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Introduction

We consider lattices in R

d
{Zniai:m,...,ndeZ} Qle
=1

for some linearly independent vectors a1, ..., aq € R

— Simplest instance is the integer lattice Z¢
(choose a; = e;, the i-th unit vector):
e d = 2: “"square lattice”
e d = 3: “cubic lattice”

e d > 3: "hypercubic lattice”

Topic of this talk: study random walks on the “FCC lattice”
(face-centered cubic lattice)
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Basic Principles

Consider random walks with the following properties:

Starting point is the origin 0.

In each step move to one of the nearest neighbors in the
lattice.

All steps have the same probability.

A point can be visited several times.
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Applications

The study of such lattices was inspired by crystallography in as
much as the atomic structure of crystals forms such regular
lattices.

Further applications appear in physics, chemistry, ecology,
economics, and computer science:

e lattice vibration problems (phonons)

e diffusion models

e luminescence

e Markov processes and other random processes
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The FCC Lattice in 2D

square lattice (= integer lattice Z?)

4

.

.

s



The FCC Lattice in 2D

square lattice (= integer lattice Z?)

.M.M.

e



The FCC Lattice in 2D

square lattice (= integer lattice Z?)

.M.M.
%



The FCC Lattice in 2D

square lattice (= integer lattice Z?)

.M.M.

e



The FCC Lattice in 2D

square lattice (= integer lattice Z?)

.M.M.

e



The FCC Lattice in 2D

square lattice (= integer lattice Z?)

.M.M.
%



The FCC Lattice in 2D

square lattice (= integer lattice Z?)

.M.M.

e



The FCC Lattice in 2D

square lattice (= integer lattice Z?)

ee e e e

.M.M.

e



The FCC Lattice in 2D

square lattice (= integer lattice Z?)

e ¢ o o

.M.M.
%



The FCC Lattice in 2D

4

square lattice (= integer lattice Z?)

¢ o o

78

£



The FCC Lattice in 2D

square lattice (= integer lattice Z?)

78

£



The FCC Lattice in 2D

square lattice (= integer lattice Z?)

.M.M.

e



The FCC Lattice in 2D

square lattice (= integer lattice Z?)

4

.

.

s



The FCC Lattice in 2D

face-centered square lattice
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The FCC Lattice in 3D
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The FCC Lattice in 3D

Densest possible packing: Kepler conjecture (Hales 2005)
— This arrangement is often encountered in nature, e.g., in
aluminium, copper, silver, and gold.
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The FCC Lattice in 3D

It is not difficult to see that the 3D FCC lattice consists of four
copies of Z3, namely

200 (2 + (5,3,0) U (2 + (5,0.5) U (2 + (0.4 ).
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The FCC Lattice in 3D

It is not difficult to see that the 3D FCC lattice consists of four
copies of Z3, namely

22U (27 +(3:3:0)) U (Z° + (5.0,5)) U (Z° + (0,5, 3)) -

(stretch the lattice by a factor 2 to avoid fractions)

Then the admissible steps (nearest neighbor rule) are:

{(-1,-1,0), (-1,1,0), (1,-1,0), (1,1,0)
(-1,0,-1), (-1,0,1), (1,0,-1), (1,0,1)
(0,-1,-1), (0,-1,1), (0,1,-1), (0,1,1)}
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The FCC Lattice in Arbitrary Dimension

The d-dimensional FCC lattice is composed of 1 + (g) translated
copies of Z.

The set of permitted steps in the d-dimensional FCC lattice is
{510 050) € {0, =11}t st 4+ [sal = 2},

i.e., there are 4(3) steps (called the coordination number).
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Lattice Green's Functions

The lattice Green's function is the probability generating function
oo
P(xz;z) = an(:c)z”
n=0

where p,,(x) = probability of returning to point @ after n steps.
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Lattice Green's Functions

The lattice Green's function is the probability generating function
oo
P(xz;z) = an(:c)z”
n=0

where p,,(x) = probability of returning to point @ after n steps.

— Note that ¢"p, () is an integer and gives the total number
of such (unrestricted) walks, where ¢ is the coordination
number of the lattice.
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Lattice Green's Functions

Of particular interest is

?) :g%p”(o / / iki Ak

that involves the return probabilities.

Here A(k) is the structure function, given by the discrete Fourier
transform of the single-step probabilities:

Ak) =Y pi(z)e™®

xzcR4

(a finite sum, actually).
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Example

Square lattice Z? with step set {(—1,0), (1,0), (0,—1),(0,1)}

The structure function is
1 . . . . 1
)\(kla kig) — Z (e—zlﬂ + 62k1 4 e—zkz + ezkz) — 5 (COS kl + cos kQ)

The lattice Green's function is

dky dk 2
P(0,0;2) // Lo = “K(2?)

1—%(cosky +cosks)

where K(z) is the complete elliptic integral of the first kind.
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Return Probability

Question: What is the probability that a drunk walker ever re-
turns to its origin?

The return probability R (Pdlya number) is

1 1
Rel- o~ =
> o Pn(0) P(0;1)

.M.M.

N4



Return Probability

Question: What is the probability that a drunk walker ever re-
turns to its origin?

The return probability R (Pdlya number) is

1 1
R=l-"e—==1-——.
Zn:Opn(O) P(Ov 1)
In our 2D example:
1
R=1- =1
2K(1)

since K(z) diverges for z = 1.

— It is well known that in 2D the return is certain!
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Back to the FCC Lattice

The trivial (but illuminating) 2D case:

hd Step set: {(_L _1)7 (_1a 1)) (1a _1)a (17 1)}
e structure function:

1 ) . . .
A(k]_,kz) — Z(efl(k:l#»litg) 4 efz(klsz) 4 el(klfkg) 4 el(k1+k2)>
1
= 5(005(1{71 + ko) + cos(k; — kg)) = cos k1 cos ks,

using the angle-sum identity cos(x 4+ y) = cosx cosy F sinz siny.
e lattice Green's function:

P(0,0, 2) / / dirdkz _ _ 2K(:2).

1—2zcoskjcosky 7

— LGF is the same as for the square lattice (as expected), but

not at all obvious from the integral representation! ,g}



FCC Lattices for d > 2

The structure function is A\(k) = <

d
2

)

-1 d d
Z Z cos ky, cos k.

m=1n=m++1
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FCC Lattices for d > 2

d -1 d d
The structure function is A\(k) = <2) Z Z cos ky, cos ky,.

m=1n=m+1

For d = 3, the return probability is one of Watson's integrals:

-1
Ret-( o [ ettt _,_l6Vart
™ Jo JoJo 1- %(0102 + c1e3 + cac3) Q(F(%))G

where ¢; = cos(k;).
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FCC Lattices for d > 2

d -1 d d
The structure function is A\(k) = <2) Z Z cos ky, cos ky,.

m=1n=m+1

For d = 3, the return probability is one of Watson's integrals:

-1
Ret-( o [ ettt _,_l6Vart
™ Jo JoJo 1- %(0102 + c1e3 + cac3) 9({‘(%))6

where ¢; = cos(k;).

A closed form for the LGF has been found by Joyce (1998), in
terms of K(z) and some fairly complicated algebraic functions.

— For d > 3 no such closed forms are known!
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Guessing the ODE

From now on: try to compute a differential equation for the LGF,
instead of a closed form!
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Guessing the ODE

From now on: try to compute a differential equation for the LGF,
instead of a closed form!

A conjecture (“guess”) for such an equation can be made when
the first terms of the Taylor expansion are known. These can be
obtained by
e rewriting and expanding the d-fold integral into a multisum
(Guttmann and Broadhurst)
e counting all possible walks on the lattice

e count the excursions using multi-step guessing
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Guessing the ODE

From now on: try to compute a differential equation for the LGF,
instead of a closed form!

A conjecture (“guess”) for such an equation can be made when
the first terms of the Taylor expansion are known. These can be
obtained by
e rewriting and expanding the d-fold integral into a multisum
(Guttmann and Broadhurst)
e counting all possible walks on the lattice

e count the excursions using multi-step guessing

— However, any result obtained in this way is just a conjecture!
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A Different Approach to the LGF

Let's consider a lattice in Z% with some finite step set S C Z¢.
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A Different Approach to the LGF

Let's consider a lattice in Z% with some finite step set S C Z¢.

1
Clearly the trivial recurrence holds p,4+1(x) = &l an(m —8).

seSs
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A Different Approach to the LGF

Let's consider a lattice in Z¢ with some finite step set S C Z%.

Clearly the trivial recurrence holds p,4+1(x 5 an
‘ | seS
Define the generating function F(y; 2z Z Z pn(x
n=0 gc7d
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A Different Approach to the LGF

Let's consider a lattice in Z% with some finite step set S C Z¢.

1
Clearly the trivial recurrence holds p,4+1(x) = &l an(a: —8).
scS

oo
Define the generating function F(y;z) = Z Z pn(x)y®2".
n=0 gcZd

SN by = Y S Sonle ey

n=0geczd n=0gec7d s€S

L S s = 2SS

n=1gczd s€S n=0 gczd
1 1
SFyz) -1 = @ZySF(y;Z)
ses
, 1 .
Thus we obtain F(y;z) = &,

1_@2365,‘1}5' b



The Differential Equation Detour

Recall: F(y;z) Zzp” yz__zl

n=0gxc7d

Connection to LGF: P(0;2) = (y{ ... y9)F(y; 2)

15T ZSES y*®

.M.M.
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The Differential Equation Detour

Recall: F(y;z) Zan x)y*z" = _Zl

2 s
n=0gc7d 151 Zsesy

Connection to LGF: P(0;2) = (. ..yg)F(y, 2)

Key observation: (y~1)D,G(y) = 0 for any G(y Z gy

n=—oo
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The Differential Equation Detour

Recall: F(y;z) ZZQDn x)y " =

n=0gxc7d

Connection to LGF: P(0;2) = (. ..yg)F(y, 2)

1
- ﬁ ZSES y*®

Key observation: (y~1)D,G(y) = 0 for any G(y Z gy
n=-—o0o

Therefore: if the differential operator

A(z,D,)+ Dy, B1 + - - - + D,, By annihilates F(y;2)/(y1-..va),

where B; = B;(y1,...,Yd, %, Dy, ..., Dy,, D) then A(z, D,)

annihilates P(0; z):

T F(y,z
<y1 L " Yq 1>A(27Dz)<y1



Connection with the Integral Representation

1
P(0;z) = (y7...49)
1_|7§|2365ys

- / / —Z ZSES Pclifd)eis'k

In the holonomic systems approach, the operator
A(z,D.)+ Dy B1+---+ Dy, By is called a
creative telescoping operator.
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Excursion: The Holonomic Systems Approach

Consider the class of 0-finite/holonomic functions (functions and
sequences that satisfy “sufficiently many"” linear differential
equations and recurrences).
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Excursion: The Holonomic Systems Approach

Consider the class of 0-finite/holonomic functions (functions and
sequences that satisfy “sufficiently many"” linear differential
equations and recurrences).

Functions and sequences are represented by these equations
(plus initial conditions).
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Excursion: The Holonomic Systems Approach

Consider the class of 0-finite/holonomic functions (functions and
sequences that satisfy “sufficiently many"” linear differential
equations and recurrences).

Functions and sequences are represented by these equations
(plus initial conditions).

This class is closed under addition (f + g), multiplication (f - g),
certain substitutions, definite integration (e.g., fol f(z,y)dz), and
definite summation (e.g., > p_o f(n, k)).
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Excursion: The Holonomic Systems Approach

Consider the class of 0-finite/holonomic functions (functions and
sequences that satisfy “sufficiently many"” linear differential
equations and recurrences).

Functions and sequences are represented by these equations
(plus initial conditions).

This class is closed under addition (f + g), multiplication (f - g),
certain substitutions, definite integration (e.g., fol f(z,y)dz), and
definite summation (e.g., > p_o f(n, k)).

— All these operations can be executed algorithmically.
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Excursion: The Holonomic Systems Approach

Consider the class of 0-finite/holonomic functions (functions and
sequences that satisfy “sufficiently many"” linear differential
equations and recurrences).

Functions and sequences are represented by these equations
(plus initial conditions).

This class is closed under addition (f + g), multiplication (f - g),
certain substitutions, definite integration (e.g., fol f(z,y)dz), and
definite summation (e.g., > p_o f(n, k)).

— All these operations can be executed algorithmically.

Example:

Given a function f(z,y), satisfying two ODEs (in x and y).
We can derive a differential equation for the definite integral
fo x,y) dx by means of a creative telescoping operator.
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Concrete Example: Creative Telescoping
The lattice Green's function of the 2D FCC lattice is given by

/ / dky dko
1 — zcos(ky) cos(ks)

Unfortunately, the integrand is not O-finite/holonomic
(no ODE w.r.t. ky for example).
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Concrete Example: Creative Telescoping
The lattice Green's function of the 2D FCC lattice is given by

/ / dky dks
1 — zcos(ky) cos(ks)

Unfortunately, the integrand is not O-finite/holonomic
(no ODE w.r.t. ky for example).

But this is easily repaired by the substitutions cos(k;) — ;:

_/ / dl’ldl'g
™ Jo Jo (1= zay20)y/1 — 22\/1— a3

Indeed, the integrand is annihilated by the operators:

(x1222 — 1) D, + 2129,
(22 — 1)(z1202 — 1) Dy, + (221232 — 12 — 29),
(22 — 1) (z1202 — 1) Dy, + (203202 — 11 — 292).
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Concrete Example: Creative Telescoping

1 1
1
P(z —// dx1 dxs.
=) 0o Jo (1—zzim2)\/1—123y/1 — 23 L

The creative telescoping operator

zo(1 — 22 z9z(1 — 2
(2% — 2)D? + (322 = 1)D. + 2 +Dy, 2(1 = i) +D,, =2 (1—3)

1292 — 1 1292 — 1
—_— —_—

A(z,D.
(2.0.) pe s

which annihilates the integrand, certifies that P(z) satisfies the
differential equation

(23— 2)P"(2) + (322 = 1)P'(2) + zP(2) = 0.
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Creative Telescoping in General

In general, a creative telescoping operator has the form
P(U, av) + AIQI(Ua w, am a'w) + AQO(U, w, 8@7 8’11;)

where A; = S, — 1 or A; = D,,, (depending on the problem).
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Creative Telescoping in General

In general, a creative telescoping operator has the form
P(U, av) + AIQl(Ua w, am a'w) + AQO(U, w, 8117 a'w)
where A; = S, — 1 or A; = D,,, (depending on the problem).

e corresponds to an m-fold summation/integration problem
e w=wi,...,w, are the summation/integration variables

e v = v1,V9,... are the surviving parameters
) )

P(v, 8y) is called the principal part or the telescoper
the Q;(v, w, 8y, Oy,) are called the delta parts

they can be viewed as certificates for the correctness of the
principal part
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Our Ansatz with Specific Denominators
For finding CT operators, we proposed an ansatz of the form
|4

> calv) 8“+ZAZZC”°‘ w2y,
Jj=

with unknowns ¢4 and c¢; .o, and with specific denominators d; ;.
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Our Ansatz with Specific Denominators

For finding CT operators, we proposed an ansatz of the form

14

an a%ZA ZZ C”“" )wan
J=

with unknowns ¢4 and c¢; .o, and with specific denominators d; ;.

input: a (non-commutative) Grobner basis of the annihilating
operators of the integrand

denote by 4l = {Uy,Us, ...} the (finitely many) monomials

under its stairs

reduce the ansatz with this Grobner basis and equation

coefficients to zero

coefficient comparison w.r.t. w leads to a linear system of
equations

the denominators d; ; can be predicted from the leading
coefficients of the Grobner basis ™
implemented in HolonomicFunctions (Mathematica) S’



Result for the 4D FCC Lattice

With this machinery, we find (and prove!) that the LGF P(z) of
the 4D FCC lattice satisfies the differential equation

(z=1)(z+2)(z+3) (2 +6)(z +8)(3z +4)222PW(2)+

2(32 4 4)(212% + 35625 + 207924 + 492023 + 367622 — 23042 — 3456):
6(8127 + 128625 + 74322° + 198982* + 2528623 + 1108022 — 52482 —
12(4527 4 60425 + 29392° + 67342% + 763323 + 371622 + 2242 — 384).
12(92° 4 9824 + 38223 + 70222 + 6322 + 256)2P(2) = 0.
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Result for the 5D FCC Lattice

16(z — 5)(z — 1)(2 4+ 5)2(z + 10)(z + 15)(3z + 5)(156782% + 1447762° 4 4497352% 4 93365023 —
105337522 + 3465000z — 675000)2% P(6) (2) + 8(z + 5)(305721022 + 9747173421 +
1048560285210 + 393966370527 — 487814697528 — 8726547987527 — 3046238306252 —
2666279031252° + 2548765156252% — 128944710937523 — 5035500000002 + 1774828125000z —
354375000000) 23 P(®) (2) 4+ 10(27279720213 + 923795772212 + 1172527684221 +
6843992154020 4 1483137571252 — 3821343357752% — 335112577050027 — 78017854212502% —
377901132187525 — 77162987343752* — 397023487500002° + 339364687500022 +
239051250000002 — 5568750000000)22 P(4) (2) + 5(255864960213 + 7892060544212 +
9274499563821 4+ 5248579860602 + 1350059072325 — 4654405551002° — 1354552475650027 —
269182933200002° — 36499150593752° — 774980596250002% — 19017696000000023 +
4053037500000022 + 45343125000000z — 13162500000000) 2P (3) () + 5(496679040213 +
1381998124822 1491866849342 + 8109561453302 4 22873688234752° + 16462260600752° —
828251545637527 — 6199228765625z + 133678067437502° — 1109257364375002% —
13382505375000023 + 4445786250000022 + 5055750000000z — 3240000000000) P/ (2) +
10(167064768212 + 4143853440211 + 4067813050220 + 2096731191602 + 60702130482525 +
6896432866502 — 1356617282502% +37116174812502° 4 26644783218752% — 212104308125002°3 — .

.MM.
7268326875000z + 4816462500000z — 189000000000) P’ (2) + 30(752544021 + 163913184210 + U



Result for the 6D FCC Lattice

(z=3)(z—1)(z+4)(z +5) (2 + 9)(z + 15)%(z + 24) (22 + 3)(22z + 15) (42 + 15) (7= +
60)(24216104315222° 4 51659233261888224 + 3764987488054392225 + 149102740118852712222 4
3823803744461234343221 4 6932104746107486913022° 4 93103256383450023066321° +
0465736161794804567892218 4+ 728647954138999110119222"7 + 412843760981101392072948216 +
15576569930737506772205822 15 + 21895074865242062848272962z % —
169709270009803818636631412'3 — 15234695061171966123944052622 —
693159300555093708939611829z11 — 21570721539725133982768269242'0 —
48728610279953665242799941002° — 79718697411814256863553712002° —
88834879770215767199070336002" — 53379173991565223892892800002° +
7534597696291106962430400002° + 39205436741982652114368000002% +
28783951431239861464320000002° + 134803564391334735360000000022 +
2423069019610564608000000002 + 19280523023769600000000000) P(®) (2)26 + 2(z +
15)(80010008657420823% + 22738998805752633623° + 25996840572204888512234 +
1719342411627828757728233 +76318086060490791960792232 4-2462288021152606885358700231 +
60618715038937670473018584230 4+ 117515443417811904167170074022° +
18309889884984684630822323370228 + 232115671681854334221586338585227 + 25
2406227015296631910854902756563220 + 20337622679657217515316342764256225 + S’



Some Timings

Timings with our new approach to creative telescoping:

e for d =3: ~ 2 seconds
e for d = 4: ~ 3 minutes
e for d =5: ~ 4 hours

e for d =6: ~ 5 days
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Some Timings

Timings with our new approach to creative telescoping:
e for d =3: ~ 2 seconds
e for d = 4: ~ 3 minutes
e for d =5: ~ 4 hours
e for d =6: ~ 5 days

— With traditional methods (Chyzak's algorithm, Takayama's
algorithm), the computations are not at all feasible (at least
the cases d = 5 and d = 6).

— We do not believe that d = 7 can be done with our method
(at least at the moment).
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Our Results for Return Probabilities

In each case, the result is a linear ODE in z, which gives rise to
recurrences for the series coefficients and their partial sums.

From this we can compute the return probability
1
> o Pn(0)

to very high accuracy using the asymptotic behaviour of the
solutions.

R=1-

In particular, we got the following results:

1 16f7r
e d=3: Rg3=1 B (1)) = 0.2563182365...

e d=4: Ry =0.095713154172562896735316764901210185...
e d=05 Ry =0.046576957463848024193374420594803291...
e d=06: Rg =0.026999878287956124269364175426196380...
o,

— We have no idea how to express these as closed forms! 0%




