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Abstract.

We recall that diagonals of rational functions naturally occur in lattice
statistical mechanics and enumerative combinatorics. We find that the diagonal
of a seven parameter rational function of three variables with a numerator equal
to one and a denominator which is a polynomial of degree at most two, can
be expressed as a pullbacked 2F; hypergeometric function. This result can be
seen as the simplest non-trivial family of diagonals of rational functions. We
focus on some subcases such that the diagonals of the corresponding rational
functions can be written as a pullbacked oF7 hypergeometric function with two
possible rational functions pullbacks algebraically related by modular equations,
thus showing explicitely that the diagonal is a modular form. We then generalize
this result to nine and ten parameter families adding some selected cubic terms
at the denominator of the rational function defining the diagonal. We show that
each of these rational functions yields an infinite number of rational functions
whose diagonals are also pullbacked 2Fj hypergeometric functions and modular
forms.
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1. Introduction

It was shown in [1, 2] that different physical related quantities, like the n-fold integrals
x(™, corresponding to the n-particle contributions of the magnetic susceptibility of
the Ising model [3, 4, 5, 6], or the lattice Green functions [7, 8,9, 10, 11], are diagonals
of rational functions [12, 13, 14, 15, 16, 17].

1 This is the Accepted Manuscript version of an article accepted for publication in JPA. IOP
Publishing Ltd is not responsible for any errors or omissions in this version of the manuscript or any
version derived from it. The Version of Record is available online at DOI 10.1088/1751-8121/aae0c0.
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While showing that the n-fold integrals x(™ of the susceptibility of the Ising
model are diagonals of rational functions requires some effort, seeing that the lattice
Green functions are diagonals of rational functions nearly follows from their definition.
For example, the lattice Green functions (LGF) of the d-dimensional face-centred cubic
(fce) lattice are given [10, 11] by:

dky --- dky . _(d
ﬂ_d/ / T 2y with:  A\g = <2> Z Z cos(k;) cos(k;). (1)

The LGF can easily be seen to be a diagonal of a rational function: introducing the
complex variables z; = e ki, j = 1,---,d, the LGF (1) can be seen as a d-fold
generalization of Cauchy’s contour integral [1]:

d
Diag(F) = ?{}'zl,z/zl ety (2)
27

Furthermore, the linear differential operators annihilating the physical quantities
mentioned earlier y(™), are reducible operators. Being reducible they are “breakable”
into smaller factors [4, 5] that happen to be elliptic functions, or generalizations
thereof: modular forms, Calabi-Yau operators [18, 19]... Yet there exists a class of
diagonals of rational functions in three variablestt whose diagonals are pullbacked o F
hypergeometric functions, and in fact modular forms [21]. These sets of diagonals of
rational functions in three variables in [21] were obtained by imposing the coefficients
of the polynomial P(z,y,z) appearing in the rational function 1/P(z,y,z) defining
the diagonal to be 0 or 19.

While these constraints made room for exhaustivity, they were quite arbitrary,
which raises the question of randomness of the sample : is the emergence of modular
forms [20], with the constraints imposed in [21], an artefact of the sample?

Our aim in this paper is to show that modular forms emerge for a much larger
set of rational functions of three variables, than the one previously introduced in
[21], firstly because we obtain a whole family of rational functions whose diagonals
give modular forms by adjoining parameters, and secondly through considerations of
symmetry.

In particular, we will find that the seven-parameter rational function of three
variables, with a numerator equal to one and a denominator being a polynomial of
degree two at most, given by:

1
R(x, y, z)

a +bix +by +b3z Fcyz +crz +ezxy’
can be expressed as a particular pullbacked oF; hypergeometric functiont

1 1 5 Py(x)?
Py(z)i/4 zFl([m 12] M, 1= PQ(x)3>’ (4)

11 Diagonals of rational functions of two variables are just algebraic functions, so one must consider
at least three variables to obtain special functions.

€ Or 0 or £1 in the four variable case also examined in [21].

1 The selected 2Fi([1/12,5/12],[1], P) hypergeometric function is closely related to modular
forms [22, 23]. This can be seen as a consequence of the identity with the Eisenstein series Fjy
and FEg and this very 2F1([1/12,5/12],[1], P) hypergeometric function (see Theorem 3 page 226
in [24] and page 216 of [25]): E4(7) = oF1([1/12,5/12],[1], 1728/5(7))* (see also equation (88)
in [22] for Es).

(3)
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where Py(z) and Py(x) are two polynomials of degree two and four respectively. We
then focus on subcases where the diagonals of the corresponding rational functions can
be written as a pullbacked 5F; hypergeometric function, with two rational function
pullbacks related algebraically by modular equationst.

This seven-parameter family will then be generalized into nine, then ten-
parameter familiesx of rational functions that are reciprocal of a polynomial in three
variables of degree at most three. We will finally show that each of the previous results
yields an infinite number of new exact pullbacked oF; hypergeometric function results,
through symmetry considerations on monomial transformations and some function-
dependent rescaling transformations.

2. Diagonals of rational functions of three variables depending on seven
parameters

2.1. Recalls on diagonals of rational functions

Let us recall the definition of the diagonal of a rational function in n variables
R(x1,...,xn) = P(x1,...,25)/Q(x1,...,2,), where P and Q are polynomials of
X1, -+, T, with integer coefficients such that Q(0,...,0) # 0. The diagonal of R is
defined through its multi-Taylor expansion (for small z;’s)

oo oo
m Moy
R(scl, To, ..., a:n) = E E Ry, oomy, - X7 (5)

ma =0 My =0
as the series in one variable x:
oo
. m
Dzag(R(ml, To, ..., :I:n)) = g Rom,..om- 2™ (6)
m=0

Diagonals of rational functions of two variables are algebraic functions [26, 27].
Interesting cases of diagonals of rational functions thus require considering rational
functions of at least three variables.

2.2. A seven-parameter family of rational functions of three variables

We obtained the diagonal of the rational function in three variables depending on
seven parameters:

1
a +bix +Fbyy +b3z Fcyz +crz +ezry

R(z,y, z) (7)

This result was obtained by:

e Running the HolonomicFunctions [28] package in mathematica for arbitrary
parameters a, by, -+, c¢1,--- and obtaining a large-sized second order linear
differential operator L.

e Running the maple command “hypergeometricsols” [29] for different sets of values
of the parameters on the operator Ls, and guessingq the Gauss hypergeometric
function oF) with general parameters solution of L.

t Thus providing a nice illustration of the fact that the diagonal is a modular form [23].

9 The program “hypergeometricsols’ [29] does not run for arbitrary parameters, hence our recourse
to guessing.
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2.83. The diagonal of the seven-parameter family of rational functions: the general
form

We find the following experimental results: all these diagonals are expressed in terms
of only one pullbacked hypergeometric function. This is worth pointing out that for
an order-two linear differential operator with pullbacked oF; hypergeometric function
solutions, the “hypergeometricsols” command in nearly all cases gives the solutions
as a sum of two oF1 hypergeometric functions. Here, quite remarkably, the result is
“encapsulated” in just one pullbacked hypergeometric function. We find that these
diagonals are expressed as pullbacked hypergeometric functions of the form

1 1 7 1728 - 23 - Ps(x)

— o (=, =], [1 8
Py(z)1/6 "2 1([12’ 2l 1L Py()? ) (8)
where the two polynomials Py(z) and Ps(z), in the 1728 2% Ps(z)/Py(x)? pullback,
are polynomials of degree four and five in x respectively. The pullback in (8), given by

1728 23 Ps()/Py(x)?, has the form 1 —(Q where @ is given by the simpler expression

= Py(x)?
Q = Pl 9)

where Ps(z) is a polynomial of degree two in x. Recalling the identity
(I 5 1 w) = (-0 R (5, ol 1 ),
the previous pullbacked hypergeometric function (8) can be rewritten as
1 1 5 1728 - 23 - Ps(x
o 2P (I g 1~ o), (1)
where Pj(x) is the same polynomial of degree five as the one in the pullback in
expression (8). This new pullback also has the form 1 — @ with @ given byi:
1728 - 23 - P5(z) Py(z)?
PP P2
Finding the exact result for arbitrary values of the seven parameters now boils down
to a guessing problem.

(10)

1 —Q where: Q =

(12)

2.4. Exact expression of the diagonal for arbitrary parameters a, by, ..., c1, ...

Now that the structure of the result is understood “experimentally” we obtain the
result for arbitrary parameters a, by, ba, bz, c1, co, c3.

Assuming that the diagonal of the rational function (7) has the form explicited
in the previous subsection

2
oy 2h (g 5 10 1= ), (13)
where Ps(z) and Py(x) are two polynomials of degree two and four respectively:
Py(z) = Agax* + Aza® 4+ Aya® + Ayx + A, (14)
Py(z) = Bsx* + Bix + Dy, (15)

one can write the order-two linear differential operator having this eight-parameter
solution (13), and identify this second order operator depending on eight arbitrary

i Note that Q given in (12), is the reciprocal of Q given in 9): Q= 1/@
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parameters A;, B; in (14), with the second order linear differential operator obtained
using the HolonomicFunctions [28] program for arbitrary parameters. Using the

results obtained for specific values of the parameters, one easily guesses that Ay = a°
and By = a*. One finally getst:
Py(z) =
8- (3 acicocs +2- (D3t + bacs + bic2— bibycicy— bibseics — b2b30203)) - a?
—-8-a- <a~ (bic1 + baca + bscs) _3b1b2b3) -z +ad, (16)
and
Py(x) = 216-cicscs- 2 —16- (9' acieges - (byey +baco +bses)

_6'(b%b201C2 +bybicich +b3b3cies +byibicych +babscacs 4 bybicycl)
(B3R 4 b3 s + b3 cd) —3b1b2b3016203>~m
+12- (3(1 cicacs +4-a% (B3 +b3c2 +b3cd)
+2- a2 - (b1bycyca +bybgeycg + babseacs)
— 12 a- bibyby - (bycr +byca+bscy) +18.b§b§b§)-x2

—12-a3~<a~(6101—|—b262+b303)—3b1b2b3)~x +a6. (17)

The polynomial Ps(z) in (12), given by Ps(z) = (Pi(z)? — Pa(2)3)/1728/23, is a
slightly larger polynomial of the form

Ps(x) = 27-cicher-2® + - +qi- 2z + qo, where:
qo = —blbgbga . (CLCl —bgbg)' (a62 —bl bg) (a03 —blbg). (18)

The coefficient ¢; in z reads for instance:
= 610263(b1b20102 +b1b30103+b2b30263) - a®

(begcfcg—|—b2b§cfc§+b2b§c§c§ 8bybabscicacs - (bien + b202+b303)) - a’
—-b

bg bg . (57 b1 bg b3 C1 C2 C3

+ 8- (D2bacica+ b3bscics + bibicica + bibieyci+ bibscies + bgb%CgC%)) - ad

+8b%b%b§(blcl+b2C2+ b363)' 2

+ 46 - b%b%bg - (b1bacica+ bibscics+ babscacs) - a
—36- b330 - (bycy +bacay +bgez)- a + 2707 b bs. (19)
Having “guessed” the exact result, one can easily verify directly that this exact

pullbacked hypergeometric result is truly the solution of the large second order linear
differential operator obtained using the “HolonomicFunctions” program [28].

2

2.5. Simple symmetries of this seven-parameter result

The different pullbacks
1728 - 23 - P5(w) 1728 - 23 - Ps(x) B Py(z)?
Py(x)® Py(z)? Py(x)*’

t The exact expressions (16) and (17) of these two polynomials Pp(z) and Ps(z) can be found as
electronic material, at http://www.koutschan.de/data/diag/.

P = — (20)
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turn out to be compatible with the symmetries

Pl()\-a, )\ bl7 )\ bz, )\ bg, )\'Cl, )\'CQ, )\‘Cg, .’E)

= Pi(a, b1, by, b3, c1, c2, c3, ). (21)
and
P (a A b1, Ao bay Az-bs, Aada-cr, MAzc 2, A da-c L)
1 ) 1 1, 2 2 3 3, 2 N\3 1, 1 A3 2 112 35 )\1 )\2 )\3
= Pl(aa b17 b27 b37 C1, C2, C3, :E)a (22)

where A, A1, A2 and A3 are arbitrary complex numbers. A demonstration of these
symmetry-invariance relations (21) and (22) is sketched in Appendix A.

2.6. A symmetric subcase T — 37: 2F1([1/3,2/3],[1],P)

2.6.1. A few recalls on Maier’s paper
We know from Maier [23] that the modular equation associated witht = — 37
corresponds to the elimination of the z variable between the two rational pullbacks:

123 . 23 123 2

O 7 A A P wy P 5 (23)
Following Maier [23] one can also write the identities:
3
(9' (%))M' 2F1(%’ 1%]’ (z +271)7-2§zz+243)3>
= (% (221237»1/4' 2F1(%’ %]’ E +2%72.8<'§ +3)3) (24)
2A(l5 3 1 —5). (25)

Having a hypergeometric function identity (24) with two rational pullbacks (23) related
by a modular equation provides a good heuristic way to see that we have a modular
form [22, 23]1.

2.6.2. The symmetric subcase

Taking the symmetric limit b = bo = b3 = b and ¢; = co = ¢3 = ¢ in expression
(13), we obtain the solution of the order-two linear differential operator annihilating
the diagonalf{ in the form

1 1 5 Py(x)?
PQ(I)1/4 <ol ([ﬁv ﬁ]a [1], 1 - P;l(x)?’)

1 1 5 1728 - 2% - P5(x)
- mo 2P ([555 750 (1] — TR )

(26)

t 7 denotes the ratio of the two periods of the elliptic functions that naturally emerge in the
problem [22].

1 Something that is obvious here since we are dealing with a 2 F1([1/12,5/12],[1],z) hypergeometric
function which is known to be related to modular functions [22, 23] due to its relation with the
Eisenstein series F4, but is less clear for other hypergeometric functions.

11 Called the “telescoper” [30, 31].



Diagonals of rational functions 7

with
Py(z) = a-(24-c- 2 —24-b- (ac —b*) -z +d®), (27)
Py(z) = 216- 8- 2t —432- 0 (ac —b?) - 2B
+36- (a®*c® +6-a’b*c? —12- ab*c +6-0°) - 2?
—36-a®b- (ac —b*) -2 +d°. (28)
and:

Ps(x) = (273 2% —27b- (ac = V%) -z +a®)- (Pz —b- (ac —b?))>. (29)

In this symmetric case, one can write the pullback in (26) as follows:

1728 - 2® - Ps(x) 123. 23 (30)
Py(z)3 (2 +27)- (2 +243)37
where z reads:
. Bz (-2 —b (ac —b?)) (31)

27322 —2T-b- (ac —b2) -z +ad

Injecting the expression (31) for z in Pa(z) given by (23), one gets another
pullback

Pa(z) = —1728- x- Fo(a)?
2

(32)
with
Ps(z) = (212? —27b- (ac —b*) -z +a®)®- (Px —b- (ac —b?)). (33)
and:
Pyz) = a-(=216- - 22 +216-b- (ac —b%) -z +a®), (34)

In this case the diagonal of the rational function can be written as a single
hypergeometric function with two different pullbacks

1 1 5 1728 - 2% - Ps()
s 2Pk - g )
1 1 5 1728 - z - Ps(x)
- W T2 1([53 EL [1]7 7T)35)7 (35)

with the relation between the two pullbacks given by the modular equation
associated [22, 23] with 7 — 37:

22152 V323 . (Y +2) +2'8.50. Y222, (27Y? — 45946 Y Z + 27 Z*%)
+22.5%. 3. YZ. (Y +2)- (Y?+241433Y Z + Z?)
+729- (Y4 + Z%) — 779997924 - (YZ3 +Y3Z) + 31949606 - 310 - Y272
+29.31.31.vZ- (Y+2) -22.32%.vYZ = o0

2.6.3. Alternative expression for the symmetric subcase

Alternatively, we can obtain the exact expression of the diagonal using directly
the “HolonomicFunctions” program [28] for arbitrary parameters a, b and c¢ to
get an order-two linear differential operator annihilating that diagonal. Then,
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using “hypergeometricsols’tt we obtain that the solution of this second order linear
differential operator is given by

1 1 2 27

= 2F1([§, S-S (Fr—be (ac —b2))), (36)

which looks, at first sight, different from (26) with (27) and (28). Yet this last
expression (36) is compatible with the form (26) as a consequence of the identity:

<9 —98:0)1/4. 2F1<%7 g], ], x) - 2Fl(%, 15—2], W). (37)

The reduction of the (generic) 2F1([1/12,5/12],[1], P) hypergeometric function to
a oF1([1/3,2/3],[1],P) form corresponds to a selected 7 — 37 modular equation
situation (23) well described in [23].

These results can also be expressed in terms of o F([1/3,1/3],[1], P) pullbacked
hypergeometric functions [23] using the identities

oFi(lg gk o) = =07 oR(G gl -

) (38)

1 —=z

= (9070 0) (I b U - e )

A g = (e m) A ) o
2 3. (1 —1/12 T

B (( +3)72£§ +27)) ' F1<[T12’ %]’ . (:c+3;§?8(:c+27)>'

2.7. A non-symmetric subcase T — 471: 2F1([1/2,1/2],[1],P).

Taking the non-symmetric limit by = by = b3 = b and ¢y = ¢co = 0, ¢c3 = 62/a in
(13), the pullback in (26) reads:

P _ 1728 - 2% - Ps(x) 1728 a0 2*- (160°x + o) (40)
L Py(z)? T (166522 + 164303z +a5)3
This pullback can be seen as the first of the two Hauptmoduls
1728 - 24 - 1 1728 - z - 1
P, — 728 - 2 (z+6)’ P, — 78z(z+6)’ (41)
(22 + 256 z + 4096)3 (22 + 16z + 16)3
provided z is given byi:
256 b% —2566% - x
S e N S B Ty Py (42)

These exact expressions (42) of z in terms of x give exact rational expressions of the
second Hauptmodul Ps in terms of z:

1728 - a'?b% - - (a® +16b32)4

(1) _ : 43

P2 (4096 b6 22 + 256 a3 b3 2 + ab)3 or (43)
1728 - 3 b3 . A 3 1 b3 4

772(2) _ 728 - a x- (a® +160b°x) (44)

(256 06 22 — 224 a3 b3 x + ab)3

11 We use M. van Hoeij “hypergeometricsols” program [29] for many values of a, b and ¢, and then
perform some guessing.
i These two expressions are related by the involution z < —162z/(z + 16).
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These two pullbacks (40), (43) and (44) (or P; and P, in (41)) are related by a
modular equation correspondingt to 7 — 47.

This subcase thus corresponds to the diagonal of the rational function being
expressed in terms of a modular form associated to an identity on a hypergeometric
function:

1 5
6 2 313 6y—1/4 .
(16b°2° + 16a° b’z + a°) 2F1([12, 12], (1], 771)

= (4096 b° 2* +256a° b7z + a®) /% QFI([%a 153], 1], 7’2(1))
= (2560°2% — 224a®x 4+ af) "M/ 2F1<[1—12, %], (1], 7’52)>
Y (N A ) (49
The last equality is a consequence of the identity:
(15 5 1, - ) (46)
= 2. (22 +16z + 16)71/4' 2F1([$7 %]a (1], 12384_ TG:U(x—:—lé;?)

Similarly, the elimination of z between the pullback X = P; (given by (40)) and
Y = 772(1) gives the same modular equation (representing 7 — 47) as the elimination
of z between the pullback X = P; (given by (40)) and YV = 7)2(2), given in Appendix
B by equation (B.1). The elimination of x between the pullback X = 732(1) (given by
(40)) and the pullback ¥V = ’PQ(Q) also gives the same modular equation (B.1).

2.8. oF1([1/4,3/4],[1],P) subcases: walks in the quarter plane

The diagonal of the rational function
4

, 47
4 +2- (z+y+2)+2-zz2+ 2y (47)
is given by the pullbacked hypergeometric function:
3 ~1/4 1 5 272% - (2?4 1)
Y (EREEN ik Gl
( ty 2Pl b W =@
1 3
2F1([Za Z]v [1]a 7‘7‘12)3 (48)

which is reminiscent of the hypergeometric series number 5 and 15 in Figure 10
of [32]. Such pullbacked hypergeometric function (48) corresponds to the rook walk
problems [33, 34, 35].
Thus the diagonal of the rational function corresponding to the simple rescaling
(r,y,2) — (£V—1x, £/—1y, £/—12) of (47) given by
4

Ry = 49
* 4 £2/-1-(z4+y+2) -2 -2z —zy (49)
or the diagonal of the rational function (Ry + R_)/2 reading
4.4 - -2
(4 =2y —202) o0

Y202 +Aa2yz +42222 + 422 —8xz+4y? +8yz+422 +16°

T See page 20 in [22].
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becomes (as a consequence of identity (48)):

(-3 o (g i TG
(13 31 1 #2), Y

Though it is not explicitely mentioned in [23] it is worth pointing out that
the 2F1([1/4,3/4],[1],P) hypergeometric functions can be seen as modular forms
corresponding to identities with two pullbacks related by a modular equation. For
example the following identity:

1 3 x?

(=, - 1], ———

2 1([4? 4]7 [ ]7 (2 _$)2)

2 —x 1/2 1 3 4o
= (i) Al P 0 grae) (52)
where the two rational pullbacks
4x x2
A= ——— B = ——~

are related by the asymmetric§ modular equation:

81- A°’B®> —18AB- (8B +A) +(A> +80- AB +64B%) —64B = 0. (54)
The modular equation (54) gives an expansion for B that can be seen as an algebraic
series§ in A:

1 5 83 163 5013
B = 7A2 7143 A4 5
64 + 256 + 4096 + 8192 + 262144
More details are given in Appendix C.

A 4+ (55)

2.9. The generic case: modular forms, pullbacked hypergeometric functions with just
one rational pullback

The pullbacks of the oF} hypergeometric functions in the previous sections can be
seen as Hauptmoduls [23]. It is only in certain cases like in sections (2.6) or (2.7) that
we encounter the situation underlined by Maier [23] of a representation of a modular
form as a pullbacked hypergeometric function with two rational pullbacks, related by
a modular equation of genus zero.

Examples of modular equations of genus zero with rational pullbacks include for
example reductions of the generic o F}([1/12,5/12], [1], P) hypergeometric function to
particular hypergeometric functions like o F ([1/2,1/2],[1], P), 2F1([1/3,2/3],[1], P),
2F1([1/4,3/4],[1], P), and also [25] 2F1([1/6,5/6],[1], P) (see for instance [36]).

In the generic situation corresponding to (13) however, we have a single
hypergeometric function with two pullbacks A and B

(I 2 1. 4) = @R (s, 20, B), (56)

9 At first sight one expects the two pullbacks (53) in a relation like (54) to be on the same footing, the
modular equation between these two pullbacks being symmetric: see for instance [22]. This paradox
is explained in detail in Appendix C

§ We discard the other root expansion B = 1 + A + %A2 + %AB + %A‘l + .-+ since B(0) # 0.
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with G an algebraic function of z, and where A and B are related by an algebraic
modular equation, with one of the pullbacks a rational function given by (12) where
P(z) and Py(x) are given respectively by (16) and (17). The two pullbacks A and
B are also related by a Schwarzian equation [22, 37, 38] that can be written in a
symmetric way in A and B:

1 32B? —41B +36 dB\2

il (2= B

2 B2 (B 17 (dm) + B =}
1 32A4% —41A +36 (dA\2
— = A, x}. 7
72 A2 (A — 1) (dx) + {4, 2 (57)

One can rewrite the exact expression (13) in the form

1 1 5 Py(2)?
Po(z)t/4 2F1([ﬁ7 E]a [, 1 - P;l(x);g)
= B 2F1([%7 %]’ [”7 B)7 (58)

where B is an algebraic function of z, and B is an algebraic pullback related to the
rational pullback A = 1 — Py(2)?/Py(z)® by a modular equation. In the generic
case, only one of the two pullbacks (58) can be expressed as a rational function of .

3. Nine and ten-parameter generalizations

Adding randomly terms in the denominator of (7) yields diagonals annihilated by
minimal linear differential operators of order higher than two: this is what happens
when quadratic terms like 22, 32 or 22 are added for example. This leads to irreducible
telescopers [30, 31] (i.e. linear differential operators annihilating the diagonals) of
orders higher two, or to reducible telescopers [30] that factor into several irreducible
factors, one of them being of order larger than two.

With the idea of keeping the linear differential operators annihilating the diagonal
of order two, we were able to generalize the seven-parameter family (7) by carefully
choosing the terms added to the quadratic terms in (7) and still keep the linear
differential operator annihilating the diagonal of order two.

3.1. Nine-parameter rational functions giving pullbacked oF) hypergeometric
functions for their diagonals

Adding the two cubic terms 2%y and y2z? to the denominator of (7)
1
a +bix+byy+b3z +ceyz+cxrz+ezxy + daty + eyz?’
gives a linear differential operator annihilating the diagonal of (59) of order twof. After
computing the second order linear differential operator annihilating the diagonal of

(59) for several values of the parameters with the “HolonomicFunctions’ program [28],
then obtaining their pullbacked hypergeometric solutions using the maple command

(59)

1 The nine-parameter family (59) singles out x and y, but of course, similar families that single out
z and z, or single out y and z exist, with similar results (that can be obtained permuting the three
variables z, y and z).
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“hypergeometricsols” [29], we find that the diagonal of the rational function (59) has
the form

1 1 5 Ps(z)?
75 2 ( 1o 1o 1 ) 1 - )a
Py(z)/4 2t i3 12/ 1 Py(x)3 (60)
where Py(z) and Ps(x) are two polynomials of degree four and six respectivelyf:
Py(x) = py + 16-d*-e?- 2t

—16- (3-62-(0%'d+cg~€) +(b1a +b303—14b202)-de)-x3
+8-(3abzcid +3abicze — a*de —6bybid —6bybie) - a2, (61)
and
Ps(z) = pa —12- a*de - 2?
+36- a2 (b3- (acy —2bybs) - d + by - (acs —2by by) - e) 22
—72-acy- (acicy —10bybgcy +2b2¢3) - d- a®

— 72 acs- (acgcs —10b1 baco +Qb%01)~e-x3
— 144 - ba b2 - (bycy +4bycy —2bgez)- d- a®
— 144 - by b3 - (bzcg +4bycoy —2b1cy) - e- 2®
— 144 - abybg- (-d+c2-e)- a2
+24~a(ab303+a6101—20ab202+30blbgb3)-d~e~x3
+216- (B3c2 - d* + bic2- €?) - ot
— 144 - 3 co- (b3cg +4bycy —2b1cy) - d- xt
— 144 2 cy- (bieg +4bycy —2b3c3)-e- a?
+48-a*d*-e*- ' +96- (B3 +back +2203¢3)-d- e ot
~ 144 ((ab3c1+4b2b§)-d +(ablcg+4b2b§)-e)-d.e.x4

+48 - (bibscies +15acicacs —20bybycyca —20babzcacs) - d- e- z?
+96- (b1 +22bycy +bges) - d*- - b
—576¢cy - (c2-e +ct-d)-de-2°
—64-d®- e 2l (62)

where the polynomials ps and py are the polynomials Py(x) and Py(x) of degree two
and four in z given by (16) and (17) in section (2): pe and p4 correspond to the
d = e = 0 limit

It is worth pointing out two facts, firstly that the d <> e symmetry corresponds
to keeping ¢s fixed, but changing ¢; <> ¢3 (or equivalently y fixed, = < z), secondly
that the simple symmetry arguments displayed in section (2.5) for the seven-parameter
family straightforwardly generalize for this nine-parameter family (see relations (A.6)
and (A.7) in Appendix A.3).

t The exact expressions (61) and (62) of these two polynomials Ps(z) and Ps(z) can be found as
electronic material, at http://www.koutschan.de/data/diag/.
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3.2. Ten-parameter rational functions giving pullbacked oFy hypergeometric
functions for their diagonals

Adding the three cubic termsi z?y, y?>z and 22

the rational function:

R(z,y, z) = (63)
1

a +bix+byy+b3z Feiyzt vz tery + dixly + doy?z + dy3la

Note that (63) is not a generalization of (59).

After computing the second order linear differential operator annihilating the di-
agonal of (63) for several values of the parameters with the “HolonomicFunctions”
program [28], then their pullbacked hypergeometric solutions using “hypergeometric-
sols” [29], we find that the diagonal of the rational function (63) has the experimentally
observed form:

x to the denominator of (7) we get

1 1 5 Ps(z)?
—— - oFi([—=, =] [1], 1 — . 64
Py(x)1 /42 1([12’ b 1 fg(x)3> (64)
Furthermore, the pullback in (64) is seen to be of the form:
Py(z)* — Py(2)?

The polynomial Ps(z) reads

Ps(x) = po —24- (9' a-dydods —6- (byes- dads + bacy - dids + bgca- dida)
+2- (Feadi+ crc3ds + c3e3 dg)) - 2? (66)

+2d. (a- (brcads + bycsds + byerdy) —2 - (B2 byds + by b2ds + bgbgdl)) -2,

where ps is the polynomial Ps(z) of degree two in z given by (16) in section (2):

po corresponds to the di = dy = d3 = 0 limit. The expression of the polynomial
Ps(z) is more involved. It readsq:
Ps(x) = ps + Ae(), (67)

where p, is the polynomial P,(z) of degree four in x given by (17) in section (2).
The expression of polynomial Ag(x) of degree six in x is quite large and is given in
Appendix D.

A set of results and subcases (sections (3.2.2) and (3.2.3)), were used to “guess”
the general exact expressions of the polynomials Ps(z) and Ps(z) in (64) for the ten-
parameters family (63). From the subcase d3 = 0 of section (3.2.1) below, it is easy
to see that one can deduce similar exact results for d; = 0 or dy = 0 by performing
the cyclic transformation * — y — z — =z corresponding to the transformation
by — by — bs — by, ¢t = ¢ = ¢c3 — ¢, di = dy — d3 — di. So one can see
P; and Ps(z) as the polynomials py and p4 given by (16) and (17) with corrections

terms given, in Appendix E; by (E.1) and (E.2) for d3 = 0. Similar correctionst for
T An equivalent family of ten-parameter rational functions amounts to adding zy?, yz2 and zxz2.
9 The exact expressions (66) and (67) of these two polynomials P3(z) and Ps(z) can be found as
electronic material, at http://www.koutschan.de/data/diag/.

t Taking care of the double counting !



Diagonals of rational functions 14

dy = 0and dy = 0, as well as correction terms having the form dy dad3 x (---), and
so on and so forth, these terms being the most difficult to obtain€.

Similarly to the previous section the symmetry arguments displayed in section
(2.5) for the seven-parameter family also apply to this ten-parameter family (see (A.8)
and (A.9) in Appendix A.3).

Remark : Do note that adding arbitrary sets of cubic terms yields telescopers [30,
31] of order larger than two: the corresponding diagonals are no longer pullbacked oF;
hypergeometric functions.

Let us just now focus on simpler subcases whose results are easier to obtain than
in the general case (63).

3.2.1. Subcase of (63): a nine-parameter rational function
Instead of adding three cubic terms, let us add two cubic terms. This amounts to
restricting the rational function (63) to the ds = 0 subcase

1
a +bix +byy +b3z +ciyz +eaxz +ezxy +dialy +day?z’
which cannot be reduced to the nine parameter family (59) even if it looks similar. The
diagonal of the rational function (68) has the experimentally observed form
1 1 5 Ps(z)?
71/4'21?1([77 7]7[]7 - 3)u
where P;(x) and Ps(x) are two polynomials of degree respectively three and five in
x. Furthermore the pullback in (69) has the form:

(68)

(69)

Ps(x)? 1728 23 - P
_ Blay 12827 Pr (70)
Ps(z)? Py(z)?
The two polynomials Ps(x) and Ps(z) are given in Appendix E.
3.2.2. Cubic terms subcase of (63)
Taking the limit by = by =b3 = ¢; = ¢3 =c¢3 = 0 in (63) we obtain:
1
R )
(@, 9, 2) a +di- 22y +dy-y?z +ds- 22z
whose diagonal reads
1 2 dideds 4
F ( S 2, -1 : ) 1
2F1([35 31 [1] [ (71)
d1 d2 dg 3 —1/4 1 5 Pg(l')z
- (1-21 ) -F(—, [, 1 )
( 0 a3 2Ll 3 [ Ps(x)3
with:
Py(x) = —216-ad; dy d3- 2® +a*, (72)
Ps(x) = —5832-d3d:ds 2% +540- a® dydods- 2° + a®. (73)

9 We already know some of these terms from (72) and (73) in section (3.2.2) below. Furthermore, the
symmetry constraints (A.9) and (A.8) in Appendix A.3, as well as other constraints corresponding
to the symmetric subcase of section (3.2.3), give additional constraints on the kind of allowed final
correction terms.



Diagonals of rational functions 15

3.2.8. A symmetric subcase of (63)
Taking the limit symmetric limit by = by = b3 = b, ¢1 = 2 = ¢3 = ¢
dy = dy = d3 = d in (63), the diagonal readst
1 1 2
———— A (5 2 1 P), 1
o —6a s Hllygh 7P (74)
where the pullback P reads:

27 - (azd —abe +b3 +(c* —3bcd —3ad?) - x +9d3- Jc2>
P = — . 75
(a —6d- x)3 (75)
At first sight the hypergeometric result (74) with the pullback (75) does not seem to
be in agreement with the hypergeometric result (71) of section (3.2.2). In fact these
two results are in agreement as a consequence of the hypergeometric identity:

1 12 27- X (1 -3X + 9X?)
1-6Xx ° 1([5’ FL (1 —6X)3 )
2Fl([%, %17 ], —27- X3) with: X = dc'lx. (76)

This hypergeometric result (71) can also be rewritten in the form (64) where the two
polynomials Ps(z) and Ps(z) read respectively:

Py(z) = —72-d- (3ad* —6bcd +2¢%) - 2 +24- (3abed + ac® —6b>d) - 2*
—24-ab- (ac —b*)-x +a* (77)
Ps(x) = —5832-d%- 2% +3888-cd®- (3bd —c?)-

—216- (18abcd® +18b%d® —12ac*d* — 9bv?c?d*> +6bc*d — °)- a*
+108- (5a®d® —18a%bed® —2d%ccd +12ab*c*d +24ab® d*> — 4abct
—12b%d +4b%c) - 23
+36- (3a®bcd —6a*b>d + a3c® + 6a%b*c? — 12ab*c +6b°) - 22
—36-a®b- (ac —b*) - +d. (78)

4. Transformation symmetries of the diagonals of rational functions

The previous results can be expanded through symmetry considerations: performing
monomial transformations on each of the previous (seven, eight, nine or ten-parameter)
rational functions yields an infinite number of rational functions whose diagonals are
pullbacked 5 F; hypergeometric functions.

4.1. (x,y, z) = (z™, y", z™) symmetries

We have a first remark: once we have an exact result for a diagonal, we immediately
get another diagonal by changing (z, y, z) into (2™, y™, 2™) for any positive integer
n in the rational function. As a result we obtain a new expression for the diagonal
changing z into z™.

A simple example amounts to revisiting the fact that the diagonal of (49) given
above is the hypergeometric function (51). Changing (x, y, 2) into (822, 8y?2, 8 2?)

1 Trying to mix the two previous subcases by imposing by = bp = b3 = b, ¢1 = c2 = c3 = ¢ with
di, d2 , d3 not being equal, does not yield a 2F1([1/3,2/3],[1], P) hypergeometric function.
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in (49), one obtains the pullbacked oF; hypergeometric function number 5 or 15 in
Figure 10 of [32] (see also [33, 34, 35])

A ([ 31 11, 642, (79)

can be seen as the diagonal of
2
2 +8y—1- (z2+y2+22) — 642222 — 3222942’
which is tantamount to saying that the transformation (z, y, z) — (2™, y", 2™) isa
Symimetry.

(80)

4.2. Monomial transformations on rational functions
More generally, let us consider the monomial transformation
(z,y, 2) — M(z,y,z) = (Tm, Ym, 2M)
_ (xAl CyAe . pAs gBilgBa JBs g0 Co ch>’ (81)

where the A;’s, B;’s and C;’s are positive integers such that A; = Ay = Az
is excluded (as well as By = By = Bj as well as C; = Cy = (C3), where the
determinant of the 3 x 3 matrix

A B 4
As By Cy |, (82)
As Bs (s
is not equal to zeroft, and where:
Ay +B1 + 4 Ay + By +Cy = A3z + B3 +Cs. (83)

We will denote by n the integer in these three equalf sums (83): n = A; + B; + C;.
The condition (83) is introduced in order to force the productq of xs yas zpr to be
an integer power of the product of zyz: zpypm ey = (xyz)™

If we take a rational function R(z, y, z) in three variables and perform a monomial
transformation (81) (x, y, z) — M/(x, y, z), on the rational function R(z, y, z), we
get another rational function that we denote by R = R(M(z, y, z)). Now the
diagonal of R is the diagonal of R(x, y, z) where we have changed z into z™:

o(x) = Diag(R(m, Y, z)), Diag(?i(x, Y, z)) = o(z"). (84)
A demonstration of this result is sketched in Appendix F.

From the fact that the diagonal of the rational function
1

, 85
1l +z24+y+2z +3- (zy+yz+z2) (85)
is the hypergeometric function
1 2
2Fl([g, 21, 272 (2 - 27:c)), (86)
1T We want the rational function R = R(M(z, y, z)) deduced from the monomial transformation

(81) to remain a rational function of three variables and not of two, or one, variables.

1 For n = 1 the 3x3 matrix (82) is stochastic and transformation (81) is a birational transformation.
€ Recall that taking the diagonal of a rational function of three variables extracts, in the multi-Taylor
expansion (5), only the terms that are n-th power of the product xy z.
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one deduces for example that the diagonal of the rational function (87) transformed
by the monomial transformation (z, y, 2) — (2, 2%y, yz)

1

87
1 +yz +2%y +3- (y22 + 22yz + 22y?2)’ (87)
is the pullbacked hypergeometric function
1 2
21 (150 5) [ 2727 (2 —27a%)), (88)

which is (86) where z — 2.

To illustrate the point further, from the fact that the diagonal of the rational
function
1

1 +x4+y+2 +3zy+5dyz+ Txz’
is the hypergeometric function
1
(2712 22 — 96 = + 1)1/4
1 5 (2381400 z* — 1814402 + 7524 2% — 144z + 1)?
X 2Fl([77 7]7 [1]7 1 - 2 3 )’
127 12 (2712 22 =96 = +1)
one deduces immediately that the diagonal of the rational function (89) transformed
by the monomial transformation (z,y, z) — (xz, 2%y, y*2z?)
1
1 +oxz+a22y +9222 + 32293 +baxy?223+ 7Tadyz’
is the hypergeometric function
1
(2712 25 — 96 23 +1)1/4
1 5 (2381400 212 — 18144029 + 7524 2% — 14423 +1)?
X 2F1<[7a 7]7 [1]7 1 - 6 3 3 )a
127 12 (2712 26 — 96 23 + 1)

(89)

(90)

(91)

(92)

which is nothing but (90) where z has been changed into 3.

4.3. More symmetries on diagonals

Other transformation symmetries of the diagonals include the function dependent
rescaling transformation

(.9,2) —  (Flay2)- 2 Flayz)-y, Flay2)-2), (93)

where F(zyz) is a rational functionf of the product of the three variables z, y and
2. Under such a transformation the previous diagonal A(x) becomes A(z - F(z)?).
To illustrate the point take

(z,y,2) — (x F oy F z- F), with: (94)
1+2z2yz
1+ 3zyz + Ha2y? 22 (wy2), (95)
14+ 2z
here: P = — 96
where (x) T+ 32 7522 (96)

1 More generally one can imagine that F(xyz) is the series expansion of an algebraic function.
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the rational function
1

1 42 +y+2z +yz+axz+zy’

whose diagonal is oF1([1/3, 2/3], [1], —2722), becomes the rational function
P(x,y, 2)/Q(x, y, z), where the numerator P(x,y, z) and the denominator
Q(z, y, z), read respectively:
P(z,y,2) = (1 +3zyz + 52y’ 2?)%, (98)
Qz,y, 2) = 25xty*z* +10- (2?2 + 239y 2% + 23y32*) + 302323
+4- (23327 + 23223+ 2% 23) 11 (239222 4 2%y 4 2?y?P)
+192%y%22 +4- (2%y?2 + 2%y2% + 2y?2?) +5- (2Pyz + 2Pz + ay?)
+6xyz +xy+xzt+yz +x+y+z +1. (99)

(97)

The diagonal of this last rational function is equal to:

2F1([é, g], ], —27- (1: cb(x)3)2)

Let us give another example: let us consider again the rational function (89)
whose diagonal is (90), and let us consider the same function-rescaling transformation
(94) with (95). One finds that the diagonal of the rational function

1

101
1 +F - z2+F - y+F-2 +3-F2.2y+5-F2.yz2+7-F2. 22 (101)
is the hypergeometric function
1 1 5
: (=, =], 1,1 —H), 102
(2712 22 ®(2)5 — 96 z d(x)® + )1 2 1([12 o) [ H) (102)

where the pullback 1 —H reads:
L (2381400 24 ®(z)'? — 18144023 ®(x)® + 7524 22 (x)® — 1442 & (x)3 + 1)?
(2712 22 P ()8 — 96 = D(x)® +1)3 '
The pullbacked hypergeometric function (103) is nothing but (90) where x has been
changed into x ®(z)3. A demonstration of these results is sketched in Appendix G.

Thus for each rational function belonging to one of the seven, eight, nine or ten
parameter families of rational functions yielding a pullbacked F; hypergeometric
function, one can deduce from the function dependent rescaling transformations (93)
and the monomial transformations (81) as well as through the combination of these two
transformations an infinite number of other rational functions, having denominators
with a higher degree than three, yielding pullbacked 5F; hypergeometric functions
related to modular forms for their diagonals.

5. Conclusion

We found here that a seven-parameter rational function of three variables with a
numerator equal to one and a of polynomial denominator of degree two at most, can
be expressed as a pullbacked oF; hypergeometric function. We then generalized that
result to eight, then nine and ten parameters, by adding specific cubic terms. We
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focused on subcases where the diagonals of the corresponding rational functions are
pullbacked 5 F; hypergeometric function with two possible rational function pullbacks
algebraically related by modular equations, thus obtaining the result that the diagonal
is a modular formf.

We have finally seen that monomial transformations, as well as a function
rescaling of the three (resp. V) variables, are symmetries of the diagonals of rational
functions of three (resp. V) variables. Consequently, each of our previous families of
rational functions, once transformed by these symmetries, yields an infinite number
of families of rational functions of three variables (of higher degree) whose diagonals
are also pullbacked 5F; hypergeometric functions, related to modular forms.

Since diagonals of rational functions emerge naturally in integrable lattice
statistical mechanics and enumerative combinatorics, exploring the kind of exact
results we obtain for diagonals of rational functions (modular forms, Calabi-Yau
operators, pullbacked , F,,_1 hypergeometric functions, ...) is an important work
to be performed to provide results and tools in integrable lattice statistical mechanics
and enumerative combinatorics.
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Appendix A. Simple symmetries of the diagonal of the rational function

(7)

Let us recall the pullbacks (20) in section (2.5), that we denote P;.

Appendiz A.1. Overall parameter symmetry

The seven parameters are defined up to an overall parameter (they must be seen as
homogeneous variables). Changing (a, b1, ba, bs, c1, c2, ¢3) into (A- a, A+ by, A+ ba,
A-b3, A\-c1, A ca, A- c3) the rational function R given by (7) and its diagonal Diag(R)
are changed into R/A and Diag(R)/A. It is thus clear that the previous pullbacks
(20), which totally “encode” the exact expression of the diagonal as a pullbacked
hypergeometric function, must be invariant under this transformation. This is actually
the case:

'Pl()\ a, A- bl7 A bz, A- b3, A cy, A Co, A Cs, SL')
= Pi(a, by, bz, b3, c1, c2, c3, T). (A1)

t Differently from the usual definition of modular forms in the 7 variables.
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This result corresponds to the fact that Py(x) (resp. Py(z)) is a homogeneous
polynomial in the seven parameters a, by, ,cq,--- of degree two (resp. four ).

Appendiz A.2. Variable rescaling symmetry

On the other hand, the rescaling of the three variables (x, y, 2z) in (7), (z, ¥y, 2) —
(M -z, A2y, A3-z) is a change of variables that is compatible with the operation of
taking the diagonal of the rational function R.

When taking the diagonal and performing this change of variables, the monomials
in the multi-Taylor expansion of (7) transform as:

Am,n,p- Y 2P — Ay, p e AT Ay - XE - 2™ y" 2P, (A.2)
Taking the diagonal yields
Um,m,m = X — A, m,m - (A1 A2 Ag)™ - ™. (A.3)

Therefore it amounts to changing = — A\ A2 A3 - x. With that rescaling (z, y, z) —
(M -z, A2 -y, A3-z) the diagonal of the rational function remains invariant if one
changes the seven parameters as follows:

(aa bla b2a b37 C1, C2, C3) —
(@, Ay~ b1, Aa- b2, Az- b3, AdaAg-c1, At Az ca, A1 Ag - c3). (A.4)
One deduces that the pullbacks (20) verify:

x
731(07 AL bi, Aa-ba, Az - b3, Ao Az e, Az oca, A A cs, m)

= 7)1(0/, b17 b27 b3> C1, C2, C3, J]) (A5)

Appendiz A.3. Generalization to nine and ten-parameter families

The previous arguments can also be generalized for the nine and ten-parameter families
analysed in sections (3.1) and (3.2).

e The pullback H in (60) verifies (as it should)
’H(a, Av-bi, Ag-ba, Az- b3, Aa Az cr, At Az o, A Ag e,

Mg d, M- -
112 ) 372" €, )\1 A2 )\3>
= H(a7 bl) b27 b3a C1, C2, C3, d) €, .’L'), (A6)

and:
H(/\- ay A by, Aobay, Aobg, Ao, A, Mg, Ad, Ae, x)
= H(a, by, ba, b3, c1,Ca, c3, d, €, T). (A7)
e The H pullback (65) in (64) verifies (as it should):
H(a, Mcbi Aasba, Ase by, Aada e, Mdgtea Mde e,

X
Mg di, A Ag-doy N2 - ds, m)
= H(a, b1, be, b3, c1, o, c3, di, do, d3, T), (A.8)
and:

7‘[(/\ a, A bl, A bz, A b3, A- Cl,/\' CQ,/\' C3, A dl, A dz, A d3, ZC)
= H(a’a bla b27 b3, C1, C2, C3, dla d27 d3’ fﬂ) (Ag)
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Appendix B. Modular equation for the non-symmetric 7 — 47 subcase:
2F1([1/27 1/2]a [1]5 P)

The pullback X = P; (given by (40)) and the pullback YV = 772(2) are related by the
modular equation (representing 7 — 47):

8257 X0y® —389.11%.510.3%0.20. X°y5. (X +Y)
+11%.512.37. 24 . x4yt . (26148290096~ (X? +Y?) — 15599685235 - XY)

— 105955481959 - 510. 37. 215 X3y3 . (X +Y) - (X2 4Y?)
+ 503027637092599 - 519 37. 206 X1y . (X +Y)
+56.3%. 216, x2y2. (1634268131- (X*+Y*) +1788502080642816 - X2 Y?

+ 848096080668355 - (X*Y + X YS))

—54.34.22. XY . (X+Y)- (389- (X* +Y*) +41863592956503 - X2 Y?
54605727143 - (X3Y + XYS))
2% (X6 +Y® 4561444609 - (X°Y + X Y?)
4 1425220456750080 - (X*Y? + X2 Y*) 4 2729942049541120 - X3 Y3)

—5-37.2%. XY . (X+Y) - (391 X% — 12495392 X Y +391Y?) (B.1)
+31-37- 2. XY . (X+2Y) - 2X+Y) —-3.22. XyY.(X+4+Y) = 0.
Instead of identities on oF;([1/12,5/12],[1], P) hypergeometric functions like

(45), one can consider directly identities on F3([1/2,1/2],[1], P) hypergeometric
functions. One has for instance the following identity:

x- x?
2B (15 g U ) = el oA ( gl ). (B2
Denoting
8z (1 +4a?) B
A = W, B = 134, (B3)

the two pullbacks in (B.2), one has the following asymmetric modular equation (of
the 7 — 47 type [22]) between these two pullbacks (B.3):

A*B* —4A'B® +6A°B?. (A +128B) —4A’B- (A? — 640 AB + 1216 B?)
+A- (A®+ 768 A2B + 5632 AB* + 8192 B®) — 256 B - (19 A* + 64 AB + 16 B?)
+8192B- (A +B) —4096B = 0, (B.4)

Note that changing B — 1 — B the previous algebraic equation becomes a symmetric
modular equation:

A*B* — 768 A® B 4 4864 (A® B? + A? B®) — 8960 A2 B> — 8192 (A® B + A B®)
44096 (A% + B%) +8192 (A% B+ AB?) — 4096 (A* + B?) = 0. (B.5)

As far as representations of 7 — 47 isogenies, the modular equations (B.4) and (B.5)
are clearly much simpler than (B.1).
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Appendix C. 2Fi([1/4,3/4],[1],P) hypergeometric as modular forms

Appendiz C.1. 2F1([1/4,3/4],[1], P) identities
Let us focus on the 2Fy([1/4,3/4],[1], P) hypergeometric function:

1 3 1 5, 27z (1 —x)?
2F1([1, E], [1], JZ) = (1 +31‘)71/4 <ol ([E? E]’ (1 _’ng)g) )
The emergence of 2F7([1/4,3/4],[1],P) hypergeometric functions in physics, walk
problems in the quarter of a plane [33, 34, 35] in enumerative combinatorics,
or in interesting subcases of diagonals (see section (2.8)), raises the question if
2F1([1/4,3/4],[1], P) should be seen as associated to the isogenies [22] 7 — 27 or
7 — 4 7. The identity

(C.1)

A1 B o) = (s a0

or equivalently

A () - (5D A ). e

seems to relate o Fy([1/4,3/4],[1],P) to 2F1([1/2,1/2],[1], z), and thus seems to relate
2F1([1/4,3/4],[1], P) rather 7 — 47. Yet things are more subtle.

Let us see how 2Fi([1/4,3/4],[1],P) can be described as a modular form
corresponding to pullbacked 2F7([1/4,3/4],[1], P) hypergeometric functions with two
different rational pullbacks. For instance, one deduces from (B.2) combined with (C.3),
several identities on the hypergeometric function oF;([1/4,3/4],[1],P) like

13 2

(C.2)

2F1([Z, Z]’ [1]7 (2?7)2)
= (z.fl_xzx))w' oy (15 e 1) —4- M), (C.4)
A (15 50 1, (ziv)
_ (2-2(1::))1/2' QFI(&, %, 1, (117‘2)2) (C.5)
and thus:
A (17 31, (117”;)2)
B (11j2xx)1/2' QFl(&’ Z]’ 1], —4- M) (C.6)

Appendiz C.2. Schwarzian equations

Recalling the viewpoint developed in our previous paper [22] these identities can be
seen to be of the form

(3 2L 0L B) = @R (I oL, 4),

where G is some algebraic factor.
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The important result of [22] is that after elimination of the algebraic factor G
one finds that the two pullbacks A and B verify the following Schwarzian equation:
7E3A2—3A+4 Jr1332—33+4 (@
8 A2(A-1)? 8 B2(B-1)° dA
where {B, A} denotes the Schwarzian derivative.
Do note that oF1([1/4,3/4],[1], P) is a selected hypergeometric function since the
rational function in the Schwarzian derivative (C.7)
13A4% —3A +4
8 A%2. (A-1)2"~
is invariant under the A — 1 — A transformation: W(A) = W(l — A).
This Schwarzian equation can be written in a more symmetric way between A
and B, namely:
13B°-3B+4 (dB\?2
i L (e B
8 32(3_1)2 (dm) + {B, w}
13 A2 -3A+4 ( %
8 A2(A-1) da
Let us denote p(z) the rational function of the LHS or the RHS of equality (C.9).

For the three identities (C.4), (C.5), this rational function is (of coursef) the same
rational function, namely

)2 + (B A} = o, (C.7)

W(A) = (C.8)

)2 4 {4, ). (C.9)

1 22—z +1
= - —. C.10
p(x) 3 2 @12 (C.10)
Let us consider the first two identities (C.4) and (C.5), denoting by A and B the
corresponding pullbacks:

z- (1 —x) dx x?

_—_ : —_ B = —— C.11
1 - 22)2 T T a2 2 —2)2 (C-11)
These two pullbacks are related by the asymmetric modular equation:

81- A’B? ~18AB- (8B + A) +(A? +80- AB +64B% —64B = 0. (C.12)

A= —4.

giving the following expansion for A seen as an algebraic seriest in B:

B Ly, D43, 8, 163 5 5013

64 256 4096 8192 262144

Such an algebraic series is clearlyff a 7 — 27 (or ¢ — ¢ in the nome q) isogeny [22].

The modular curve (C.12) is unpleasantly asymmetric: the two pullbacks are not

on the same footing. Note however, that using the A <» 1 — A symmetry (see (C.8))

on the Schwarzian equations (C.9), and changing A — 1 — A in the asymmetric
modular curve (54), one gets the symmetric modular curve:

81- A’B* — 18- (A*B+ ADB?) +A> —44AB + B?
-2-(A+B) +1 = 0. (C.14)

A5 4 (C.13)

1 Since these identities share one pullback.
1 We discard the other root expansion B = 1 + A + gAQ + %Ag’ + %A‘L + e
t1From (C.13) see [22].
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Changing B — 1 — B in the asymmetric modular curve (54), one also gets another
symmetric modular curve:

81- A2B* —144. (A* B+ AB?)

+208AB +64- (A +B>-A-B) = 0. (C.15)
The two pullbacks for (C.15) read:
4z 4. (1 — x)
= — - = — C.16
A 1+ )%’ B (2 — x)2 ( )

The price to pay to restore the symmetry between the two pullbacks (C.16) is that
the corresponding pullbacks do not yield hypergeometric identities expandable for x
small.

Finally, the identity (C.6) corresponds to a symmetric relation between these
two-pullbacks which reads:

81- C?D? —144- (C?*D + CD? +16- (4C* +13C D +4D?)
—64- (C +D) = 0. (C.17)

The corresponding series expansion

D o B 20 31CY 30507 2079C°  14457C7
4 16 16 128 1024 4096
1744508 167615C° 801941070 3822989 C'! (C.18)
4096 32768 131072 524288

is an involutive series.
Appendix D. Exact expression of polynomial P; for the ten-parameter
rational function (63)

The diagonal of the ten-parameters rational function (63) is the pullbacked
hypergeometric function

1 1 5 Po(z)?
—_— —, —, 1], 1 — D.1
P3(.’L‘)1/4 2F1([127 12]7 [ ]7 P3(x)3>’ ( )
where P3(x) is given by (66) and Pg(x) is a polynomial of degree six in « of the form
Ps(z) = ps + Ae(2), (D.2)

where py4 is the polynomial Py(x) given by (17) in section (2), and where Ag(z) is
the following polynomial of degree six in z:

Ag(r) = —5832- d?d5d: - 5
43888 - dydyds - (bycads + bocsds + bycydy) - b
—864- (cidids+ cydyds + c3dodi) - 2°
—1296- ¢ caesdydads -

— 1296 - by by bg dy dads - z*

— 1296 - a- dydods (bycy +bycy +bzes) -t

— 1296 - (b1 bacacgdads +bibgercadydy +bybscrcsdyds) -zt
+ 864 - (c%c;;dldg—|—clc§d1d2—|—62(:§d2d3)- a -zt

— 864 - (b} d3ds +bydydi+b3didy) - xt



Diagonals of rational functions 25
+ 864 - (b%clcgdgdg-f—blbgcfdld?, +b1bgc§d2d3

+b30162d1d3+b2b303d1d2+b§Cgng1d2> . (E4
+216- (bicads+bscads +b3cidi)- o
+288 - (bycdcody +bycSezdy +bseycads)- ot
— 576 - (by ¢ c3dg +bacicidy +bzcicsdy) - ot
— 144 . Ci1CoC3 - (b162d2+b263d3+b361d1)' £L‘4

+540- dydydsa® - 23
— 648 - (byczdads +bycidyds +bgcadyds) - a® - 2®
—72- (B egdy +ercidz +ciezdy) - a? - 2
4 288 - (b3b301d2+blb2(32d3+bgb§c§,d1)- 3
— 576 (bib3cids +b3b5cady +b3b3cady)
— 144 - by by b3 (bycada +bacgds +bscrdy) - x
+864 - (b2 bydods + by b3 dydo + b3 b3 dy ds) - a-

144 (b?clcgdg—Fblbgcgdg—Fblbgc%dl

+b36263d3+b2b36§d3+b§6163d1) - a- 1'3
+ 720 - (blbgclcgd3+b1b36203d2+b2b30102d1)' a- 3

+ 36 - CLS- (b162d2+ b263d3+ bgcldl)
—72. a(w@@+mw@+@%m) . (D.3)

Appendix E. Polynomials Ps;(z) and P;(x) for the nine-parameter rational
function (63)

The two polynomials Ps;(x) and Ps(z) encoding the pullback of the pullbacked
hypergeometric function (69) for the nine-parameter rational function (63) in section
(3.2.1), read

Py(z) = pa + 48-co- (Bbgdidy —cidy —caczdy) - a°
+24- (abycady +abzcydy —2b3bzdy —2byb3dy) - 22, (E.1)
and
Ps(x) = ps —864-c3dids-x
+864- (acicididy+ babscsdidy + bicocadyda — b3dids) -
Aﬂm(@Q@¢+m%%@)4
+ 288 - (by cl cod; + ba 82 czds) -
— 144 - (
+ 216 - (b3

by Cl 02 c3da + b3Cl Cgngl) z*
b% 1d% —6b1b30162d1d2)' 1'4



Diagonals of rational functions 26

—72- (9a%bscadydy + a2 cydy +a’ caesdy) - a®
—144-a- (b3cicady + bibacady + bybscidy + bicicsdy) - a®
—144- (BT babscady + by bab3crdy) - 2®

+720- (abibscacsdy + abybscrcady) - o

—576- (b3b3csdy + b3b3cady) - o

+288 - (B3bgcidy + bobicsdy +3abybidyds)- 2®

+36-a*- (abjcady +abgcidy —2bib3dy — 2by b3 dy) - 22, (E.2)
where the polynomials ps and py are the polynomials Py(x) and Py(x) of degree two

and four in x given by (16) and (17) in section (2): ps and p4 correspond to the
di = do = 0 limit.

Appendix F. Monomial symmetries on diagonals

Let us sketch the demonstration of the monomial symmetry results of section (81),
with the condition that the determinant of (82) is not zero and the conditions
(83) are verified. We will denote by n the integer in the three equal sums (83):
n = A; + B; + C;. The diagonal of the rational function of three variables R is
defined through its multi-Taylor expansion (for small z, y and z):

R(x, Y, z) = i i i Roy,imy, - ™y 23 (F.1)

mi1 =0 ma2=0 m3=0

as the series in one variable x:
O(x) = Diag(R(m, Y, z)) = Z R - ™. (F.2)
m=0

The monomial transformation (81) changes the multi-Taylor expansion (F.1) into

[eS) [eS) [eS)
7@(1«7 n Z) - Z Z Z RMl’MQMs.le CyMe Ms
My =0M>=0M3=0
[e%e] [ee] [ee] mi mso m3
ST ST R () (55 B ) (10 )
mi1=0mgo=0m3=0

o0 o0 o0

M M. M.
= E E E Rm17m2m3'z1'y2'23

m1:0m2:0m3:0

where:
My, = Ai-mq +B1-mo + Cp- ms, (F.3)
My = As-mq + By mo + Co - mgs, (F.4)
My = Asz-mq +Bs- mgy + Cs- ms. (F.5)
Taking the diagonal amounts to forcing the exponents mi, ms and mj to be equal.
It is easy to see that when condition (83) is verified, m; = mo = mg yields

M, = My = Mjs. Conversely if the determinant of (82) is not zero it is straightforward
to see that the conditions M; = My = M3 yield mi; = mgy = mg.
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Then if one knows an exact expression for the diagonal of a rational function, the
diagonal of this rational function changed by the monomial transformation (81) reads

Diag(?i(x, v, z)) = i RM,M_,M~ M = i Rym,m-x™™ = &(2"), (F.6)
M=0 m=0

and is thus equal to the previous exact expression ®(z), where we have changed
x — x' where nistheinteger n = A1 +B; +Cy = Ay +By+Cs = Az +Bs +Cjs.
These monomial symmetries for diagonal of rational functions are not specific of
rational functions of three variables: they can be straightforwardly generalized to
an arbitrary number of variables.

Appendix G. Rescaling symmetries on diagonals

We sketch the demonstration of the result in section (4.3). One recalls that the
diagonal of the rational function of three variables R is defined through its multi-
Taylor expansion (for small z, y and 2)

’R(m, Y, z) = i i i Ry, my, - ™y 2™ (G.1)

mi1 =0 ma2=0 m3=0
as the series in one variable x:
oo
O(z) = Diag(R(J;, Y, z)) = Z R, m,m - ™. (G.2)
m=0

The (function rescaling) transformation (93) transforms the multi-Taylor expansion
(G.1) into:

R(x, Y, z) = (G.3)

o0 o0 o0
S 3 S R e g Fyynne
1wy Mlin .

ma =0 m2:0 m3:0
We assume that the function F'(x) has some simple Taylor series expansion. Each
time taking the diagonal of (G.3) forces the exponents my, ms and ms to be equal
in the term ™! - y™2 . 2™3 of the multi-Taylor expansion (G.3), one gets a factor
F(zyz)ymtm2tms — F(ryz)3™. Consequently, the diagonal of (G.3) becomes:

00
Diag<R<l‘, Y, Z)) = Z Rm,m,m' " F(x)gn
m=0

= Diag(R(a:, Y, z)) (m F(a:)g) (G.4)

Clearly, these function-dependent rescaling symmetries for diagonals of rational
functions are not specific of rational functions of three variables: they can be
straightforwardly generalized to an arbitrary number of variables.
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