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Numerics and Symbolics

“Numerics” (Numerical Analysis): finite element method, PDEs,
variational formulation, simulations, approximate solution

“Symbolics” (Symbolic Computation): Gröbner basis, operator
algebra, symbolic summation, exact computation

Long-term collaborations in Linz (JKU, RICAM):
I SFB F13 “Numerical and Symbolic Scientific Computing”

(1998 – 2008)
I DK W1214 “Computational Mathematics” (2008 – present)

Initiators: Bruno Buchberger, Heinz Engl, Bert Jüttler,
Ulrich Langer, Peter Paule, Joachim Schöberl, . . .
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Outline

1 Theory: holonomic functions
Application: finite elements

2 Theory: creative telescoping
Application: special functions

3 Theory: symbolic determinants
Application: inverse inequalities
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Part 1: Theory

Holonomic Functions
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Holonomic Functions

Definition: A function f (x) is called holonomic if it satisfies a
linear ordinary differential equation with polynomial coefficients:

pr (x)f (r)(x) + · · ·+ p1(x)f ′(x) + p0(x)f (x) = 0,

p0, . . . , pr ∈ K[x ] (not all zero).

Definition: A sequence f (n) is called holonomic if it satisfies a
linear recurrence equation with polynomial coefficients:

pr (n)f (n + r) + · · ·+ p1(n)f (n + 1) + p0(n)f (n) = 0,

p0, . . . , pr ∈ K[n] (not all zero).

−→ In both cases, one needs only finitely many initial conditions.
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Closure Properties

If functions f (x) and g(x) are holonomic, then also:
I f (x) + g(x)

I f (x) · g(x)

I f (a(x)) if a(x) is algebraic

If sequences f (n) and g(n) are holonomic, then also:
I f (n) + g(n)

I f (n) · g(n)

I f (an + b) for integers a and b

A sequence is holonomic iff its generating function is holonomic.
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Multivariate Generalization

Generalize the finiteness property to
I multivariate functions f (x1, . . . , xs)

(the xi are called continuous variables)

I multidimensional sequences f (n1, . . . , ns)
(the ni are called discrete variables)

I mixed setting: functions in several continuous and discrete
variables f (x1, . . . , xs , n1, . . . , nr )
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Legendre polynomials are orthogonal polynomials w.r.t. the L2
inner product

∫ 1
−1 f (x)g(x) dx , and a solution of the ODE

(x2 − 1)P ′′n (x) + 2xP ′n(x)− n(n + 1)Pn(x) = 0.

The Legendre polynomials can be defined recursively:

P0(x) = 1
P1(x) = x

nPn(x) = (2n − 1)xPn−1(x)− (n − 1)Pn−2(x).

Consider the set
{

P(i)
n (x) : i > 0

}
.

{
P(i)

n+j(x) : i , j > 0
}
.

i

P(4)
n (x) =

− 6x
x2−1P(3)

n (x) + (n−2)(n+3)
x2−1 P ′′n (x)n2x2−n2+nx2−n+18x2+6

(x2−1)2 P ′′n (x)

−6(n−1)(n+2)x
(x2−1)2 P ′n(x)

−8x(n2x2−n2+nx2−n+3x2+3)
(x2−1)3 P ′n(x)

+n(n+1)(n2x2−n2+nx2−n+18x2+6)
(x2−1)3 Pn(x)

P(3)
n+1(x) =

− 4x
x2−1P ′′n+1(x) + n(n+3)

x2−1 P ′n+1(x)(n2x2−n2+3nx2−3n+8x2)
(x2−1)2 P ′n+1(x)

−4(n2x+3nx+2x)
(x2−1)2 Pn+1(x)

Pn+3(x) =

(2n+5)x
n+3 Pn+2(x)− n+2

n+3Pn+1(x)4n2x2−n2+16nx2−4n+15x2−4
(n+2)(n+3) Pn+1(x)

−2n2x+7nx+5x
(n+2)(n+3) Pn(x)

(x2 − 1)P(4)
n (x) + 6xP(3)

n (x)− (n − 2)(n + 3)P ′′n (x) = 0(x2 − 1)P(3)
n (x) + 4xP ′′n (x)− (n − 1)(n + 2)P ′n(x) = 0(x2 − 1)P ′′n (x) + 2xP ′n(x)− n(n + 1)Pn(x) = 0−→ Pn(x) is holonomic w.r.t. x .(x2 − 1)P(3)
n+1(x) + 4xP ′′n+1(x)− n(n + 3)P ′n+1(x) = 0(x2 − 1)P ′′n+1(x) + 2xP ′n+1(x)− (n + 1)(n + 2)Pn+1(x) = 0(n + 3)Pn+3(x)− (2n + 5)xPn+2(x) + (n + 2)Pn+1(x) = 0(n + 2)Pn+2(x)− (2n + 3)xPn+1(x) + (n + 1)Pn(x) = 0P ′n+1(x)− xP ′n(x)− (n + 1)Pn(x) = 0(n + 1)Pn+1(x) + (1− x2)P ′n(x)− (n + 1)xPn(x) = 0−→ Pn(x) is holonomic w.r.t. n and x (of rank 2).
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Legendre polynomials are orthogonal polynomials w.r.t. the L2
inner product

∫ 1
−1 f (x)g(x) dx , and a solution of the ODE
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Consider the set

{
P(i)

n (x) : i > 0
}
.

{
P(i)

n+j(x) : i , j > 0
}
.

i

j

P(4)
n (x) =

− 6x
x2−1P(3)

n (x) + (n−2)(n+3)
x2−1 P ′′n (x)n2x2−n2+nx2−n+18x2+6

(x2−1)2 P ′′n (x)

−6(n−1)(n+2)x
(x2−1)2 P ′n(x)
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(x2−1)3 P ′n(x)
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Multivariate Holonomic Functions

Definition:
Let f (x1, . . . , xs , n1, . . . , nr ) be a function in the continuous
variables x1, . . . , xs and in the discrete variables n1, . . . , nr .
If there is a finite set of basis functions of the form

di1

dx i1
1
. . .

dis

dx iss
f (x1, . . . , xs , n1 + j1, . . . , nr + jr )

with i1, . . . , is , j1, . . . , jr ∈ N such that any shifted partial derivative
of f (of the above form) can be expressed as a
K(x1, . . . , xs , n1, . . . , nr )-linear combination of the basis functions
(plus some further, technical assumptions), then f is holonomic.

−→ Finitely many initial conditions suffice.
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Algebraic Setting
Write differential/difference equations in operator notation:

Example 1: The Legendre differential equation

(x2 − 1)P ′′n (x) + 2xP ′n(x)− n(n + 1)Pn(x) = 0

translates to the operator

(x2 − 1)D2
x + 2xDx − n(n + 1).

Example 2: The three-term recurrence

nPn(x) = (2n − 1)xPn−1(x)− (n − 1)Pn−2(x)

translates to the operator

(n + 2)S2
n − (2n + 3)xSn + (n + 1).
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Operator Algebra
Noncommutative multiplication:

Dxx = xDx + 1, Snn = nSn + Sn, etc.

Such operators form an Ore algebra

O = K(v ,w , . . . )〈∂v , ∂w , . . . 〉,

i.e., multivariate polynomials in the ∂’s with coefficients being
rational functions in v ,w , . . . , where K is a field (char(K) = 0).

The annihilator of a function is an ideal in O.

One can employ the theory of (noncommutative) Gröbner bases.

Example: The operators that we encountered with the Legendre
polynomials live in the Ore algebra K(x , n)〈Dx ,Sn〉.
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Many Functions are Holonomic
ArcCsc, KelvinBei, HypergeometricPFQ, ExpIntegralE, ArcTanh,
HankelH2, AngerJ, JacobiP, ChebyshevT, AiryBi, AiryAi, Sinc,
Multinomial, CatalanNumber, QBinomial, CosIntegral, ArcSech,
SphericalHankelH2, HermiteH, ExpIntegralEi, Beta, AiryBiPrime,
SphericalBesselJ, Binomial, ParabolicCylinderD, Erfc, EllipticK,
Fibonacci, QFactorial, Cos, Hypergeometric2F1, Erf, KelvinKer,
HypergeometricPFQRegularized, Log, Factorial, BesselY, Cosh,
CoshIntegral, ArcTan, ArcCoth, LegendreP, LaguerreL, EllipticE,
SinhIntegral, Sinh, BetaRegularized, SphericalHankelH1, ArcSin,
EllipticThetaPrime, Root, LucasL, AppellF1, FresnelC, LegendreQ,
ChebyshevU, GammaRegularized, Erfi, HarmonicNumber, BesselI,
KelvinKei, ArithmeticGeometricMean, Exp, ArcCot, EllipticTheta,
Hypergeometric0F1, EllipticPi, GegenbauerC, ArcCos, WeberE,
FresnelS, EllipticF, ArcCosh, Subfactorial, QPochhammer, Gamma,
StruveH, WhittakerM, ArcCsch, Hypergeometric1F1, SinIntegral,
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Part 1: Application

Finite Elements

(joint work with Joachim Schöberl and Peter Paule)
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Problem Setting

Simulate the propagation of electromagnetic waves according to

dH
dt = curlE , dE

dt = − curlH (Maxwell)

where H and E are the magnetic and the electric field respectively.

Define basis functions (2D case):

ϕi ,j(x , y) := (1− x)iP(2i+1,0)
j (2x − 1)Pi

( 2y
1−x − 1

)
using Legendre and Jacobi polynomials.

Problem: Represent the partial derivatives of ϕi ,j(x , y) in the basis
(i.e., as linear combinations of shifts of the ϕi ,j(x , y) itself).
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Ansatz
More precisely, one needs a relation of the form (ansatz)∑
(k,l)∈A

ak,l (i , j) d
dxϕi+k,j+l (x , y) =

∑
(m,n)∈B

bm,n(i , j)ϕi+m,j+n(x , y),

that is free of x and y (and similarly for d
dy ).

Approach:
1 Work in the Ore algebra O = Q(i , j , x , y)〈Si ,Sj ,Dx 〉.
2 Compute a Gröbner basis G of the annihilator of ϕi ,j(x , y).
3 Choose index sets A and B.
4 Reduce the above ansatz with G and obtain a normal form.
5 Do coefficient comparison with respect to x and y .
6 Solve the resulting linear system for ak,l , bm,n ∈ Q(i , j).
7 If there is no solution, go back to step 3.
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Result
With this method, we find the relation

(2i + j + 3)(2i + 2j + 7) d
dxϕi ,j+1(x , y)+

2(2i + 1)(i + j + 3) d
dxϕi ,j+2(x , y)−

(j + 3)(2i + 2j + 5) d
dxϕi ,j+3(x , y)+

(j + 1)(2i + 2j + 7) d
dxϕi+1,j(x , y)−

2(2i + 3)(i + j + 3) d
dxϕi+1,j+1(x , y)−

(2i + j + 5)(2i + 2j + 5) d
dxϕi+1,j+2(x , y)+

2(i + j + 3)(2i + 2j + 5)(2i + 2j + 7)ϕi ,j+2(x , y)+
2(i + j + 3)(2i + 2j + 5)(2i + 2j + 7)ϕi+1,j+1(x , y) = 0

and a similar one for d
dyϕi ,j(x , y).

−→ The use of these (previously unknown) formulas caused
a considerable speed-up in the numerical simulations.
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Part 2: Theory

Creative Telescoping
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What is Creative Telescoping?

Creative telescoping is a method
I to deal with parametrized symbolic sums and integrals
I that yields differential/recurrence equations for them
I that became popular in computer algebra in the past 25 years

Example:
∞∑

k=1

1
k2 =

π2

6 Bad: no parameter!

fn :=
∞∑

k=1

1
k(k + n)

=
γ + ψ(n)

n (n +2)2fn+2 = (n +1)(2n +3)fn+1−n(n +1)fn

Creative telescoping can be performed in different settings:
I difference fields (Carsten Schneider, RISC, JKU)
I differential fields (Clemens Raab, Institute for Algebra, JKU)
I holonomic functions (here)
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Creative Telescoping
Method for doing integrals and sums

(aka Feynman’s differentiating under the integral sign)

Consider the following summation

integration

problem: F (n) :=
b∑

k=a
f (n, k)

F (x) :=

∫ b

a
f (x , y) dy

Telescoping: write f (n, k) = g(n, k + 1)− g(n, k).f (x , y) = d
dy g(x , y).

Then F (n) =

∫ b

a

(
d

dy g(x , y)
)

dy
b∑

k=a

(
g(n, k + 1)− g(n, k)

)
= g(n, b + 1)− g(n, a).g(x , b)− g(x , a).

Creative Telescoping: write
cr (x) dr

dx r f (x , y) + · · ·+ c0(x)f (x , y)cr (n)f (n + r , k) + · · ·+ c0(n)f (n, k) = g(n, k + 1)− g(n, k).d
dy g(x , y).

Summing from a to b yields a recurrence for F (n):Integrating from a to b yields a differential equation for F (x):
cr (x) dr

dx r F (x) + · · ·+ c0(x)F (x)cr (n)F (n + r) + · · ·+ c0(n)F (n) = g(n, b + 1)− g(n, a).g(x , b)− g(x , a)
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Part 2: Application

Special Function Identities
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Special Function Identities
n∑

k=0

(
n
k

)2(k + n
k

)2
=

n∑
k=0

(
n
k

)(
k + n

k

) k∑
j=0

(
k
j

)3
(1)

∫ ∞
0

1
(x4 + 2ax2 + 1)m+1 dx =

πP(m+ 1
2 ,−m− 1

2)
m (a)

2m+ 3
2 (a + 1)m+ 1

2
(2)

e−xxa/2n! La
n(x) =

∫ ∞
0

e−tt
a
2+nJa

(
2
√

tx
)

dt (3)

∫ ∞
−∞

∞∑
m=0

∞∑
n=0

Hm(x)Hn(x)rmsne−x2

m! n!
dx =

√
πe2rs (4)

∫ 1

−1

(
1− x2)ν− 1

2 eiaxC (ν)
n (x) dx =

πinΓ(n + 2ν)Jn+ν(a)

2ν−1aν n! Γ(ν)
(5)
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Computer-Assisted Proof

e−xxa/2n! La
n(x) =

∫ ∞
0

e−tt
a
2+nJa

(
2
√

tx
)

dt.

<< HolonomicFunctions.m;
Annihilator[Exp[-x]*x^(a/2)*n!*LaguerreL[n, a, x],

{S[a], S[n], Der[x]}]
{2Sn − 2xDx + (−a − 2n − 2),
4x2D2

x + (4x2 + 4x)Dx + (−a2 + 2ax + 4nx + 4x),
2xS2

a + (2ax + 2x2 + 2x)Dx + (−a2 + ax − a + 2nx + 2x)}

CreativeTelescoping[t^(a/2+n)/E^t*BesselJ[a,2*Sqrt[t*x]],
Der[t], {S[a], S[n], Der[x]}]

{{−2Sn + 2xDx + (a + 2n + 2),
4x2D2

x + (4x2 + 4x)Dx + (−a2 + 2ax + 4nx + 4x),
2xS2

a + (2ax + 2x2 + 2x)Dx + (−a2 + ax − a + 2nx + 2x)},
{−2t,−4tx ,−2tx}}
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Part 2: Application

Harmonic Interpolation from
Radon Projections

0

I t

t

1

(joint work with Irina Georgieva, Clemens Hofreither,
Veronika Pillwein, Thotsaporn Thanatipanonda)
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Harmonic Interpolation

We use the basis of harmonic polynomials

φ0(x , y) = 1,
φk,1(x , y) = Re (x + i y)k ,

φk,2(x , y) = Im (x + i y)k .

to interpolate a harmonic function from the values of finitely many
line integrals along chords.

Theorem. If the chords form a regular polygon, then this
interpolation problem has a unique solution.
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Symbolic Summation

To prove the theorem we have to evaluate the following integrals:

∫
I(θ,t)

φk,1 =

bk/2c∑
`=0

(
k
2`

)
(−1)`

k−2`∑
p=0

2∑̀
q=0

(
k−2`

p

)(
2`
q

)
tp+q

× (cos θ)2`+p−q(sin θ)k−2`−(p−q) (−1)k−2`−p

k − p − q + 1
× (1− t2)

1
2 (k−p−q+1)

(
1− (−1)k−p−q+1

)
and a similar one for φk,2.

−→ This can be achieved with creative telescoping.
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Part 3: Theory

Symbolic Determinants

det
16i ,j6n

1
i + j − 1 =

1
(2n − 1)!

n−1∏
k=1

(k!)2

(k + 1)n−1

det
06i ,j6n−1

(
2i + 2a
j + b

)
= 2n(n−1)/2

n−1∏
k=0

(2k + 2a)!k!

(k + b)!(2k + 2a − b)!

det
06i ,j6n−1

∑
k

(
i
k

)(
j
k

)
2k = 2n(n−1)/2
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The HOLONOMIC ANSATZ II.
Automatic DISCOVERY(!) and PROOF(!!)
of Holonomic Determinant Evaluations

(D. Zeilberger, Annals of Combinatorics 11:241–247, 2007)

Algorithmic method to prove determinant evaluations of the form

det An = bn (n > 1)
where
I An = (ai ,j)16i ,j6n is an n × n matrix,
I ai ,j is a bivariate holonomic sequence, not depending on n,
I bn 6= 0 for all n > 1.
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a1,1 a1,2 a1,3 · · · a1,n

a2,1 a2,2 a2,3 · · · a2,n

a3,1 a3,2 a3,3 · · · a3,n

...
...

...
...

an,1 an,2 an,3 · · · an,n



=

I A(i ,j)
n : matrix An with row i and column j deleted

I Mi ,j = detA(i ,j)
n is the (i , j)-minor of An

I Define cn,j := (−1)n+jMn,j/Mn,n
I We obtain

∑n
j=1 ai ,jcn,j = δi ,n(detAn)/(detAn−1)
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(A−1n )1,n

(A−1n )2,n

(A−1n )3,n

...

(A−1n )n,n
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0

0

0

...

1
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n
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Determinant Evaluation: Proof by Induction
Problem: Prove that detAn =

.
det

16i ,j6n
ai ,j = bn for all n ∈ N.

Base case: verify that a1,1 = b1.
Induction hypothesis: assume that detAn−1 = bn−1 6= 0.
Induction step: the assumption implies that the linear system

a1,1 · · · a1,n−1 a1,n
... . . . ...

...
an−1,1 · · · an−1,n−1 an−1,n

0 · · · 0 1




cn,1
...

cn,n−1
cn,n

 =


0
...
0
1


has a unique solution, namely cn,j = (−1)n+jMn,j/Mn,n.
Now use cn,j to do Laplace expansion of An w.r.t. the last row:

detAn =
n∑

j=1
(−1)n+jMn,jan,j =

n∑
j=1

Mn,ncn,jan,j .
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Get a Handle on cn,j

Problem: One cannot expect to be able to compute cn,j explicitly
(at least not for symbolic n)

Instead:
I Hope that cn,j is holonomic (may be the case or not).
I Work with an implicit (recursive) definition of cn,j .
I The values of cn,j can be computed for concrete n, j ∈ N.
I If recurrences exist they can be guessed automatically
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Totally Symmtric Plane Partitions
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Part 3: Application

Inverse Inequalities

(joint work with Martin Neumüller and Silviu Radu)
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Inverse Inequalities

We consider inequalities of the form

||vn||X(Ω) 6 c1(h, n) ||vn||Y (Ω) for all vn ∈ Vn

where
I Ω ⊂ Rd , d ∈ N
I V : some infinite-dimensional space of functions defined on Ω

I ||·||X(Ω), ||·||Y (Ω): norms that are used in the analysis of
numerical methods

I (Vn)n∈N: finite-dimensional approximation of V
I h > 0: finite element diameter

Dependence on h is easily obtained by a scaling argument:
−→ Transform the problem to a reference element Ω̂.

www.ricam.oeaw.ac.at Christoph Koutschan, Numerics and Symbolics 33/40



Johann Radon Institute for Computational and Applied Mathematics

Inverse Inequalities

We consider inequalities of the form

||vn||X(Ω) 6 c1(h, n) ||vn||Y (Ω) for all vn ∈ Vn

where
I Ω ⊂ Rd , d ∈ N
I V : some infinite-dimensional space of functions defined on Ω

I ||·||X(Ω), ||·||Y (Ω): norms that are used in the analysis of
numerical methods

I (Vn)n∈N: finite-dimensional approximation of V
I h > 0: finite element diameter

Dependence on h is easily obtained by a scaling argument:
−→ Transform the problem to a reference element Ω̂.

www.ricam.oeaw.ac.at Christoph Koutschan, Numerics and Symbolics 33/40



Johann Radon Institute for Computational and Applied Mathematics

Inverse Inequalities
We obtain for c1:

ĉ1(n) = sup
vn∈V̂n

||vn||X(Ω̂)

||vn||Y (Ω̂)

=

√√√√ sup
vn∈V̂n

(vn, vn)X(Ω̂)

(vn, vn)Y (Ω̂)

Let (ϕk)16k6n be a basis of V̂n. Then:(
ĉ1(n)

)2
= sup

~vn∈Rn

(Kn~vn, ~vn)`2

(Mn~vn, ~vn)`2

for certain symmetric and positive (semi-) definite matrices
Kn(i , j) := (ϕj , ϕi )X(Ω̂) , and Mn(i , j) := (ϕj , ϕi )Y (Ω̂) .

This can be reformulated as a generalized eigenvalue problem
Kn~xn = λnMn~xn

where the largest eigenvalue λn gives the desired
(
ĉ1(n)

)2.
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Inverse Inequalities

In this work, we consider the reference domain Ω̂ = (−1, 1)2 with

(u, v)X(Ω̂) =

∫
Ω̂
∂xu(x , y)∂xv(x , y) dx dy ,

(u, v)Y (Ω̂) =

∫
Ω̂

u(x , y)v(x , y) dx dy ,

for u, v ∈ V̂n, where V̂n is the space of polynomials of degree less
than n, i.e.

V̂n =
{

x iy j : 0 6 i , j < n
}
.
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Problem Statement
The interest in inverse inequalities leads to the following problem:

Find the largest eigenvalue λn of the generalized
eigenvalue problem

Bn~xn = λnAn~xn

where An and Bn are certain n × n matrices.

Equivalent formulation:
λn := max

λ
det(Bn − λAn) = 0.

Relaxed problem: find expressions b1(n) and b2(n) such that
b1(n) < λn < b2(n)

(“as accurate as possible”).
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The Matrices

ai ,j :=
1− (−1)i+j−1

i + j − 1 , bi ,j := (i − 1)(j − 1)
1− (−1)i+j−3

i + j − 3

|B6 − λA6| =

Hence we get: det(Bn − λAn) = 2n det
(

A(1)
dn/2e

)
· det

(
A(0)
bn/2c

)
.
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The Determinant

By a variation of the holonomic ansatz we can prove:

Theorem.

detA(0)
n =

(
−1

2
)n n∏

i=1

(
(i − 1)!

)2(
i + 1

2
)

n︸ ︷︷ ︸
“hyperholonomic” part

n∑
j=0

(−4)j−n (2n − 2j + 1)2n
(2j)!

λj

︸ ︷︷ ︸
holonomic part

,

detA(1)
n =

(
−1

2
)n n∏

i=1

(
(i − 1)!

)2(
i − 1 + 1

2
)

n

n−1∑
j=0

(2n − 2j − 1)2n−1
(−4)n−j−1(2j + 1)!

λj .

We use this explicit evaluation to estimate the largest eigenvalue.
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Final Result
For all n ∈ N we have the estimate b1(n) < λn < b2(n) with

b1(n) :=
m1(n)

2

(
1 +

√
1− 2

3
(n − 2)(n − 3)(n + 3)(n + 4)

n(n − 1)(n + 1)(n + 2)

)
,

b2(n) := m1(n)

(
1
3 +

(
r1(n) +

√
r2(n)

)1/3
+
(

r1(n)−
√

r2(n)
)1/3)

,

where m1, r1, and r2 are given by

m1(n) :=
n(n − 1)(n + 1)(n + 2)

8 ,

r1(n) :=
2(n8 + 4n7 + 8n6 + · · · − 4733n2 − 5130n + 16200)

135n2(n − 1)2(n + 1)2(n + 2)2
,

r2(n) :=
(n − 2)(n − 3)(n + 4)(n + 3)(7n12 + 42n11 + . . . )

145800n4(n − 1)4(n + 1)4(n + 2)4
.
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Outlook

There are many other collaborations between the symbolic
computation group and other research groups in Linz:

1 analysis of pedestrian dynamics
2 performance evaluation of wireless communication systems
3 special function inequalities (Veronika Pillwein)
4 Feynman integrals in particle physics (Carsten Schneider)
5 . . .
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