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Abstract: We observe that many special functions are solutions of so-called holonomic systems. Bernstein’s deep theory @) )=y
of holonomic systems is then invoked to show that any identity involving sums and integrals of products of these 2 (Ve
special functions can be verified in a finite number of steps. This is partially substantiated by an algorithm that proves WHO YOU GONNA CALLy
terminating hypergeometric series identities, and that is given both in English and in MAPLE. d " ad

> seminal paper by Doron Zeilberger in 1990
> created a huge research area

» many applications in mathematics and elsewhere
(maybe also in the Calculation of Feynman Amplitudes?)
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Motivating Example

An e-mail from Doron Zeilberger (dated 28.08.2020):

For the Beukers integral for Zeta(3)

B{n)=int(int(int{ (<x*(1-x)"y*(1-y)"Z*(1-2))*n/{(1-z+x*y*z)*(n+1),x=0_1),y=0_1),z=0_1)
even without any extra parameters it takes a VERY long time.

In an optimized version, that targets these kind of integrals it still takes about
2000 seconds.

Our guestions are:

1. Can your package find these recurrence in one "key-stroke” or
does it need some pre-processing?

2. How fast can your package find the recurrence for B(n), and similar

integrals where you stick in the integrand x*(a1)y*(1-x)*a2* ...
(for numeric al,a2, ..)
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Beukers Integral
The Beukers integral for ((3)

o= [ [ [ E A

satisfies the second-order (Apéry) recurrence:

(n+2)3F(n+2) = (2n+3)(17n*4+51n+39) F(n+1)—(n+1)>F(n).
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Beukers Integral
The Beukers integral for ((3)

- [ [

satisfies the second-order (Apéry) recurrence:

(n+2)3F(n+2) = (2n+3)(17n*4+51n+39)F(n+1)—

In[o7)= << RISC"HolonomicFunctions®

dzdydz

(n+1)3F(n).

HolonomicFunctions Package version 1.7.3 (21-Mar-2017)
written by Christoph Koutschan

Copyright Research Institute for Symbolic Computation (RISC),
Johannes Kepler University, Linz, Austria

--> Type ?HolonomicFunctions for help.

Injgg)= CreativeTelescoping[CreativeTelescoping[CreativeTelescoping[
(X# (L-X) #yw (L-y) #2Z% (1-Z))An/ (L-Z+Xsy+2Z) A (n+1),
Der[x], {S[n], Der[y], Der[z]}]1[[1]], Der[y]]1[[1]], Der[z]][[1]] // Timing

ouieel- {2.87527, [(8+12n=6n+n) S (-117-231n-153n% ~34n7) 55+ (143030 n’)]]
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Beukers Integral with Numeric Parameters

1 p,1 p1
/0 /0 /0 1,1/3(1 - $)1/5y2/3(1 o y)4/5z2/5(1 o 2)3/5

(z(1 —2)y(1 — y)=(1 - 2))"
(1 —z+ayz)nt!

drdydz

s~ CreativeTelescoping[CreativeTelescoping[CreativeTelescoping[
(XA(L/3) % (1-X)A(1/5) +yA(2/3) % (1-y)A(4/5)+2A(2/5)+ (1-2) A (3/5)) *
(X% (1-X) %y (1-y) 2% (1-2)) "N/ (1-Z+X4y*2Z) " (n+1),
Der[x], {S[n], Der[yl, Der(z]}1[[1]], Der[y]l1[[1]], Der(z]]1[[1]] // Timing

108]= [4,1595, { (889156 506 601963520 + 5067 425510376 860 160 n+ 14542081 347 310357120 n? .

25319 953 606388 665 760 n3 +29842834920776537400 n“ +25142793 811471399 500 HS +

15577 799 653225 653 750 n° + 7 186 224321 391 359375 n’ + 2468 228 839 434 421875 n° - 623 381733 800 156250 n° +

112 528920 684 375008 n'® . 13748203 880859375 n' . 1018 941246 234 375 n'? 4 34599 823437500 n'?) S2 -

(-17 125635 748 645552 128 - 109 729 476620 207 403520 n - 322 763 689 989 785 724288 n’ - 577 188 476311 327 527686 n° -
760 151928 067 931611200 n* - 668 446931 731 545645000 n° - 389 745966 708 905310 860 n° -
186 337566 996 167 643 750 I’|7 - 66498 692 729896 406 250 I’|B -17496 721516131562 500 HB f

3299344288917 187500 n'? - 422 270445 858 593756 n' - 32879451 972656 250 n' - 1176 366 796 875 060 n*’)

) Sp+
(268791484354 252 800 + 1 448 758522 297 658 880 n + 4 606 818936 047 867 528 n” + 8838 945878 483 621920 n° +
11611921 076002419800 n* + 10 845 296 255 561 809 500 n° + 7 450 983284 163 738758 n° +
3812727944067 609375 n' + 1 453218514 321 359375 n® - 487 501515823 906250 n” +
81719 325815625 000 n'® + 11098 995699 669 375 n'’ 4 915 144169 921 875 n'? 4 34599 023437500 n?} | |
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— Wow, we are really impressed!
We will rave about your package in our forthcoming paper...
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Beukers Integral with Six Symbolic Parameters

1 r1 p1
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D-finite and P-recursive

A function f(z) is called D-finite if it satisfies a linear ordinary
differential equation with polynomial coefficients:

pa(@)f' (@) + ... + pi(@)f'(x) + po(2)f(z) = O,

Do, - - -, pd € K[z] not all zero.
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pa(@)f V(@) + ... + pi(@)f'(x) + pol@)f(x) = 0,
Do, - - -, pd € K[z] not all zero.

A sequence f(n) is called P-recursive (or P-finite) if it satisfies a
linear recurrence equation with polynomial coefficients:

pa(n)f(n+d) + ... + p(n)f(n+1) + po(n)f(n) = 0,

Do, - - -, pd € K[n] not all zero.
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D-finite and P-recursive

A function f(z) is called D-finite if it satisfies a linear ordinary
differential equation with polynomial coefficients:

pa(@)f V(@) + ... + pi(@)f'(x) + pol@)f(x) = 0,
Do, - - -, pd € K[z] not all zero.

A sequence f(n) is called P-recursive (or P-finite) if it satisfies a
linear recurrence equation with polynomial coefficients:

pa(n)f(n+d) + ... + pi(n)f(n+1) + po(n)f(n) = 0,
Do, - - -, pd € K[n] not all zero.

— In both cases, only finitely many initial conditions are needed!
— Also called holonomic function resp. holonomic sequence.
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Example: Harmonic Numbers

Example: The harmonic numbers H, ="} _; % satisfy the
recurrence

nHy, = (2n—1)H,1 — (n —1)H;, 2 (n >2)

with initial conditions Hy = 0 and H; = 1.
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Finiteness Property:
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Multivariate Generalization

Generalize the finiteness property to

» multivariate functions f(z1,...,zs)
(the x; are continuous variables)
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Multivariate Generalization

Generalize the finiteness property to

» multivariate functions f(z1,...,s)
(the x; are continuous variables)

» multidimensional sequences f(n,...,n,)
(the n; are discrete variables)

» mixed setting: functions in several continuous and discrete
variables f(x1,...,zs,n1,...,n;)
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Example: Legendre Polynomials P, ()

This family of (orthogonal) polynomials is a particular solution of
the differential equation

(z% — 1)P!(x) 4 22P.(x) — n(n + 1)P,(z) = 0.

Consider the set {P z)|i>0}.
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@ L4 .—>I
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Example: Legendre Polynomials P, ()

This family of (orthogonal) polynomials is a particular solution of
the differential equation

(z% — 1)P!(x) 4 22P.(x) — n(n + 1)P,(z) = 0.

Consider the set {P z)|i>0}.
PV (z) =
X nQIQ 2 nit —n X
_ 8x( (—g v +3 +3)P/( )
n(n n2z?2—n2+nz?—n+18z246
+ (nt1)( (I2t1)3 + + )Pn(x)
e @

— P, (x) is D-finite w.r.t. z.
9/ 60



Example: Legendre Polynomials P, ()
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the differential equation
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i
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Example: Legendre Polynomials P, ()

The Legendre polynomials can be defined recursively:
Po(:E) =1
P(z)==z
nP,(x) = (2n — 1)zP,_1(x) — (n — 1) Py_a(z).
Consider the set {PS) )| i,5 >0}

i
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Example: Legendre Polynomials P,(x)

The Legendre polynomials can be defined recursively:

Consider the set {Pfl)

i

nP,(x) =

(2n —1)zP,—1(z) —

(n+1)Poy1(x) + (1 — 2Pl (z) —

> 0}.

(n+1)zP,(x) =0

(n—1)P,—a(x).
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Example: Legendre Polynomials P, ()

The Legendre polynomials can be defined recursively:
Po(:E) =1
P(z)==z
nP,(x) = (2n — 1)zP,_1(x) — (n — 1) Py_a(z).
Consider the set {PS) )| i,5 >0}

i

— P, (x) is O-finite w.r.t. n and z (of holonomic rank 2).
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O-Finiteness

Let f(x1,...,25,mn1,...,n,) be a function in the continuous
variables x1,..., 25 and in the discrete variables n,...,n,.

10 / 60



O-Finiteness

Let f(x1,...,2s,m1,...,n,) be a function in the continuous
variables x1,..., 25 and in the discrete variables n,...,n,.

Definition: f is called O-finite (or D-finite) if there is a finite set
of basis functions of the form

da dis _ )
da:il d$ésf(x1,...,xs,n1 + 41y + i)

with é1,...,%s,J1,-..,Jr € N such that any shifted partial
derivative of f (of the above form) can be expressed as a
K(xi,...,2s5,m1,...,n,)-linear combination of the basis functions.
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O-Finiteness

Let f(x1,...,2s,m1,...,n,) be a function in the continuous
variables x1,..., 25 and in the discrete variables n,...,n,.

Definition: f is called O-finite (or D-finite) if there is a finite set
of basis functions of the form
da dis

s ...divisf(xl,...,xs,nl + 41y + i)
1 s

with é1,...,%s,J1,-..,Jr € N such that any shifted partial
derivative of f (of the above form) can be expressed as a

K(xi,...,2s5,m1,...,n,)-linear combination of the basis functions.

Again, finitely many initial conditions suffice to specify / fix f.
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Algebraic Setting: Operators
Write differential /difference equations in operator notation:
shift operator S,: S, f(v) = f(v+1)
partial derivative D,: D, f(v) = (%} (v)

g-shift operator S, 4: S, ¢ f(v) = f(qu)
arbitrary operator 0,: any of the above

v

v vy
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Algebraic Setting: Operators

Write differential /difference equations in operator notation:

v

shift operator S,: S, f(v) = f(v+1)
partial derivative D,: D, f(v) = (%} (v)

>
> g-shift operator S, 4: Sy 4f(v) = f(qu)
» arbitrary operator 0,: any of the above
Example 1: The Legendre differential equation
(2% = 1)P!(x) + 22P!(x) — n(n + 1)P,(z) = 0
translates to the operator

(22 —1)D? + 22D, — n(n +1).
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Algebraic Setting: Operators

Write differential /difference equations in operator notation:

v

shift operator S,: S, f(v) = f(v+1)
partial derivative D,: D, f(v) = (%} (v)

>
> g-shift operator S, 4: Sy 4f(v) = f(qu)
» arbitrary operator 0,: any of the above
Example 1: The Legendre differential equation
(2% = 1)P!(x) + 22P!(x) — n(n + 1)P,(z) = 0
translates to the operator
(22 —1)D? + 22D, — n(n +1).
Example 2: The three-term recurrence
nP,(x) = (2n — 1)xP,—1(x) — (n — 1) P_2(x)
translates to the operator

(n+2)S? — (2n + 3)zS, + (n + 1).
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Operator Algebra

Differential equations/recurrences are translated to skew polynomials.

Noncommutative multiplication:

D,-x=z-D,+1, S5 -n=n-5,+85,, etc
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Operator Algebra

Differential equations/recurrences are translated to skew polynomials.

Noncommutative multiplication:

D,-x=z-D,+1, S5 -n=n-5,+85,, etc

More general:

D, -a(z)=a(z) Dy +d(z), S, -a(n)=aln+1)-8,, etc

Even more general:
Oy-a=oc(a)- 0y~ d(a)

where o is an automorphism and ¢ is a o-derivation, i.e.,
d(ab) = o(a)o(b) + d(a)bd.

12/ 60



Operator Algebra

Definition: Such operators form an Ore algebra
O =K(v,w,...) {0y, Ou,...),

i.e., multivariate polynomials in the 0's with coefficients being
rational functions in v, w, ..., where K is a field (char(K) = 0).
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i.e., multivariate polynomials in the 0's with coefficients being
rational functions in v, w, ..., where K is a field (char(K) = 0).

In fact, the above notation is a shortcut for
K(v,w,...)[0p; 00, 00][Ow; Tw, O] - -

Example: The operators that we encountered with the Legendre
polynomials live in the Ore algebra
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Operator Algebra

Definition: Such operators form an Ore algebra
O =K(v,w,...) {0y, Ou,...),

i.e., multivariate polynomials in the 0's with coefficients being
rational functions in v, w, ..., where K is a field (char(K) = 0).

In fact, the above notation is a shortcut for
K(v,w,...)[0p; 00, 00][Ow; Tw, O] - -

Example: The operators that we encountered with the Legendre
polynomials live in the Ore algebra

K(z,n)(Dy, S) = K(2,n)[Dr; 1, £1[S; 00, 0].
Definition: We define the annihilator of a function f to be the set
Aanf::{PE(D‘P-f:O}

(it is a left ideal in the ring O).
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O-Finite Functions
Let © = K(v,w,...){(0y, Ow,...) be an Ore algebra.

Definition: A function f(v,w,...) is O-finite w.r.t. O if
“all its shifts and derivatives”

O-f={P-f|PcO}
form a finite-dimensional K (v, w, ... )-vector space:

dim]}((v,w,...) ((D/ Ann@(f)) < Q.
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O-Finite Functions
Let © = K(v,w,...){(0y, Ow,...) be an Ore algebra.

Definition: A function f(v,w,...) is O-finite w.r.t. O if
“all its shifts and derivatives”

O-f={P-f|PcO}
form a finite-dimensional K (v, w, ... )-vector space:

dim]}((v,w,...) ((D/ Ann@(f)) < Q.

In other words, if the left ideal of annihilating operators of f
Amgp(f) ={PeO|P-f=0}
is a zero-dimensional ideal.
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Why O-Finite Functions?

1. Definition gives rise to a finite data structure.
» annihilating ideal of operators (finite set of generators)

> finitely many initial values
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certain substitutions,

operator application,

e.g., 2" + Py(x)
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eg. P)alt)
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Why O-Finite Functions?

. Definition gives rise to a finite data structure.
» annihilating ideal of operators (finite set of generators)

> finitely many initial values

. This set of functions is closed under many operations.

>

>

>

>

addition,
multiplication,
certain substitutions,

operator application,

e.g., 2" + Py(x)

e.g., Pp(x)Pry1(x)
e.g., Ponys(Va2 +1)
eg. P)alt)

. These operations (closure properties) can be executed
algorithmically.

. Many elementary and special functions are covered.
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Holonomic Functions

Definition: Let f(z1,...,xs) depend only on continuous variables.

Consider the Weyl algebra
W =Kl[z1,...,z5](Dyy, ..., Dy,).

Then f is holonomic if the left ideal Annwy(f) has dimension s
(which, by Bernstein's inequality, is the minimum possible).
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Definition: Let f(z1,...,xs) depend only on continuous variables.

Consider the Weyl algebra
W =Kl[z1,...,z5](Dyy, ..., Dy,).
Then f is holonomic if the left ideal Annwy(f) has dimension s
(which, by Bernstein's inequality, is the minimum possible).
Differently stated: f is holonomic if for any (s — 1)-subset
Ec{zi,...,55,Dp,..., Dy}, |E|=5-1,

there exists a nonzero element in Annyy (f) that is free of all
generators in E/, we call this the elimination property.
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Holonomic Functions

Definition: Let f(z1,...,xs) depend only on continuous variables.

Consider the Weyl algebra
W =Kl[z1,...,z5](Dyy, ..., Dy,).
Then f is holonomic if the left ideal Annwy(f) has dimension s
(which, by Bernstein's inequality, is the minimum possible).
Differently stated: f is holonomic if for any (s — 1)-subset
Ec{zi,...,55,Dp,..., Dy}, |E|=5-1,

there exists a nonzero element in Annyy (f) that is free of all
generators in E/, we call this the elimination property.

Sequences: f(ny,...,ns) is holonomic if its generating function
F(x1,...,x, Z anl,..., Sl
n1=0 Nng=

is holonomic in the above sense.
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O-Finite and Holonomic Functions

Theorem: The function f(x1,...,xs) is holonomic if and only if
it is O-finite.
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Theorem: The function f(x1,...,xs) is holonomic if and only if
it is O-finite.

— This equivalence holds only in the continuous case!

Example: The sequence ﬁ is O-finite but not holonomic.
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O-Finite and Holonomic Functions

Theorem: The function f(x1,...,xs) is holonomic if and only if
it is O-finite.

— This equivalence holds only in the continuous case!

Example: The sequence JW is O-finite but not holonomic.

Application: Combine the two notions:
» Use J-finiteness for computations.

» Use holonomy for justifications (existence, termination).
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Principia Holonomica

1. Functions and sequences are represented by their
annihilating left ideals (and initial values).
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Principia Holonomica

. Functions and sequences are represented by their
annihilating left ideals (and initial values).

. An annihilating ideal is given by its Grobner basis
(i.e., a finite set of generators that allows us to
decide ideal membership and equality of ideals).

. Integrals and sums are treated by the method of
creative telescoping.

. The output is always given as an annihilating ideal,
not as a closed form.

18 / 60



List of O-Finite and Holonomic Functions

ArcCsc, KelvinBei, HypergeometricPFQ, ExplntegralE, ArcTanh,
HankelH2, AngerJ, JacobiP, ChebyshevT, AiryBi, AiryAi, Sinc,
Multinomial, CatalanNumber, QBinomial, Coslntegral, ArcSech,
SphericalHankelH2, HermiteH, ExplntegralEi, Beta, AiryBiPrime,
SphericalBesselJ, Binomial, ParabolicCylinderD, Erfc, EllipticK,
Fibonacci, QFactorial, Cos, Hypergeometric2F1, Erf, KelvinKer,
HypergeometricPFQRegularized, Log, Factorial, BesselY, Cosh,
Coshlintegral, ArcTan, ArcCoth, LegendreP, LaguerreL, EllipticE,
Sinhlntegral, Sinh, BetaRegularized, SphericalHankelH1, ArcSin,
EllipticThetaPrime, Root, LucasL, AppellF1, FresnelC, LegendreQ,
ChebyshevU, GammaRegularized, Erfi, HarmonicNumber, Bessell,
KelvinKei, ArithmeticGeometricMean, Exp, ArcCot, EllipticTheta,
HypergeometricOF1, EllipticPi, GegenbauerC, ArcCos, WeberE,
FresnelS, EllipticF, ArcCosh, Subfactorial, QPochhammer, Gamma,
StruveH, WhittakerM, ArcCsch, HypergeometriclF1, Sinlntegral,
BesselJ, Struvel, ArcSec, Factorial2, KelvinBer, BesselK, ArcSinh,

HankelH1, Sqrt, PolyGamma, HypergeometricU, AiryAiPrime, Sin, , ¢,



Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

b

Consider the following summation problem: F(n) = Zf(n, k)
k=a
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Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

b
Consider the following summation problem: F(n) = Zf(n, k)
k=a

Telescoping: write f(n,k) = g(n,k+ 1) — g(n, k).
b

Then F(n) = Z (g(n,k+1) = g(n, k) = g(n,b+1) — g(n, a).
k=a
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Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

b

Consider the following summation problem: F(n) = Zf(n, k)
k=a

Telescoping: write f(n,k) = g(n,k+ 1) — g(n, k).
b

Then F(n) = Z (g(n,k+1) = g(n, k) = g(n,b+1) — g(n, a).
k=a

Creative Telescoping: write
calm) f(n -+ d, k) + ..+ co(m)f(n k) = gln, b+ 1) — g(n, k).
Summing from a to b yields a recurrence for F'(n):

cim)Fin+d)+...+co(n)F(n) = gn,b+ 1) — g(n,a).

20 / 60



Creative Telescoping

Method for doing integrals and sums
(aka Feynman's differentiating under the integral sign)

Consider the following integration problem: F'(z / f(z,y)d

Telescoping: write f(x,y) = d%g(w,y).
b
Then 7o) = [ (foen)dy = gl glo.a)
Creative Telescoping: write
d
ca(@) gz f(@,y) + .. +eo(@) f(zy) = $ol,y).

Integrating from a to b yields a differential equation for F'(x):
ca(r) L5 F(2) + ...+ co(2)F(z) = g(x,b) — g(w,a)
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Creative Telescoping
We aim at computing a creative telescoping relation of the form:

can)fin+d,k)+...+co(n)f(n, k) =g(n,k+1) — g(n, k)
= (% —1)-g(n, k).

Where should we look for g(n, k)?
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= (% —1)-g(n, k).

Where should we look for g(n, k)?

Note that there are “trivial” solutions like:
k—1

g(n,k) =Y (ca(n)f(n+d,i)+ ...+ co(n)f(n,i)).

=0
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Creative Telescoping
We aim at computing a creative telescoping relation of the form:

can)fin+d,k)+...+co(n)f(n, k) =g(n,k+1) — g(n, k)
= (% —1)-g(n, k).

Where should we look for g(n, k)?

Note that there are “trivial” solutions like:
k—1

g(n,k) =Y (ca(n)f(n+d,i)+ ...+ co(n)f(n,i)).

i=0

A reasonable choice for where to search for g is O - f.

Task: find P(n,S,) = cq(n)S% + ...+ co(n) and Q € O such that
(P=(%-1Q)-f=0 <= P—(S%—-1Q € Annp(f).
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Creative Telescoping Example
v+1

With f(z,y) = %Jy(xy), consider the integral

o) yu—l—l
F(x) = ——Jy .
@ = [ ey
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Creative Telescoping Example
v+1

With f(z,y) = %Jy(xy), consider the integral

o) yu+1
Fiz)= | 2, .
@ = [ ey

The function f is O-finite with holonomic rank 2 (Basis: f, %f)
P =2’D} + 2D, — 2* —?
2 2uy? —2w—1
Q:(2/2+1)Dy+y <

g9(,y) = Q- f = y" (zyJ,(zy) — v, (2y))
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Creative Telescoping Example

With f(x,y) = %Jy(xy), consider the integral
o) yu+1

F(x) = ——J) dy.

@ = [ S ay

The function f is O-finite with holonomic rank 2 (Basis: f, %f)

P =2’D} + 2D, — 2* —?
y? — 2y — 2w —1

Q=w+1)D,+ y
9(@,y) = Q- f = y" (xyJ, (xy) — vJu(2y))
Integrating (P — D,Q) - f=0,ie, P-f= dy g(z,y), yields

2?F'(z) + 2 F (x) — (2 + V") F () = g(=, y>\Zi§° -
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Creative Telescoping Example
. v+1
With f(z,y) = 32%

o) yu+1
F(x) = - .
@ = [ S ay

Jy(xy), consider the integral

The function f is O-finite with holonomic rank 2 (Basis: f, %f)

P =2’D} + 2D, — 2* —?
y? — 2y — 2w —1

Q=(*+1)D, + y
9(z.y) = Q- f = y" (zyJy(zy) — vy (zy))
Integrating (P — D,Q) - f =0, ie., P- f = &g(z,y), yields
22F"(z) + o F' (z) — (2% + 12 F(z) = g(z, y)‘z:’ ~0.
Indeed, we have F(z) = K, ().
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Computing CT Relations

Idea: Make an ansatz for the telescoper P and the certificate ().

Telescoper: Fix an integer r and set

T
P = sz(l“)D;; with p; € K(x) unknown coefficients.
=0
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Computing CT Relations

Idea: Make an ansatz for the telescoper P and the certificate ().

Telescoper: Fix an integer r and set

P = Zpl(x)D; with p; € K(x) unknown coefficients.
=0

Certificate:
Let I denote the set of monomials under the stairs of a Grobner
basis for Anng (f), or any other vector space basis of O/ Anng(f).

Since Q@ € O/ Annp(f), we can set

Q= un(x,y) U with unknowns ¢, € K(z,y).
uel
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Chyzak’s Algorithm
Putting things together:

P—-D,Q = Zpl D Dquuxy

uell

24 / 60



Chyzak’s Algorithm
Putting things together:

P-D,Q= Zpl )0 =D} qulz,y)u

uel

= ;pi(m‘)Dyﬁ - Z (qu(z,y)Dy, + %qu(m,y)) u

uel
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Chyzak’s Algorithm
Putting things together:

P — DQ sz D DyZQu-Ty

uell
= Zpi(x)Di > (qul@,9)Dy + L qu(z,y)) u
i=0 uell

Since we want P — D,@Q € Anng(f) we reduce the above
expression with a Grobner basis of Anng(f) and equate the
(Dy, Dy)-coefficients to zero.
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(Dy, Dy)-coefficients to zero.

This yields a coupled first-order linear system of differential
equations for the ¢,'s with parameters py,...,p, € K(x).
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Since we want P — D,@Q € Anng(f) we reduce the above
expression with a Grobner basis of Anng(f) and equate the
(Dy, Dy)-coefficients to zero.

This yields a coupled first-order linear system of differential
equations for the ¢,'s with parameters py,...,p, € K(x).
— There are algorithms to find rational solutions of such systems.
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Chyzak’s Algorithm
Putting things together:

P — DQ sz D DyZQu-Ty

uell
= Zpi(m)Di > (qul@,9)Dy + L qu(z,y)) u
i=0 uell

Since we want P — D,@Q € Anng(f) we reduce the above
expression with a Grobner basis of Anng(f) and equate the
(Dy, Dy)-coefficients to zero.

This yields a coupled first-order linear system of differential
equations for the ¢,'s with parameters py,...,p, € K(x).
— There are algorithms to find rational solutions of such systems.

Finally: loop over the (a priori) unknown order 7 of the telescoper.

— This is Chyzak's algorithm (analogously in other Ore algebras).
24 / 60



Creative Telescoping in Full Generality

In general, a creative telescoping operator has the form
P(wa 6:1:) + AlQl(wv Yy, 8137 8y) +...+ AQO(w7 Yy, 6:1:7 ay)

where A; = S, — 1 or A; = D, (depending on the problem).
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Creative Telescoping in Full Generality
In general, a creative telescoping operator has the form
P(x,0z) + AMQ1(x,y,02,0y) + ... + ApQm(x, Yy, Oz, Oy)
where A; = S, — 1 or A; = D, (depending on the problem).

» Corresponds to an m-fold summation/integration problem.
> Yy =1vyi,...,Ym are the summation/integration variables.

> x =2x1,...,x; are the surviving parameters.
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Creative Telescoping in Full Generality

In general, a creative telescoping operator has the form
P(xa am) + AlQl(wv Yy, 8m7 8y) +...+ AQO(xa Yy, 6:27 8y)
where A; = S, — 1 or A; = D, (depending on the problem).

» Corresponds to an m-fold summation/integration problem.
> Yy =1vyi,...,Ym are the summation/integration variables.
> x =2x1,...,x; are the surviving parameters.

» P(x,0;) is called the telescoper.
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Creative Telescoping in Full Generality

In general, a creative telescoping operator has the form
P(xv am) + AlQl(wv Yy, 8m7 8y) +...+ AQO(xa Yy, 6:27 8y)

where A; = S, — 1 or A; = D, (depending on the problem).

» Corresponds to an m-fold summation/integration problem.
> Yy =1vyi,...,Ym are the summation/integration variables.
> x =2x1,...,x; are the surviving parameters.

v

P(x, 83) is called the telescoper.
The Qi(x,y, Oz, 0y) are called the certificates.

The certificates certify the correctness of the telescoper.

v

v

v

Research topic: develop fast algorithms to compute it!

25 / 60



Ansatz with Specific Denominators
For finding CT operators, we proposed an ansatz of the form

Y rale 8"‘+ZA PR

uesl ’j :B y

with unknowns p, and g; ; g, and with specific denominators d; ;.
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Y rale 80‘+ZA PR
dij(z,y)
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with unknowns p, and g; ; g, and with specific denominators d; ;.

>

>

>

>

input: a left Grobner basis G of Anng(f)

denote by 4l the (finitely many) monomials under its stairs
reduce the ansatz with G and equate coefficients to zero
new: coefficient comparison w.r.t. y

this leads to a linear system of equations over K(x)

the denominators d; ; can be roughly predicted from the
leading coefficients of the Grobner basis G

implemented in HolonomicFunctions (Mathematica)
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Reduction-Based Telescoping

» Typically, the certificate @) is much larger than the telescoper.
» Often @ is not needed (natural boundaries / closed contour).
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Reduction-Based Telescoping

» Typically, the certificate @) is much larger than the telescoper.
» Often @ is not needed (natural boundaries / closed contour).

Differential case: define a reduction procedure p: 7 — F s.t.
» for each f € F there is g € F such that f — p(f) = ¢/,
» p(f) =0if and only if f is integrable.

Example: Hermite reduction for (univariate) rational functions.

To compute a telescoper for ff f(x,y) dy, apply this reduction p
to the successive derivatives of the integrand f:

f=g+pr(f) =g5+ho

Lr=gi+p(Lf) =di+m
2 2

Lr=9+0(5f) =gh+ho
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Reduction-Based Telescoping

» Typically, the certificate @) is much larger than the telescoper.

» Often @ is not needed (natural boundaries / closed contour).

Differential case: define a reduction procedure p: 7 — F s.t.
» for each f € F there is g € F such that f — p(f) = ¢/,
» p(f) =0if and only if f is integrable.

Example: Hermite reduction for (univariate) rational functions.

To compute a telescoper for ff f(x,y) dy, apply this reduction p
to the successive derivatives of the integrand f:

f=g0+p(f) =g0+ho
Lr=di+o(Lf) =gi+m
= +o(Lf) =dh+ha
If the h; live in a finite-dimensional KK (x)-vector space, then there
exists a nontrivial linear combination pohg + ...+ p-h, = 0.

— Hence, the desired telescoper is pg + p1 Dy + ... + pr Dy
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Application: Special Function Identities

Journal of Computational and Applied Mathematics 32 (1990) 321368 21
North-Holland

A holonomic systems approach to special
functions identities *

Doron ZEILBERGER
Department of Mathematics, Temple University, Philadelphia, PA 19122, USA

Received 14 November 1989

Abstract: We observe that many special functions are solutions of so-called holonomic systems. Bernstein’s deep theory i

of holonomic systems is then invoked to show that any identity involving sums and integrals of products of these
special functions can be verified in a finite number of steps. This is partially substantiated by an algorithm that proves
terminating hypergeometric series identities, and that is given both in English and in MAPLE.
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Examples of Special Function Identities

S-Sl o

N X P )
T = m 2
/0 (24 + 2022 +1)™*! 2m+2(a +1)™ m+3 )
ez 2|12 () :/ eftt%HLJa(Q\/IE) dt (3)
0

o] OO OO Hn mon,—x2

/ ) (.’L')T' s7e dflf — \/77_627”8 (4)
= On ‘ min!

1 T
_ 2\Y T2 jiax (V) _m I‘(n + 21/)Jn+,/(a)
/_ (1=a) e @) da o (5)

sin (V22 + 2tz) _ i (—t)"yn—1(2) (6)
z n!

n=0

29 / 60



Computer Proof of a Special Function Identity

ez 2nI LY () :/ e_tt%"'"Ja(?\/ﬁ) dt.
0
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Computer Proof of a Special Function Identity

o0
e 2nlLY (z) = / ettatn g, (2\/&) dt.
0
<< RISC HolonomicFunctions
Annihilator [Exp[-x]*x~ (a/2)*n!*Laguerrel[n, a, x],
{slal, S[n], Der[x]}]
{28, — 22Dy + (—a — 2n — 2),
42°D? + (422 + 42) D, + (—a® + 2ax + 4nx + 4z),
2252 4+ (2az + 22 4 22) D, + (—a® + ax — a + 2nx + 272)}
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Computer Proof of a Special Function Identity

o0
e 2nlLY (z) = / ettatn g, (2\/1%) dt.
0
<< RISC HolonomicFunctions
Annihilator [Exp[-x]*x~ (a/2)*n!*Laguerrel[n, a, x],
{slal, S[n], Der[x]}]
{28, — 22Dy + (—a — 2n — 2),
42°D? + (422 + 42) D, + (—a® + 2ax + 4nx + 4z),
2252 4+ (2az + 22 4 22) D, + (—a® + ax — a + 2nx + 272)}

CreativeTelescoping[Exp[-t]*t~ (a/2+n)*BesselJ[a,2*xSqrt [t*x]],
Der[t], {S[al, S[nl, Der[x]}]

{{-2S, + 22D, + (a +2n +2),
422D? + (422 + 42) D, + (—a® + 2ax + 4nx + 4x),
2252 + (2az + 222 + 22) Dy + (—a® + ax — a + 2nx + 22)},
{—2t, —4tx, —2tx}}

— The annihilating ideals agree; check a few initial values.
30 / 60



Application in Theoretical Physics

o Joint work with A\
Youssef Abdelaziz, Salah Boukraa, Jean-Marie Ma|IIard

» Diagonals of rational functions, pullbacked o F}
hypergeometric functions and modular forms
(JPA 51(45), 455201, 2018)

» Heun functions and diagonals of rational functions
(JPA 53(7), 075206, 2020)

» On Christol's conjecture (JPA 53(20), 205201, 2020)
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Diagonals of Rational Functions

Given a rational function in n variables

A(z1, ..., xn)

R(ﬂ?]_,.. .,./,Un) = m,

where A, B € Q|z1,...,xy] such that B(0,...,0) # 0.
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Diagonals of Rational Functions

Given a rational function in n variables

Az, 1)
R(z1,...,2,) = Bl o)
where A, B € Q|z1,...,xy] such that B(0,...,0) # 0.

Definition: The diagonal of R is defined through its multi-Taylor
expansion around (0,...,0):

TTL1 m
R(l‘l,..., E E Tmy,....;m ceexp™,

mi1=0 myp=0

as the power series in one variable:

Diag(R(ml, . ,xn)) = Z Tmgm,.om = T
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Example of a Diagonal

Consider the Taylor expansion of the bivariate rational function

1

=l4+az+y+a®+doy+ o+ 23 + 12y + Tyt +
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Example of a Diagonal

Consider the Taylor expansion of the bivariate rational function

1

=l4+az+y+a®+doy+ o+ 23 + 12y + Tyt +

=1+ vy + ¥ + ¥ + v+ ¥ o+
+x + daxy + Txy® + 10xy® + 132yt + 162y +...
+ 22 + T2y + 222297 + 4622y + 7922yt + 121220 + ...
+ 23 + 1023y + 4623y% + 136233 + 30723y* + 5862%y° + ...
+ 2t + 132%y + 79z%? + 3072ty + 886xty? + 2086210 + ...
+ 2% + 162°y + 12125y + 5862y + 2086x°y? + 594455 + . ..
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Example of a Diagonal

Consider the Taylor expansion of the bivariate rational function

1
l—a—y—2zy

flz,y) =

=l4+az+y+a®+doy+ o+ 23 + 12y + Tyt +

=1+ y + ¥ + ¥ + ¥ o+ P

+ x + 4oy + Txy® + 10xy® + 132yt 4+ 162y + ...
+a? + T2ty + 22077 + 462%° + TOx%yt + 12120 + ...
+ 22 + 1023y + 4623y? + 1362°y° + 30723y + 586x23y° +...
+ ot + 132y + 7921y + 3072ty + 886atyt + 208621y5 + ...
+ a7 + 162% + 1212°y? + 5862°y" + 20862°y" + 594407 + ...

Then the diagonal of f is
Diag(f) = 1 + 4 + 222% + 1362° + 8862 + 59442° + . ..
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Properties of Diagonals

Theorem: The diagonal f(x) of every rational function is

» globally bounded: there exist integers ¢, d € N*, such that
d- f(cx) € Z[[z]] and f(z) has nonzero radius of convergence.
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Properties of Diagonals
Theorem: The diagonal f(x) of every rational function is

» globally bounded: there exist integers ¢, d € N*, such that
d- f(cx) € Z[[z]] and f(z) has nonzero radius of convergence.

» D-finite: there exists a nonzero linear differential operator
L € Q[z](Dy) such that L - f = 0.

Christol’s Conjecture: The converse is also true, i.e., every series

satisfying these two properties is the diagonal of a rational function.

» This conjecture was first formulated in a paper in 1986
and it is still widely open.

> It doesn’t say anything about the number of variables
in the rational function.

» One needs at least three variables, but no explicit example
requiring more than three variables is known.
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Christol's Conjecture

PROPOSITION : Toute diagonale de fraction rationnelle £ satisfait les
propriétés suivantes :
a) Elle est solution d’une équation différentielle linéaire i a
coefficients dans Q[Al
a’) Cette équation différentielle est une équation de Picard Fuchs.
b) Pour toute place p (finie ou non) de Q , le rayon de convergence
r (f) de la série f dans le corps C est non nul.
c) PZur presque toute place p de Q , onpa rp(f) =1
c’) Pour presque toute place p de Q@ , la fonction f est bornée
dans le disque DP(O,I) = (xeCp;Ix]<1}4
c"”) Pour presque toute place p de Q ,on a :

Ilfllp = sup If(x)] = 1.

xeD (0,1)
P

Seules les propriétés a) et a’) ne sont pas immédiates. On en trouvera une

démonstration dans [1]

Dans cet article nous nous proposons de tester la conjecture suivante sur

les fonctions hypergéométriques stAl

CONJECTURE : Une série entiére o qui vérifie les propriétés a), b), c),

c’) et c") est la diagonale d’une fraction rationnelle.
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Hadamard Product

Definition: The Hadamard product of two series

f@)=> an-a" and glx) =) Bn-z"
n=0 n=0

is given by 00
f@)xg(x) = Zan B - x".
n=0
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Hadamard Product

Definition: The Hadamard product of two series

is given by 00
f@)xg(x) = Zan B - x".
n=0

Note: Diagonals are closed under the Hadamard product, i.e.,
if two series are diagonals of rational functions, their Hadamard
product is also a diagonal of a rational function.

Example:
Let f(z) = Diag(F(z1,...,,)) and g(z) = Diag(G(z1,...,s)).
Then:

F(a) % g(z) = Diag(F(ml, oy zn) G(@g, e xm)).
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Hypergeometric Functions

Definition: Let (a)g:=a-(a+1)---(a+k —1). Then

N~ (e (a2t
qu([al,...,ap], (b1, -+ bg] ,;v) o kgo (b1)k - (bg)r K
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Hypergeometric Functions

Definition: Let (a)g:=a-(a+1)---(a+k —1). Then

PF(]([ala-"7ap]a[bl,--.,bq],x

S (e (a) o
)=2 (01)k - (bg) k!

<0
al,...,bqu

Pk T

k=0
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Hypergeometric Functions
Definition: Let (a)g :=a-(a+1)---(a+k —1). Then

N Y
qu([alw--,ap]a (b1, - b ’x) o kzzo (b1)k - (bg)k  K!

Note: Any such hypergeometric function is D-finite, for example:

the classical GauB hypergeometric o F([a, b], [c], z) function
satisfies Euler’s differential equation:

z(z—1)y"() + ((a+b+ 1)z — ) y'(z) + aby(z) = 0.
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Hypergeometric Functions
Definition: Let (a); :=a-(a+1)---(a+k —1). Then
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Note: Any such hypergeometric function is D-finite, for example:
the classical GauB hypergeometric o F([a, b], [c], z) function
satisfies Euler's differential equation:
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Hypergeometric functions of the form ,F),_; provide a natural
testing ground for Christol’s conjecture:

» If ¢ < p—1 then the ,F} series has zero radius of convergence.
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Hypergeometric Functions
Definition: Let (a); :=a-(a+1)---(a+k —1). Then

N Y
qu([a1>---7ap]v (b1, - b ’:E) o kzzo (b1)k - (bg)k  K!

Note: Any such hypergeometric function is D-finite, for example:
the classical GauB hypergeometric o F([a, b], [c], z) function
satisfies Euler's differential equation:

z(z—1)y"() + ((a+b+ 1)z — ) y'(z) + aby(z) = 0.

Hypergeometric functions of the form ,F),_; provide a natural
testing ground for Christol’s conjecture:

» If ¢ < p—1 then the ,F} series has zero radius of convergence.

» If ¢ > p — 1 then the ,F} series cannot be globally bounded.
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Height
Definition: Let f(z) be a hypergeometric function of the form
f(@) = pFp-1(lar,. .., ap], [b1...,bp-1],2).
Setting b, = 1, the height of f is

h={1<j<plbeZ} - [{1<j<pla;eZ}
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Height
Definition: Let f(z) be a hypergeometric function of the form
f(@) = pFp-1(lar,. .., ap], [b1...,bp-1],2).
Setting b, = 1, the height of f is
h=[{1<j<plbjez}| - [{1<i<pla;€Z}]
Theorem (Christol): If f(z) can be written as the Hadamard

product of h globally bounded series of height 1, then f(x) is the
diagonal of a rational function.
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Height
Definition: Let f(z) be a hypergeometric function of the form
f(@) = pFp-1(lar,. .., ap], [b1...,bp-1],2).
Setting b, = 1, the height of f is

h={1<j<plbeZ} - [{1<j<pla;eZ}

Theorem (Christol): If f(z) can be written as the Hadamard
product of h globally bounded series of height 1, then f(x) is the
diagonal of a rational function.

Theorem (Christol): A ,F,_1 hypergeometric function of
height 1 is globally bounded if and only if it is algebraic.
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Rational vs. Algebraic
Example: The globally bounded hypergeometric function

f@)=sF([3, 5,4, 11],2) =1+ $-2+ 5527 + ...
has height 3
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Rational vs. Algebraic
Example: The globally bounded hypergeometric function

f(.f) :3F2([%’%’%]7[171]7x) =1+ QL?{I;—F %12_'_

has height 3, and it can be written as the Hadamard product of
three hypergeometric functions of height 1:

Fo([5):12) = aFo([5][2) * 1 Fo([5]: 1)
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Rational vs. Algebraic
Example: The globally bounded hypergeometric function

f@) = sF2([5 5 5], (L1, 2) = 1+ 3o + Fga® + ..

has height 3, and it can be written as the Hadamard product of
three hypergeometric functions of height 1:

Fo([5):12) = aFo([5][2) * 1 Fo([5]: 1)

By noting that 1 Fo([3], [}, ) = (1 — 2)~1/3, we see that f(z) is
the diagonal of an algebraic function in three variables:

=D 15 1),
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Rational vs. Algebraic
Example: The globally bounded hypergeometric function

f(.f) :3F2([%’%’%]7[171]7x) =1+ QL?{I;—F %12_'_

has height 3, and it can be written as the Hadamard product of
three hypergeometric functions of height 1:

Fo([5],002) = ko ([5) 1 2) = aFo([5], ] )-
By noting that 1 Fo([3], [}, ) = (1 — 2)~1/3, we see that f(z) is
the diagonal of an algebraic function in three variables:
f(@) = Diag((1 —a)™/3- (1= y) 73 (1= 2)71/%).

Theorem (Furstenberg): Any algebraic power series f(x) is the
diagonal of a rational function in two variables.
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Rational vs. Algebraic
Example: The globally bounded hypergeometric function
f@) =3F([5, 5, 5], (1 1, 2) = 1+ goo + 2552° + ...

has height 3, and it can be written as the Hadamard product of
three hypergeometric functions of height 1:

1Fo([3]:102) + aFo([5)1]2) = 1Fo(([3] )
By noting that 1 Fo([3], [}, ) = (1 — 2)~1/3, we see that f(z) is
the diagonal of an algebraic function in three variables:

=D 15 1),

Theorem (Furstenberg): Any algebraic power series f(x) is the
diagonal of a rational function in two variables.

Theorem (Denef, Lipshitz): Any power series in Q [[z1, ..., zy]],
algebraic over Q(x1,...,xy,), is the diagonal of a rational function
in 2n variables.
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Situation for 2F1 Functions

Fact: Every globally bounded 2F([a,b], [c], z) hypergeometric
function is the diagonal of a rational function.
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For example, let a,b € Q \ Z.

> c € N: in this case the 9 F function is automatically globally
bounded and can be written as the Hadamard product of two
(algebraic) 1 Fy functions.
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function is the diagonal of a rational function.
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> c € N: in this case the 9 F function is automatically globally
bounded and can be written as the Hadamard product of two
(algebraic) 1 Fy functions.

» c € Q\ Z: in this case the o F function is globally bounded if
and only if it is algebraic.
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Situation for 2F1 Functions

Fact: Every globally bounded 2F([a,b], [c], z) hypergeometric
function is the diagonal of a rational function.

For example, let a,b € Q \ Z.

> c € N: in this case the 9 F function is automatically globally
bounded and can be written as the Hadamard product of two
(algebraic) 1 Fy functions.

» c € Q\ Z: in this case the o F function is globally bounded if
and only if it is algebraic.

Hence, this situation is not particularly interesting for our purposes.
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Situation for 3F2 Functions
When is it easy to see that a globally bounded hypergeometric

function 3F»([a,b, c], [d, €], z) with a,b,c € Q \ Z is the diagonal
of a rational function?
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When is it easy to see that a globally bounded hypergeometric
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of a rational function?

» If d,e € N, because in this case it can be written as the
Hadamard product of three 1 Fy algebraic functions.
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When is it easy to see that a globally bounded hypergeometric
function 3F»([a,b, c], [d, €], z) with a,b,c € Q \ Z is the diagonal
of a rational function?

» If d,e € N, because in this case it can be written as the
Hadamard product of three 1 Fy algebraic functions.

» If d,e € Q \ Z, because in this case the 3F5 function is

algebraic.

Hence the interesting case occurs when only one of the two
parameters d or e is rational, and the other one is an integer.
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Situation for 3F2 Functions

When is it easy to see that a globally bounded hypergeometric
function 3F»([a,b, c], [d, €], z) with a,b,c € Q \ Z is the diagonal
of a rational function?

» If d,e € N, because in this case it can be written as the
Hadamard product of three 1 Fy algebraic functions.

» If d,e € Q \ Z, because in this case the 3F5 function is

algebraic.

Hence the interesting case occurs when only one of the two
parameters d or e is rational, and the other one is an integer.

Even in this case, a lot of the 3F5 functions are easily seen
to be diagonals of rational functions. ..
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Situation for 3F2 Functions

Suppose now that f(x) = 3Fs([a,b, cl, [d, 1], z) is globally
bounded, with the parameters a,b,c,d € Q \ Z.
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Situation for 3F2 Functions

Suppose now that f(x) = 3Fs([a,b, cl, [d, 1], z) is globally
bounded, with the parameters a,b,c,d € Q \ Z.

Then there are six ways to write this function as a Hadamard
product of hypergeometric functions:

f(z) = 2F1([a,b],[d],z) * 1Fo([c], ) =...
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Situation for 3F2 Functions

Suppose now that f(x) = 3Fs([a,b, cl, [d, 1], z) is globally
bounded, with the parameters a,b,c,d € Q \ Z.

Then there are six ways to write this function as a Hadamard
product of hypergeometric functions:

~

&
Il

[\

Fl([aﬂb}v[d]vx) * 1F0([C],$) =
Fl([a7b}v[1]7x) * 2F1([Cv 1]a[d]?$) =

~
—~
S
I
[\
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Situation for 3F2 Functions

Suppose now that f(x) = 3Fs([a,b, cl, [d, 1], z) is globally
bounded, with the parameters a,b,c,d € Q \ Z.

Then there are six ways to write this function as a Hadamard
product of hypergeometric functions:

f(z) = 2F1([a,b],[d],z) * 1Fo([c], ) =...
f(@) =2Fi([a, 0], [1],2) * 2F1([c,1],[d],z) = ...

» Both 1 Fy([c],z) and 2Fi([a,b], [1],z) are diagonals
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Situation for 3F2 Functions

Suppose now that f(x) = 3Fs([a,b, cl, [d, 1], z) is globally
bounded, with the parameters a,b,c,d € Q \ Z.

Then there are six ways to write this function as a Hadamard
product of hypergeometric functions:

f(z) = 2F1([a,b],[d],z) * 1Fo([c], ) =...
f(@) =2Fi([a, 0], [1],2) * 2F1([c,1],[d],z) = ...

» Both 1 Fy([c],z) and 2Fi([a,b], [1],z) are diagonals
» Then f(z) is a diagonal if 2F1(([ 1], [d], z) or

9F1([a,b],[d], z) is a diagonal (i.e. if one of them is algebraic).
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Situation for 3F2 Functions

Suppose now that f(x) = 3Fs([a,b, cl, [d, 1], z) is globally
bounded, with the parameters a,b,c,d € Q \ Z.

Then there are six ways to write this function as a Hadamard
product of hypergeometric functions:

f(z) = 2F1([a,b],[d],z) * 1Fo([c], ) =...
f(z) = 2F1([a,b],[1],2) * 2F1([c, 1), [d],z) = ...

» Both 1 Fy([c],z) and 2Fi([a,b], [1],z) are diagonals
» Then f(z) is a diagonal if 2F1(([ 1], [d], z) or

9F1([a,b],[d], z) is a diagonal (i.e. if one of them is algebraic).

» 9F([c,1],[d], z) cannot be an algebraic function (Goursat).
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Situation for 3F2 Functions

Suppose now that f(x) = 3Fs([a,b, cl, [d, 1], z) is globally
bounded, with the parameters a,b,c,d € Q \ Z.

Then there are six ways to write this function as a Hadamard
product of hypergeometric functions:

f(z) = 2F1([a,b],[d],z) * 1Fo([c], ) =...
f(z) = 2F1([a,b],[1],2) * 2F1([c, 1), [d],z) = ...

» Both 1 Fy([c],z) and 2Fi([a,b], [1],z) are diagonals
» Then f(z) is a diagonal if 2F1(([ 1], [d], z) or

9F1([a,b],[d], z) is a diagonal (i.e. if one of them is algebraic).

» 9F([c,1],[d], z) cannot be an algebraic function (Goursat).

Thus if one of o F ([a, b], [d], x), 2F1([b, c], [d], x), 2F1([a, c], [d], x)
is algebraic, then f(x) is the diagonal of a rational function.
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Potential Counterexamples
Potential counterexamples to Christol’s conjecture were

constructed in a way that avoids them being written as
“simple” Hadamard products of algebraic functions.
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Potential counterexamples to Christol’s conjecture were
constructed in a way that avoids them being written as
“simple” Hadamard products of algebraic functions.

Christol came up with an unresolved example to his conjecture

» G. Christol, Fonctions hypergéométriques bornées,
Groupe d'Etude d'Analyse ultramétrique, vol. 14 (1986-1987),
Exposé N° 8, p. 1-16.
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Potential Counterexamples

Potential counterexamples to Christol’s conjecture were
constructed in a way that avoids them being written as
“simple” Hadamard products of algebraic functions.

Christol came up with an unresolved example to his conjecture

» G. Christol, Fonctions hypergéométriques bornées,
Groupe d'Etude d'Analyse ultramétrique, vol. 14 (1986-1987),
Exposé N° 8, p. 1-16.

A longer list was generated by Christol and his co-authors in 2012.

» A. Bostan, S. Boukraa, G. Christol, S. Hassani, J-M. Maillard
Ising n-fold integrals as diagonals of rational functions and
integrality of series expansions: integrality versus modularity.
Journal of Physics A: Mathematical and Theoretical 46(18)
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Potential Counterexamples

For example, these two hypergeometric functions are globally
bounded, as they can be recast into series with integer coefficients:

3Py ([2,3,8], [3,1],3%) = 1 + 120z + 471242% + 234834602 + . ..

@\l\’)
@\Cﬂ
©|oo

sFy([3,8,1], [3,1],3%) = 1 + 84z + 327602> + 163020002° + . ..

@\»b-
©l~
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Potential Counterexamples

For example, these two hypergeometric functions are globally

bounded, as they can be recast into series with integer coefficients:

©|oo

33 ([5,

(Q\l\’)
@\Cﬂ

32 ([5: 5

@\\1

But they cannot be obtained as diagonals through Hadamard
products, since the following series are not globally bounded:

211([5. 51, [5.0), 2F1([5. 51 [5].2) 2F1([5. 5], [5].2),

211 ([5.5) [5].2). 2P1([5. 5] [5).0). 2F1([5. 8] [5].)-

@\U‘
©|0o

@\»—A
Ol

.81, [2,1],3%) = 1+ 1202 + 471242 4 234834602° + . ..

], [3,1],3%) = 1 + 84z + 3276022 + 163020002> + ...
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Not Globally Bounded

2F1([3, 3], [3]:2) =
2/9-5/9 (2/9-11/9) - (5/9-14/9)
2/3.1 " (2/3-5/3)-(1-2)

2.11.20...(9k_7).5.14-23---(9k‘—4)‘<£)k
2-5-8---3k—1)-1-2-3---k 27

— 14+

+ ...
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Not Globally Bounded

2F1([3, 3], [3]:2) =
2/9-5/9 (2/9-11/9) - (5/9-14/9)
2/3.1 " (2/3-5/3)-(1-2)

2'11'20"'(%_7)'5'14'23'”(%_4)-(i)k+
2.5-8--(3k—1)-1-2-3---k 27) T

— 14+

Let p be a prime such that p = 3k — 1 for some k.
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Not Globally Bounded

211([5, 51, [5].0) =

2/9-5/9  (2/9-11/9)-(5/9-14/9)

=l (2/3-5/3)-(1-2)

2-11-20---(9k—7)-5-14-23--- (9k — 4 k
(% 1) Ok 1) 2y,

2.5-8---3k—1)-1-2-3---k 27
Let p be a prime such that p = 3k — 1 for some k.

» If p=2 mod 9orif p=5 mod 9 then it gets cancelled in
the k-th term.
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2-11-20---(9k—7)-5-14-23--- (9k — 4 k
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2.5-8---3k—1)-1-2-3---k 27
Let p be a prime such that p = 3k — 1 for some k.

» If p=2 mod 9orif p=5 mod 9 then it gets cancelled in
the k-th term.

> If p=8 mod 9, then it survives in the denominator of the
k-th term.
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Not Globally Bounded

2F1([3, 3], [3]:2) =
2/9-5/9 (2/9-11/9) - (5/9-14/9)
2/3.1 " (2/3-5/3)-(1-2)

2'11'20"'(%_7)'5'14'23"'(%_4)-(i)k+
2.5.8---(3k—1)-1-2-3---k 27) T

=1+

Let p be a prime such that p = 3k — 1 for some k.

» If p=2 mod 9orif p=5 mod 9 then it gets cancelled in
the k-th term.

> If p=8 mod 9, then it survives in the denominator of the
k-th term.

There are infinitely many prime factors in the Taylor expansion,
and therefore the function is not globally bounded.
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Towards Christol
Theorem: The hypergeometric functions
315 ([5, 5,50, [5.1],272) and 51o([5. 5. 5] [5. 1], 272)

are diagonals of rational functions.
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Towards Christol
Theorem: The hypergeometric functions

382 ([5. 5,51 [5:1].272) and 5P ([5. 5. 5] [5.1].270)

are diagonals of rational functions.
More precisely, we have:

o )1/3
3F2([%7 g’ %]’ [2 1],271‘) = Diag(uy)>’

3 l—z—y—=z
(- —y)??
oFa([h 431, (4,1, 270) = Ding (=220,
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Towards Christol
Theorem: The hypergeometric functions

382 ([5. 5,51 [5:1].272) and 5P ([5. 5. 5] [5.1].270)

are diagonals of rational functions.

More precisely, we have:

 (A—z—y)'/?
oFa([3 531 [31).270) = Ding (=200,

 ((A—z—y)*?
oFa([h 431, (4,1, 270) = Ding (=220,

1— 72— a/b
More generally, Diag(W) is shown to evaluate to
—r—y-—
3a—b 2a—b a—b] ra—">
A5 T )
a2 3a 3a 3a a v
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Proof
(1—z—y)"

The denominator of the algebraic function ———— is
. o 1—xz—y—2)
expanded as a geometric series:

v EEE ) e

n=0m=0 [=0
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Proof
(1—z—y)"

The denominator of the algebraic function ———— is
. o 1—xz—y—2)
expanded as a geometric series:

o0 o0 oo
oy = S () ()t
n=0m=0 [=0
while the numerator can be expanded as

> (—a/b) L A A
SO g2 Sy CO (B

k=0 ’ =0 j= J
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Proof

1—1p— a/b
The denominator of the algebraic function % is
. o 1—xz—y—2)
expanded as a geometric series:
(0.9} o oo
ey =2 S (1) ()t
n=0m=0 [=0

while the numerator can be expanded as

> (—a/b > K (—a/b AN
¥
k=0 k=0 j=0

Multiplying these two sums and re-indexing, we obtain:

oo o0 o0

ZZZ@“S . UZZ a/b <]> <s+t+u—k> (s—i—t—‘k).

s+t—Fk s —
s=0 t=0 u=0 7=0 k=0 + J
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Proof

Hence the diagonal coefficient of x™y"2" is given by

Sy ()G G
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which by the Chu-Vandermonde identity
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Proof

Hence the diagonal coefficient of x™y"2" is given by

()G ()

which by the Chu-Vandermonde identity

()= )0

() (),

is simplified to
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Proof

Hence the diagonal coefficient of x™y"2" is given by

Z Z a/b kN (3n—k\ (2n —k
iJ\2n—k)\n—j)’
which by the Chu-Vandermonde identity

()= )0

() (),

k=0

is simplified to

Now use a computer algebra tool like Mathematica or Maple

to simplify this sum further into a closed form. ..
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Proof

More precisely, we employ creative telescoping to find that

(o) G () s

k=0

satisfies the first-order recurrence

(a—3b—3bn)-(a—2b—3bn)-(a—>b—3bn)-S(n)
=b*-(n+1)% - (a—b—bn)-S(n+1).
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Proof

More precisely, we employ creative telescoping to find that

()&= () s

k=0

satisfies the first-order recurrence

(a—3b—3bn)-(a—2b—3bn)-(a—>b—3bn)-S(n)
=b*-(n+1)% - (a—b—bn)-S(n+1).

Together with the initial value S(0) = 1, we get the closed form

3 (), (%Y, (%Y,

R Gt

yielding the hypergeom. function representation of the diagonal.

)
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Diagonals as Integrals

Note that a diagonal Diag(R(a;,y,z)) can also be expressed as

1 1
<y0z0>R<E,y,z> = Tesy, . —R(E,y,z> = %R(x,y,z>dydz.
y z Yyz y z Yz Yy z

where (31°20) denotes the constant coefficient w.r.t. i and z.
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Diagonals as Integrals

Note that a diagonal Diag(R(a;,y,z)) can also be expressed as

1 1
<y0z0>R<§,y,z> = Tesy, . —R(E Y z) = %R(x,y,z>dydz.
y z Yyz y z Yz Yy z

where (31°20) denotes the constant coefficient w.r.t. i and z.

Indeed, writing

xy, Zzzrlmnxy 2"

>0 m=>0n>0

one obtains

( ) Zzzalmnxlmlnm

>0 m>=20n>0
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Proof by Creative Telescoping

Compute a linear differential operator that annihilates the diagonal
of our algebraic function, by applying creative telescoping to

1 1—x/y— a/b
7{R<x, y,z) dydz :7{ (L=x/y = y/2) 5 dydz
y = Z

Yz yz—xz—y*—y
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Proof by Creative Telescoping

Compute a linear differential operator that annihilates the diagonal
of our algebraic function, by applying creative telescoping to

1 1—x/y— a/b
7{R<x, y,z) dydz :7{ ( [y = y/?) dydz
yz \y z Yz —xz — Y% — yz2

We obtain the following telescoper of order three:

b2?(1 — 27x) - D3 + b*x((27a — 135b) - 2 — a + 3b) - D?
—b-((9a% — 63ab + 114b?) - = + ab — b?) - D,
+ (a—3b) - (a—2b)- (a—0).
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Proof by Creative Telescoping

Compute a linear differential operator that annihilates the diagonal
of our algebraic function, by applying creative telescoping to

1 1—x/y— a/b
7{R<x, y,z) dydz :7{ ( [y = y/?) dydz
yz \y z Yz —xz — Y% — yz2

We obtain the following telescoper of order three:

b2?(1 — 27x) - D3 + b*x((27a — 135b) - 2 — a + 3b) - D?
—b-((9a% — 63ab + 114b?) - = + ab — b?) - D,
+ (a —3b) - (a—2b) - (a—b).

One of its solutions is the claimed 3F5, hypergeometric function

3F2([3a3; b’ 2a3; b’ a:s_ab}’ [a;b’l}’”w)'
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In[1]):=

outal-

Inf4]:=

outj4l=

In[s]:=

outfs]-

In{6):=

outfsl=

Software Demo

<< RISC'HolonomicFunctions®

HolonomicFunctions Package version 1.7.3 (21-Mar-2017)
written by Christoph Koutschan

Copyright Research Institute for Symbolic Computation (RISC),
Johannes Kepler University, Linz, Austria

--= Type ?HolonomicFunctions for help.

alg=(1-x-y)"(1/3)/(1-x-y-2)3

intg = ExpandAll[(alg /. {x=>x/y, y>sy/z}) /(yz)]
(1% lel-z
\ y z/

oy ez ey zeyz?

CreativeTelescoping[intg, Der[y], {Der[x], Der[z]}1[[1]]

[(144x72* - T2x2°+92° +72x2" -182° - 36x2°+92°) D2+ (-6x° z-972x°z-3x2"+324x" 2* - 12x2° -3x 2") Dy

(264x7z-180x 2" -324x" 2" +247° + 366 x 2° - 66 2° - 1T4x2°+422°) D, + (16 X" 46 x 7 -540%" 2+ 62" +308x 2" -

(144x7z-72x2°+92° +72x2° 182" -36x2°+92°) DD+ (24%x" -24%x2+324x" 2+92" - 6x2 -272°-68x2° +1

(48xz+62°+108%x2° -482°+62°) D+ (8x+162+180xz-T42z +102°), (-144%° +72x" z-9xz - 72x 2° + 18>

(-336 %" +138x2+108x" 2-92° - 132x2° +182° +48 %2> -92") Dy + (-24x2+2472° +36x2° -302° +62%) Dy + (-6

CreativeTelescoping([%, Der[z]][[1]]
[(-27 x* + 729 %%) D} + (-72 x + 3402 x”) Dj + (-18 + 2538 ) Dy + 80}

Annihilator [HypergeometricPFQ[{2/9,5/9, 8/9}, {2/3, 1}, 2T x], Der([x]]

{(-27x*+ 729} D} + (-72 x + 3402 x*) D} + (-18 + 2538 x) Dy + 80}
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From Algebraic to Rational

Denef and Lipshitz: For a given algebraic power series
f(z1,...,2,) in n variables, construct a rational function
R(zx1,...,x9,) in 2n variables such that

Diag(R(:L‘l, e 33'2n)) = Diag(f(xl, e a:n))
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Denef and Lipshitz: For a given algebraic power series
f(z1,...,2,) in n variables, construct a rational function
R(zx1,...,x9,) in 2n variables such that

Diag(R(:L‘l, e x2n)) = Diag(f(xl, e a:n))
Moreover, the “partial diagonal” of R, w.r.t. the pairs of variables
(‘rla xn+1)7 R (xn—h .'1:'2”)7

yields the algebraic power series f.

53 / 60



From Algebraic to Rational

Denef and Lipshitz: For a given algebraic power series
f(z1,...,2,) in n variables, construct a rational function
R(zx1,...,x9,) in 2n variables such that

Diag(R(xl, e Q:Qn)) = Diag(f(xl, e a:n))
Moreover, the “partial diagonal” of R, w.r.t. the pairs of variables
(1, Znt1)y- -+ (Tn—1, T2n),

yields the algebraic power series f.

Example: We use the three-variable algebraic function

_(—z—y)'s
f(mayvz)_ 1—1'—3/—2

=1+22+4+2y+z+ Yoy + Szz + 3yz + Layz + ...
3 3 9 3 3 9
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Etale Extensions

(1—z—y)/3

The minimal polynomial of f = ——

is given by

p(x,y,z,f):((x—l—y—i—z—l)f)3+1—x—y

Denef and Lipshitz’s theorem is formulated for étale extensions,
which basically means that g—? has a nonzero constant coefficient.
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Etale Extensions

(1—z—y)/3

m is giVen by

The minimal polynomial of f =

p(x,y,z,f)Z((ﬂU—l-y—I—z—l)f)3+1—x—y

Denef and Lipshitz’s theorem is formulated for étale extensions,
which basically means that g—? has a nonzero constant coefficient.

By considering f=f-1ie by removing the constant term of f,
we can achieve an étale extension. The minimal polynomial then
reads

Py, s f)=(@+y+z-1)-(f+1))° +1—z—y.

and indeed, %ﬁ(o, 0,0,0) = —3 # 0.
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Special Diagonal
Now, the rational function

F@fyf.2f. 1)
fvyf, 2f, f)

p(x
has the property that D( (x,y, 2, f) ) x , Y, 2), where the
operator D denotes a special kind of “diagonalization” with
respect to the last variable:

P,y 2, f) = f*

E e d ) § et
D( a'llv---ﬂnﬂ xl xnny ) - allv in,g ]. ‘rnn'

j=ti1++in
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Special Diagonal
Now, the rational function

F@fyf.2f. 1)
fvyf, 2f, f)

p(x
has the property that D( (x,y, 2, f) ) x , Y, 2), where the
operator D denotes a special kind of “diagonalization” with
respect to the last variable:

P,y 2, f) = f*

N PR M A N E: s B
D(E iy ,..in,g * T xnny)— Qiy,.in,g " 21 Ty

j=ittin

Hence D(r(x7yaza f)) = f(xay7 Z) for 7"(95731727 f) = f(x,y,z,f) +1
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Special Diagonal
Now, the rational function

) yp(xf, yf,2f, f)
ﬁyﬁzﬁ f)

p(x
has the property that D( (x,y, 2, f) ) x , Y, 2), where the
operator D denotes a special kind of “diagonalization” with
respect to the last variable:

F(z,y,2, f) = f~"

. e i J ) el
D(E Qiy,..in,g " L1 xnny)— E Qisyin,j * TL o T

j=ti1++in

Hence D(r(x7yaza f)) = f(xay7 Z) for 7’(95731727 f) = f(x,y,z,f) +1

In our example we obtain:

3f2-(f+ 1) (af +yf+2f — 1)

T(ZL'?y?Z’f): +]‘

(f+1)3-(af +yf+zf =13 —af —yf+1
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Rational Function

Transform the rational function r (that has n + 1 variables)
into another rational function (having 2n variables) such that
its “true” partial diagonal gives the n-variable algebraic series f.

56 / 60



Rational Function

Transform the rational function r (that has n + 1 variables)
into another rational function (having 2n variables) such that
its “true” partial diagonal gives the n-variable algebraic series f.

This process consists of a sequence of n — 1 elementary steps,
each of which is adding one more variable:

uj - r(m,y,z,ul) — U1~ T($7y,2,'l)1)
Uy — U1

7”1(%1/7 Z, UL, Ul) =
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Rational Function

Transform the rational function r (that has n + 1 variables)
into another rational function (having 2n variables) such that
its “true” partial diagonal gives the n-variable algebraic series f.

This process consists of a sequence of n — 1 elementary steps,
each of which is adding one more variable:

uj - r(m,y,z,ul) — U1~ T($7y,2,'l)1)
Uy — U1

7”1(%1/7 Z, UL, Ul) =

ug - T1($,y72,u1,u2) — V2 T1($>y72,u1,02>
ug — V9

r2(way7 Z, U1, U2, UQ) =
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Rational Function

Transform the rational function r (that has n + 1 variables)
into another rational function (having 2n variables) such that
its “true” partial diagonal gives the n-variable algebraic series f.

This process consists of a sequence of n — 1 elementary steps,
each of which is adding one more variable:

uj - r(m,y,z,ul) — U1~ T($7y,2,'l)1)
Uy — U1

7”1(%1/7 Z, UL, Ul) =

ug - T1($,y72,u1,u2) — V2 T1($>y72,u1,02>
ug — V9

r2(way7 Z, U1, U2, UQ) =

Then 7y is the desired rational function in six variables.
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Final Result

The hypergeometric function

([P S L )

is the diagonal of the following rational function in the six variables
Ty Yy 2y Uy U, W

awdv (1 —uxr —uy — uz) (14+u)* (1 — ur — uy — uz)**
(1+u)(1 —ur —uy —uz)® — (1 —uz — uy)?(u —v)(v — w)
B vt (1 —ve — vy —vz) (1 +0) 11 — vz — vy — vz)o!
(14+v)2(1 —vr —vy —v2)% — (1 —ve —vy)b(u —v)(v —w)
B awdw (1 —uz —uy — uz) (1 +u)* (1 — ur — uy — uz)*?
1+l —ur —uy —uz)®— (1 —ur — uy)b(u — w)(v — w)
B aw* (1 — wz — wy — wz) (1 +w)* 11 —wr — wy — wz)*!
(1+w)*(1 —wr —wy —wz2)* — (1 —wzr —wy)?(u —w)(v—w)

1+
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Other Potential Counterexamples

Christol's original example:

JB([5.4.31. [3,1),272)
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Other Potential Counterexamples
Christol's original example:

382 ([5. 5,51 [5:1],272)

It seems that this example cannot be treated in a similar way.
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Other Potential Counterexamples

Christol's original example:

B[, 4.31. [3.1),272)

It seems that this example cannot be treated in a similar way.

Note that our examples,
sFo([5.3:5]- (3. 1],2) and 3Py ([5.5. 5], [5.1],2),

have an arithmetic progression in the top parameters.
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Integral Representation
Recalling the integral representation of the hypergeometric function

I'(d)I'(e)
T(a)T(b)T(d - a)T(e — b)

// a—1 b 1 y)_a+d_1(1—2)_b+6_1(1—.’ITyZ)_C dydz

one can try to find suitable algebraic functions. ..

sFy([a,b, ], [d, €], x) =
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Integral Representation
Recalling the integral representation of the hypergeometric function

I'(d)I'(e)
T(a)T(b)T(d - a)T(e — b)

// a—1 b 1 y)_a+d_1(1—2)_b+6_1(1—.’ITyZ)_C dydz

one can try to find suitable algebraic functions. ..

sFy([a,b, ], [d, €], x) =

For example, let
Az, y,2) = (1—y) " (1 —ay®) " (1—2)"°
then the telescoper of

Ly(EL)

gives precisely the differential equation of 3F5([a, b, c], [d, 1], ).
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The End
5

Taking the parameter values a = §,b=3,c=5,d =

hope that the diagonal of the algebraic function

%, one could

49

(1 _ y)10/9 (1 _ 1’:1/2)1/9 (1 _ 2)5/9

gives rise to the notorious 3F2([%, %, 8], [%, 1} , 27$).
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The End
5

: 14, 1
Taking the parameter values a = 5,b = 5,c = 3,d = 3, one could

hope that the diagonal of the algebraic function

49

(1 _ y)10/9 (1 _ 1’:1/2)1/9 (1 _ 2)5/9

gives rise to the notorious 3F2([%, %, 8], [%, 1} , 27$).

But, this diagonal is zero!
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The End

Taking the parameter values a = §,b=3,c=5,d =

hope that the diagonal of the algebraic function

%, one could

49

(1 _ y)10/9 (1 _ 1’:1/2)1/9 (1 _ Z)5/9

gives rise to the notorious 3F2([%, %, g], [%, 1} , 27$).

But, this diagonal is zero!
Note: The diagonal of a rational function and a solution of the

corresponding telescoper are close, yet distinct notions: the
telescoper annihilates the n-fold integral over all integration cycles.
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The End
5

Taking the parameter values a = %,b = %,c =g,d= % one could
hope that the diagonal of the algebraic function

YA/

(1—y)10/9 (1 — ay?)1/9 (1 — 2)5/9

gives rise to the notorious 3F2([%, %, g], [%, 1} , 27$).
But, this diagonal is zero!

Note: The diagonal of a rational function and a solution of the
corresponding telescoper are close, yet distinct notions: the

telescoper annihilates the n-fold integral over all integration cycles.

Outlook: Meanwhile, Alin Bostan and Sergey Yurkevich came up
with a generalization of our result, but Christol's original example
still resists!
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