correction of Morse Potential

The standard centrifugal term [34]:

W+1 I(i+1 1 r—rg
16.1 — _
. r B T
can be approximated, in the neighborhood of the minimum of the Morse potential
r =r7g (or x = 0), as follows [10]:

+1)  1(1+1)

~ —ax —2azx
(16.2) R (Co 4 Cre™ " + Cope™2%) |
where
3 3 4 6 1 3
16.3 Co=1--+=- Oi==———, (Cy=——+ =
( ) 0 o + 012, 1 o 20 2 + QQ
Indeed,
(16.4)
1

2
o —ox —2az\ _ 3 [ _Z2 2 o 4
0127 (Co + Cre™ " + Cae == < 3% + 3a 4) +0(z"), z=—0.
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TABLE 13. The Morse potential (15.1) in the spherically symmet-
ric case [ = 0. Substitution: R(r) = u(§), £ = (2y/a) exp(—azx),
B? = —=2mEri/h* > 0, v* = 2mDrg /h?.

a(§) 3
- p? oy 1
a(€) 2 + af - Zfz
7(£) 1

«

RS

m(§) o 9
T(§) =7+ 2 1+%—§
A=Fk+ v-p5 _ 1

« 2
o(€) ghleae=¢/2
p6) et

2 2
E, -D+ 227% l2va (v + ;) —a? (v + ;)
2/are _ o L2B/ato+l) o .
yv(f) CU LU (g)_O’U U'P(?ﬁ/a-’-l) 1F1( U,26/O{+17£)
(28)v!

rol'(268/a+v+1)

This consideration allows one to introduce a rotation correction to the Morse po-
tential without changing the mathematical model much [11].

In this approximation, the radial Schrédinger equation (5.1) in spherical coor-
dinates ((9.1))

(16.5) R"(r) +

with the new variables

2 _
(16.6) R(r)=u(§), &="2ew, p=1"1
(&% To
and with the modified parameters
2mEr?

(167) B = +U+1)C, B=-T50 >0,

1 2mn.D 2
(168) AP =77= U0, B = HI+ DG, 7= T
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becomes the following generalized equation of hypergeometric type:

g i, 1
(16.9) ' + e + (—; + Le— §2> u = 0.
« vy 4
Here
(16.10) o) =¢ T =1,
and
~ ﬂ% ’Y% L.
16.11 = -4+ —&— =&
(16.11) 7 = -2+ Loe -3¢
The following substitution
(16.12) u = h/eE 2y (¢
results, once again, in the confluent hypergeometric equation
2 2 1
(16.13) y”+(ﬁ1+1§>y’+<%51)y0
« anys e} 2
with the new values of the parameters:
1 71 2
(16.14) B O SR ) S
a 2 vy 2 a avys

(see Table |14 and the corresponding Mathematica file for more details).
An approximate quantization rule states:

(16.15) ap=-v; v=0,1,2, ... .
Therefore,
2 2
gi 1

16.16 B2 | A -

( ) o [72 a(v+2>} ’
and, in the energy formula, one has to replace vy by

2
Vi Ci + CQ:|

16.17 — =y (1 -Il(l+1)———|, > 1.
(16.17 R LRI == B

As a result, we arrive at the following vibration-rotation energy levels:

2 1 1\?
E=FE, = —y? +2 ) -a? 5 I(+1
"= D2 v+ va(v+2> a (v+2> +I(+1)
3(a—1) 1 9(a—1)2 , 9

This formula can be presented in the form

()2
_Mm <v+1> RPlII+1)  9(a—1)2 (hQZ(l+1))2’

202D 2) 2mrZ 402D 2mr3

(16.19)  Ey = —D + hw

where

h? 2D
(16.20) hw = a;:h<°‘ )

To m
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TABLE 14. The rotation correction of the Morse potential (|16.2)),
where the coefficients Cy, C1, and Cy are given by (16.3)).

a(§) 3
~ i 7 1
a(§) a2 " s 152
7(§) 1
k 712 B
ay, o«
B &
(&) o 2
T(€) =7+ 2rm 1+%—§
A=k+n o AL
Yy a 2
©(€) 5131/046—5/2
p() S

The first three terms of this formula are exactly the same as those derived in the
previous case; see ((15.17)). The fourth term can be interpreted as the molecule
rotational energy at fixed distance rg. The next term represents a coupling of the
vibrations and rotations, which is negative because at higher vibrational quantum
numbers the average nuclear distance increases beyond ry in consequence of the
anharmonicity [10]. The last term can be thought of as a negative second-order
correction to the rotation energy.

The corresponding radial wave functions are given in terms of the Laguerre
polynomials (Table [19):

’I“QF(QBl/Oz + v+ 1)

Once again, we have used the normalization similar to (15.19). Further details on
the rotational corrections of Morse formulas are discussed in [10], [11].

(16.21) R(r)Rvm)\/ CO) D coijaper2 2o

17. Modified Hulthén Potential

Once again, we are looking for solutions of the stationary Schrodinger equation
(5.1) in spherical coordinates (9.1]) for the following central field potential,

e—r/a (1 _ be—r/a)
(1—er/a)?

when b > 1 and [ = 0. (The special case b = 1 corresponds to the original Hulthén

potential ([14.1) above.) By using substitution (14.2) with the same positive pa-
(14.3

rameters (14.3)), one obtains the following generalized equation of hypergeometric

(17.1) Ulr)=-W (0 <r < o),
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type,

(17.2) 522? +5Z—Z+ —a? 432 5((11591 uw=0,
where

(17.3) o(§) =¢&(1-¢), () =1-¢,

and

(17.4) G(&) =—(®+b8%) €+ (2> + 8%) £ — o>

For the modified Hulthén potential, let us first analyze the same boundary condi-
tions (|14.8) as before. We have

(17.5) k= 32 F 2ak, m(€) = —g +[(a+r)E -0,

where

(17.6) m:\/i—k(b—l)ﬁ? >%,

for all four possible sign combinations. The solutions can be found by putting:

(17.7) u=p(E)y(§) = €(1 - "2y (¢),
which results in the hypergeometric equation (14.13)):

1
(78) 6(1- Oy +a+ 1= 2a+ w40y - [2a+1) (w4 3) = 2|y =0,
with
(17.9)A:a+/<5+%+% B:Oé-i-li-i-%—’}/, C=2a+1, v=+a2+b32

(details of calculations are presented in Table [16| and in a complementary Mathe-
matica file).
The required solution, that is bounded at £ = 0, has the form

124 k+a+, 124+ k+a—7
y=qoF &

(17.10)
200+ 1

up to a constant, and the first boundary condition is satisfied «(0) = 0, when o > 0.

In view of (14.16)), one gets
(17.11)

u(l) — lim (1 _5)7(/{71/2) [(1 —€)2K2F1 (1/2+I€+Oé+771/2+l€+0¢ _’Y;§>‘|

E—1- 200+ 1

2 1)T(2
_ ( o+ ) ( K‘) % lim (1 _g)—(){—l/Q) = 0.
F(12+k+a+y)T(1/2+Kk+a—7) 51—
Therefore, one has to look for square-integrable solutions that are not bounded at
the origin.
By terminating the hypergeometric series in ((17.10]), or by using the Nikiforov—

Uvarov condition (2.7)), we arrive at the following quantization rule:

1
(17.12) a+ﬂ+§f’y:fn (n=0,1,2, ... <npax),
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or

WP —(n+r+1/2)
(17.13) ey}

The corresponding energy levels are given by

B b3% — (n+ Kk +1/2)? 2
(17.14) E"__V()( 28(n + K +1/2) )
where
2
(17.15) b52—(ﬁ+n+;) =B —n?—(26+1) (n—&-;) > 0.

Once again, there exists a minimum size of potential hole before any energy eigen-
value at all can be obtained, viz. 3% = (k + 1/2)?. Equation (n + s + 1/2)? < b3?
determines the finite number of eigenvalues, n < nyax, in a potential hole of a given
size.

The radial wave functions take the form

-n, 2 2 1
(1716) Rn(r) — Cn Ea(l _ §)K+1/2 2F1< n, 20+ 28 +n+ ;£>7 52 efr/a7

200+ 1

where the hypergeometric series terminates and C,, is a constant to be determined.
Once again, this result can also be obtained with the help of the Rodrigues-type

formula (2.8]):

(17.17)
[§2a+n(1 o 5)2n+n] (n) — F(QOL +n+ 1)

I'2a+1)

52(1(176)2”21?1 <—n, 200+ 2Kk +1n + 1; §>

200+ 1

(It can be thought of as a special case of (15.5.9) from [28].)
The normalization condition ([13.8)) for the radial wave function becomes

1
(17.18) aC? /O €201(1 g2 (6) de = 1,
where
(1719) &1 - 7pale) = Lot U ety g,

IF'2a+n+1)
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Integrating by parts n times, one gets

(17.20)
1 —
/ (571 — 1) 2F1< n, 20426+ n+ 1;5) [€2a+n(1 o 5)25+n] (n) de
0 200+ 1

1

= ((5—1 . 1) L <—n, 2004+ 2k +n + 1; f) [€2a+n(1 _ E)Zﬁ-&-n] (nl))

20+ 1
£=0
1 _ /
_/ [(5_1 -1 2F1( n, 2a+ 2k +n+ 1;§>] [§2o¢+n(1 o £)2n+n](n—1) e
0 200+ 1

(k—1) !

(- [(5—1——1)2ﬁa( [2etn (1 — gy2en] 7Y

—n, 200+ 2k +n + 1{)
200+ 1 ’
£=0
(k)
[€2a+n(1 _ 5)2n+n] (n—k) df

1
ok 1 —n, 204—|—2/-£—|—n+1. >
+(-vf %5 Dzﬂ( ARMARRET:

1 (n)
L (—l)n/o l(s_l _1) 2F1 (-TL; 20z+2n+n+1’§>] €2a+n(1_§)2&+nd§'

20+ 1
By the power series expansion,

(n)
B —n, 2a+2k+n+1
€ '-1 2F1< ;§>
200+ 1

_ (1)“” _ ot 260t Do

£ n)(2a+ 1),

_ (-1 (n!)  (=n)na+2k+n+1), ()

- gn+l (nH)(2a+1), o
and the integral evaluation can be completed with the aid of the following FEuler
beta integrals (B.2):

1
211 — g)(25+n+1)—1 dé = I'(2a)T(26 4+ n + 1))
0 Fa+2k+n+1)

gratn(] _ g)nn ge — I'2a+n+1)IT'2k+n+1)
0 F2a+2k+2n+2)
The final result is given by

(17.21) o2 - P2a+nt+ 20 +2k+n+1)Q20+26+2n+1)
. n = a(20)I2(20)T (26 +n+ 1)(2k + 2n + 1)n!

Our modification of the Hulthén potential can be used for study of vibrations
for diatomic molecules, when m becomes the reduced mass of two atoms. Therefore,
it is informative to compare the classical Morse potential and the modified Hulthén
one. Suppose that at the common point of the potential minimum r = rp;, the
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TABLE 15. Comparison of the parameters for the Morse potential
and the modified Hulthén potential: E(eV) = E(cm™1) x 1.2398 x
10~* according to [10].

Molecule 2::;3 (em™) | D (em™) | « b Vo (em™1)
Ho 60.8296 38292 1.440 | 1.5904 | 67394
HCI 10.5930 37244 2.380 | 4.51744 | 524010

I 0.0374 12550 4.954 | 68.848 | 198490

following conditions hold:

(1722) UMorse(Tmin) = UModHulthén(rmin)a
d
%UMorse(Tmin) = %UModHulthén(Tmin) = 0;
d? d?

WUMorse(Tmin) = WUModHulthén(rmin)-
Then rmin = 70, exp(ro/a) =2b—1 and
2 12
D= L7 2D% - (2b—1)"Vo
4(b—1) rg  8a%(b—1)3

(see our Mathematica file for more details). The Morse potential (15.1) can be
rewritten in an equivalent form:

(17.23)

(17.24)
UMorse(r) = 4(bVE 1) (2[)— 1)%
20— 1 ( | ( |
2(b—1) 20— 1)r 20— 1)r
[0 e (<EE) 2o (56 |

where the parameters of the modified Hulthén potential have been utilized.

A graphical example, comparing both potentials, when Vo =a =1, b = 2, and
min = In3 ~ 1.09861, is presented in Figure [2| and further discussed in our Math-
ematica notebook for the reader’s convenience, as well as potentials for molecules
Ho, HCL, and Iy with a completion of the data from [I0] in Table (see also
Figure [3).

In order to find parameters of the modified Hulthén potential in terms of the
Morse ones, we have solved numerically the following equation:

(2b—1)In(2b — 1)

b>1
2b—1) =

(17.25) a=@(b) =

with the monotone function ¢(b). Then Vy = 4(b — 1)D and a = 79/ In(2b — 1).
(More details are provided in the Mathematica file.)



44 LINA ELLIS, IKUMI ELLIS, CHRISTOPH KOUTSCHAN, AND SERGEI K. SUSLOV

uin

02l

01f
— UnMorse(r)

r VModHulthén(r)

FIGURE 2. An example, comparing the Morse potential (blue) and
the modified Hulthén potential (brown), when Vo =a =1,b= 2,
and rpin = In3 ~ 1.09861.

eV

—— MorseH2(x)
: : ‘ ‘ - ModHulthenH2(x)

4+

FIGURE 3. The Morse potential (blue) [10] and the modified
Hulthén potential (brown), for the molecule H.

Remark. The so-called generalized Morse potential is usually introduced as

60(’)"0 . 1 2
(17.26) U(r)=D (1 - )
e —1
(D, «, 1o are parameters) with the following asymptotic
(17.27) U(x) = lim U(r)=D>0

(see [9], [31], and the references therein). The difference

1—e " (1+e*) /2
(1—e—or)?

has the form of our modified Hulthén potential with the parameters given

by

—Qar

(17.28) U(r) —U(oco) = —=2D (e*° — 1)

1 1
(17.29) Vo=2D (" 1), b=g(1+e), a=_.
«

Therefore, this case has been studied here as well (see also section 19 for an inde-
pendent computer algebra approach).
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TABLE 16. The modified Hulthén potential (17.1) in the spher-
ically symmetric case [ = 0. Substitution: R(r) = u(f), £ =
exp(—r/a), a?> = —(2mE/h?) a®> > 0, f* = (2mVy/h?) a® > 0.

a(§) §(1-¢)
a(6) — (2 +bB8%) & + (202 + ) £ — o?
7(§) 1-¢

B2 = 2ak, k=+/(1/4)+ (b—1)32

7 (€) a—(a+k+1/2)¢

T€)=7T4+2m | 2a+1—-2(a+r+ 1)

AN=k+7 B - Q2a+1)(k+1/2)=(y—a—k—1/2)(y+a+Kr+1/2)
o(£) £X(1— &)1/, V=2 +bp?

p(&) e -

v <bﬁ2 — (n+ Kk +1/2)?
28(n+ k + 1/2)

Yn (&) oF 1 (—n, 2+ 26+ n+1; 2a+ 15 §),

b3? — (n+r+1/2)2
2(n+k+1/2)

F'a+n+1)I'2a+2k+n+1)(200+ 26+ 2n + 1)

2
> ,n=0,1,2, ... (n < Npax)

>0

a=aq, =

02
" a(2a)T2(20)T(26 + n+1)(26 + 2n + 1)n!
18. Rotation Correction of Modified Hulthén Potential
In view of
(18.1) (r) _ Vo er/aﬂ —0,
dr a (er/a _ 1)

the minimum of the modified Hulthén potential (17.1]) occurs when
(18.2) ermin/ = 9h — 1> 1.

By letting r = a(1+x)xz¢ in the neighborhood of this minimum r = r;, (or x & 0),
with the aid of Mathematica, we derive the following expansion:

71 —Cy — e~ (1+z)z0 i+ 026_(1—“7)%

(]. —+ (L’)2 (1 _ e—(1+-'L')-'Eo)2
_(_4 3b$0_1—2b—|—4b2 9
B b—1

60— 1) xo)x3+0(x4), x—0,

(18.3)
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where
Cy = 8(b— 1)26(1 _(;)z); j ﬁsx—% 1)x07
0y =8 — 1?20~ 1)(;;% 1)32(21) + 1)z

and " = 2b— 1> 1 (see our complementary Mathematica file).
Therefore,

(+1)  1(1+1) —r/aC1 + Coe™/a
(18.5 ~ Co+e /o222 (Trnin = axg),
) r? Tr2nin (1 — G_T/G)Q

and our equation (17.2)) for the modified Hulthén potential holds, once again, but
with the following modified values of the parameters:

o2 saf=at W g g 2D
0 Lo
(18.6) b—>b1=5—§, B3 = bB% + s o )027
1 Lo
namely,
o d’u 2§ -0 |
(18.7) 13 & +§—§ —ai + B T ] =0

As a result, we have arrived at the generalized equation of hypergeometric type
(Table and our analysis from the previous section is valid, say, up to a proper
change of parameters.

For example, the vibration and rotation energy levels are given by

(Bt

(188) Ev,l‘/o< 26(%1+U+1/2) >
R+ 1 301 - @b~
gt 1100

min

(v=0,1,2, ... < vpax). Here,

2
(18.9) BS(KlJFUﬁL;) 5%112(2/61+1)<v+;>>0.

The corresponding normalized wave functions are the same as before in and
but with the new values of parameters (18.6) (we leave further details to
the reader).

Our study of the rotation correction of the modified Hulthén potential will be
continued elsewhere (see also the Mathematica file).
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TABLE 17. The rotation correction of the modified Hulthén po-
tential (18.5]), where the coefficients Cy, Ci, and Cs are given by

([18.4).
o(§) £(1-9)
() —(af +0157) € + (201 + B7) € — oF
7(£) 1-¢
B —2a1k1, K1 =/(1/4) + (b — 1)57
() ar — (a1 + k1 +1/2)¢
T(€) =T+27 | (201 + 1) — 2(a1 + K1 + 1)§
A=k+n B? — (201 + 1) (k1 +1/2)
©(§) (1 —gmti/2
p(&) g2l —¢)*m

19. Generalized Morse Potential

The potential of the form:

2
(19.1) U(r):D(l— 7 >7 y=e""—1 (0<r <o0)

e — 1

by (17.28]) is reduced to the modified Hulthén potential (17.1)) up to a proper change
of parameters ([17.29)). This is why, we can use solutions from section 17.
On the second thought, the standard change of the variables [9]:

(19.2) R(r) = Vau(n), — n=("-1)"
results in the generalized equation of hypergeometric type with the following coef-
ficients:

(19.3) o) =n+n), o) =c—rl—m)?* 7 =2+1,
where
2mD 2mE
(194) KZ:W’ 62%’ 062::‘{/_€>07 /8225(7+1>2—6>0
(see Table [18| and the Mathematica file). The following substitution
7706
19.5 u = = —_—
(19.5) e(n)y(n) i+ n)ﬁy(n)

results in the hypergeometric equation of Gauss ((14.13)) in the variable —n with the
following values of parameters:

1 1
(196) A=a—f+6, B=a—-p-0+1, C=2a+1,; 5=§+\/1+/€72.

Bound states correspond to the polynomial solutions, when A = a — 5+ 3§ = —n
and n are some nonnegative integers. Thus « and (8 are n-dependent, once again,
and satisfy the following equations:

(19.7) Bo—an=n+6,  fa—aph=ry(y+2).
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TABLE 18. The generalized Morse potential (19.1). The coeffi-
cients € and « are given by (19.4)).

a(n) n(1+n)
a(n) e—r(l—mm)?®,  ®?=0(6-1)
7(n) 2n+1
2(a2—aﬂ+fw) =(a—pB)2-06(6—-1)
7(n) a+(a=B8)n, a=vk—¢€, B=+r(y+1)2—¢

T =7+27 | 2a+14+2(a—-B+1)n

A=k+n a—B+2a%-2af+2ky=(a—B+8)(a—B—-56+1)
() n*(L+n)"

p(n) (1 +n)*

One finds that

1 (ry(y+2) 1 (m(v+2)
1 . = — _— —_— = — —_—
(19.8) an 2( —— n—90), Bn 5 —— +n+4
and the energy levels have the form [9]:
212 2)\ 2
(19.9) B, =D (s +2N
8m n+ao

The corresponding normalized wave functions are given by

—n, 1—n-—29 1
19.10 Rn = Cn —Brar (ar _ 1 Bn—an F ) Lt
( ! )= Vucue . ) o < 20, + 1 1-— ear)

200, + 1

[we have used (15.8.1) of [28]) in order to obtain the standard form (17.16))], with
the normalization coefficients found in [9] as follows
a(an, +n+0)T'(2ap + n+ DI'(2c, + n + 26)

nl(n + )T (20, )T (20, + 1)T'(n + 26) ’

due to the normalization condition:
(19.12) / R2(r) dr = 1.
0

There is only a finite set of the energy levels:

(19.13) n=0,1,2, ... nmax < VEY(y+2)—0.
One can use our results from section 17 in order to verify all these formulas,

originally presented in [9] (see also [I], [31], and the references therein). We leave
further details to the reader.

—n, 20, + 26+
=aCre " (1 —e_’”)(g oy ( o " ;e_m>

(19.11) Cc? =

In a similar fashion, one can consider the Wood—Saxon potential and the motion
of the electron in magnetic field [I], [9], [10], [15] [23], and [27].
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A. Data for the Classical Orthogonal Polynomials

The basic information about classical orthogonal polynomials, namely, for the
Jacobi P{*"” )(:c), Laguerre L% (z), and Hermite H,, (x) polynomials, is presented, for
the reader’s convenience, in Table It contains the coefficients of the differential
equation , the intervals of orthogonality (a,b), the weight functions p(z) and
constants B,, in the Rodrigues-type formula 7 the leading terms:

(A1) Yn () = ana™ 4+ byt 4+ ...
for these polynomials, their squared norms:
b

(A.2) & = [ i) da,
and the coefficients of the three-term recurrence relation:
(A3) xyn(x) = Qp yn+1(x) +ﬁn yn(fE) + Tn ynf1($),
where

n b, by dz
(A4) ap = a 3 Bn = - +1 y  Yn = On—1 2771

Ap+41 Qp Ap+41 dn71

(More details can be found in [2], [26], [27], [28], and [42].)

B. An Integral Evaluation

The following useful integral:

(B.1) Jes :/ ezt LO(2)LE (x) dx
0

nms

MNa+s+1)I'(B+m+1)I'(s+1)
ml(n—m)IT(B+1)T(s—n+m+1)

_ 1. B—a —
X 3F2< m s+l foa s;1>, n >m,
B8+1, n—m+1

= (-1

where parameter s may take some integer values and 3F»(1) is the generalized hy-
pergeometric series [2], [28], has been evaluated in [41] and [42] (see also [13], [35]).
Special cases have been used above for the normalization of the wave functions; see
(713) and (15.20).

We use also throughout the manuscript the familiar Euler beta and gamma
integrals:

a _ ' a—101 _ p\B=1 g4 _ L(a)T'(8)
(B.2) Bla, B) /0 R T
provided R(a) > 0 and R(a) > 0,
(B.3) INa) = /00 t*te™t at, R(a) > 0.

0

(See [2], [27], and [28] for more details.)
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TABLE 19. Data for the Jacobi PTE‘X’B)(Q;), Laguerre L& (x), and
Hermite H,,(x) polynomials.

Yn(T) P,(Laﬁﬁ)(x) (a>-1,8>-1) L2(z) (a > —1) Hy(z)
(a,b) (—-1,1) 0, 00) (— 00, 00)
p(x) (1—2)*(1+z)? 2 o3 g
o(x) 1— a2 T 1
7(z) B—a—(a+B+2)x lta_q “on
An n(a+B+n+1) n o
(=" 1 -
O ] ~ (-1)
a INa+p+2n+1) (—1)" ’
" 2l (a+ B+n+1) n
b (@ — B)T(a+ B+ 2n) i1 otn .
" 2n(n— DM (a+B+n+1) (n—1)!
20PN (4 + DT(B +n + 1) D(a+n+1) .
d2 nlla+8+2n+ I'(a+B+n+1) ol 2"nl\/m
2n+1)(a+pB+n+1) 1
o (a+B+2n+1)(a+B+2n+2) —(n+1) 5
ﬂ2 7(12
o (a+pB+2n)(a+B+2n+2) a+2n+1 0
2(a+n)(B+n)
" (a+B8+2n)(a+B8+2n+1) —(a+n) n

C. Mathematica File

We have discussed basic potentials of the nonrelativistic and relativistic quan-
tum mechanics that can be integrated in the Nikiforov and Uvarov paradigm with
the aid of the Mathematica computer algebra system. (The corresponding Math-
ematica notebook is available from the authors by a request. It is also posted on
Wolfram community https://community.wolfram.com/groups/-/m/t/2897057
and featured in the editorial columns https://community.wolfram.com/content?
curTag=staff+picks.)

In section 2, the general formulas are derived. In the notebook, they are stored
in global variables that will be used in all the subsequent sections. For this purpose,
allow Mathematica to evaluate all initialization cells. After that one can run each
case independently from the others. The results, for the most integrable cases that
are available in the literature, are presented in the Tables

The Mathematica package, HolonomicFunctions, can be downloaded from the
webpage of the third-named author: http://www.koutschan.de/.


https://community.wolfram.com/groups/-/m/t/2897057
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