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Problem Statement

The interest in numerical analysis in so-called inverse inequalities
yields to the following problem:

Find the largest eigenvalue λn of the generalized
eigenvalue problem

Bn~xn = λnAn~xn

where An and Bn are certain n× n matrices.

Equivalent formulation:

λn := max
λ

det(Bn − λAn) = 0.

Relaxed problem: find expressions b1(n) and b2(n) such that

b1(n) < λn < b2(n)

(“as accurate as possible”).
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Overview

∀n ∈ N : b1(n) < λn < b2(n)

λn := max
λ

det(Bn − λAn) = 0

The matrix entries are:

ai,j :=
1− (−1)i+j−1

i+ j − 1

bi,j := (i− 1)(j − 1)
1− (−1)i+j−3

i+ j − 3

Part II: With symbolic computations, evaluate det(Bn − λAn) in
a (complicated) closed form.

Part III: Using the closed form, derive very accurate bounds
b1(n) and b2(n).
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The HOLONOMIC ANSATZ II.
Automatic DISCOVERY(!) and PROOF(!!)

of Holonomic Determinant Evaluations

(D. Zeilberger, Annals of Combinatorics 11:241–247, 2007)

Algorithmic method to prove determinant evaluations of the form

detAn = bn (n > 1)

where

linear recurrences
polynomial coefficients

finitely many initial values

I An = (ai,j)16i,j6n is an n× n matrix,

I ai,j is a bivariate sequence, not depending on n,

I bn 6= 0 for all n > 1.
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

a1,1 a1,2 a1,3 · · · a1,n

a2,1 a2,2 a2,3 · · · a2,n

a3,1 a3,2 a3,3 · · · a3,n

...
...

...
...

an,1 an,2 an,3 · · · an,n



=

I A
(i,j)
n : matrix An with row i and column j deleted

I Mi,j = detA
(i,j)
n is the (i, j)-minor of An

I Define cn,j := (−1)n+jMn,j/Mn,n

I We obtain
n∑
j=1

ai,jcn,j = δi,n
detAn
detAn−1

4 / 21





a1,1 a1,2 a1,3 · · · a1,n

a2,1 a2,2 a2,3 · · · a2,n

a3,1 a3,2 a3,3 · · · a3,n

...
...

...
...

an,1 an,2 an,3 · · · an,n





(A−1n )1,n

(A−1n )2,n

(A−1n )3,n

...

(A−1n )n,n



=



0

0

0

...

1



I A
(i,j)
n : matrix An with row i and column j deleted

I Mi,j = detA
(i,j)
n is the (i, j)-minor of An

I Define cn,j := (−1)n+jMn,j/Mn,n

I We obtain
n∑
j=1

ai,jcn,j = δi,n
detAn
detAn−1

4 / 21





a1,1 a1,2 a1,3 · · · a1,n

a2,1 a2,2 a2,3 · · · a2,n

a3,1 a3,2 a3,3 · · · a3,n

...
...

...
...

an,1 an,2 an,3 · · · an,n





(−1)n+1detA
(n,1)
n

detAn

(−1)n+2detA
(n,2)
n

detAn

(−1)n+3detA
(n,3)
n

detAn

...

(−1)2ndetA
(n,n)
n

detAn



=



0

0

0

...

1


I A

(i,j)
n : matrix An with row i and column j deleted

I Mi,j = detA
(i,j)
n is the (i, j)-minor of An

I Define cn,j := (−1)n+jMn,j/Mn,n

I We obtain
n∑
j=1

ai,jcn,j = δi,n
detAn
detAn−1

4 / 21





a1,1 a1,2 a1,3 · · · a1,n

a2,1 a2,2 a2,3 · · · a2,n

a3,1 a3,2 a3,3 · · · a3,n

...
...

...
...

an,1 an,2 an,3 · · · an,n





(−1)n+1 Mn,1

detAn

(−1)n+2 Mn,2

detAn

(−1)n+3 Mn,3

detAn

...

Mn,n

detAn



=



0

0

0

...

1


I A

(i,j)
n : matrix An with row i and column j deleted

I Mi,j = detA
(i,j)
n is the (i, j)-minor of An

I Define cn,j := (−1)n+jMn,j/Mn,n

I We obtain
n∑
j=1

ai,jcn,j = δi,n
detAn
detAn−1

4 / 21





a1,1 a1,2 a1,3 · · · a1,n

a2,1 a2,2 a2,3 · · · a2,n

a3,1 a3,2 a3,3 · · · a3,n

...
...

...
...

an,1 an,2 an,3 · · · an,n





(−1)n+1Mn,1

Mn,n

(−1)n+2Mn,2

Mn,n

(−1)n+3Mn,3

Mn,n

...

1



=



0

0

0

...

detAn
Mn,n


I A

(i,j)
n : matrix An with row i and column j deleted

I Mi,j = detA
(i,j)
n is the (i, j)-minor of An

I Define cn,j := (−1)n+jMn,j/Mn,n

I We obtain
n∑
j=1

ai,jcn,j = δi,n
detAn
detAn−1

4 / 21





a1,1 a1,2 a1,3 · · · a1,n

a2,1 a2,2 a2,3 · · · a2,n

a3,1 a3,2 a3,3 · · · a3,n

...
...

...
...

an,1 an,2 an,3 · · · an,n





(−1)n+1Mn,1

Mn,n

(−1)n+2Mn,2

Mn,n

(−1)n+3Mn,3

Mn,n

...

1



=



0

0

0

...

detAn
detAn−1


I A

(i,j)
n : matrix An with row i and column j deleted

I Mi,j = detA
(i,j)
n is the (i, j)-minor of An

I Define cn,j := (−1)n+jMn,j/Mn,n

I We obtain
n∑
j=1

ai,jcn,j = δi,n
detAn
detAn−1

4 / 21





a1,1 a1,2 a1,3 · · · a1,n

a2,1 a2,2 a2,3 · · · a2,n

a3,1 a3,2 a3,3 · · · a3,n

...
...

...
...

an,1 an,2 an,3 · · · an,n





cn,1

cn,2

cn,3

...

cn,n = 1



=



0

0

0

...

detAn
detAn−1


I A

(i,j)
n : matrix An with row i and column j deleted

I Mi,j = detA
(i,j)
n is the (i, j)-minor of An

I Define cn,j := (−1)n+jMn,j/Mn,n

I We obtain
n∑
j=1

ai,jcn,j = δi,n
detAn
detAn−1

4 / 21





a1,1 a1,2 a1,3 · · · a1,n

a2,1 a2,2 a2,3 · · · a2,n

a3,1 a3,2 a3,3 · · · a3,n

...
...

...
...

an,1 an,2 an,3 · · · an,n





cn,1

cn,2

cn,3

...

cn,n = 1



=



0

0

0

...

detAn
detAn−1


I A

(i,j)
n : matrix An with row i and column j deleted

I Mi,j = detA
(i,j)
n is the (i, j)-minor of An

I Define cn,j := (−1)n+jMn,j/Mn,n

I We obtain
n∑
j=1

ai,jcn,j = δi,n
detAn
detAn−1 4 / 21



Determinant Evaluation: Proof by Induction

Problem: Prove that detAn =
.

det
16i,j6n

ai,j = bn for all n ∈ N.

Base case: verify that a1,1 = b1.

Induction hypothesis: assume that detAn−1 = bn−1 6= 0.

Induction step: the assumption implies that the linear system
a1,1 · · · a1,n−1 a1,n

...
. . .

...
...

an−1,1 · · · an−1,n−1 an−1,n
0 · · · 0 1




cn,1
...

cn,n−1
cn,n

 =


0
...
0
1


has a unique solution, namely cn,j = (−1)n+jMn,j/Mn,n.

Now use cn,j to do Laplace expansion of An w.r.t. the last row:

detAn =
n∑
j=1

(−1)n+jMn,jan,j =
n∑
j=1

Mn,n︸ ︷︷ ︸
bn−1

cn,jan,j .

Showing that the sum evaluates to bn completes the induction step.
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Some Examples

det
16i,j6n

1

i+ j − 1
=

1

(2n− 1)!

n−1∏
k=1

(k!)2

(k + 1)n−1

det
16i,j6n

1

i+ j − 1
=

1

(2n− 1)!

n−1∏
k=1

(k!)2

(k + 1)n−1

det
06i,j6n−1

(
2i+ 2a

j + b

)
= 2n(n−1)/2

n−1∏
k=0

(2k + 2a)!k!

(k + b)!(2k + 2a− b)!

det
06i,j6n−1

∑
k

(
i

k

)(
j

k

)
2k = 2n(n−1)/2
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Toy Example (Hilbert Matrix)

An := (ai,j)16i,j6n =



1
1

2

1

3
· · · 1

n

1

2

1

3

1

4
· · · 1

n+ 1

1

3

1

4

1

5
· · · 1

n+ 2

...
...

...
...

1

n

1

n+ 1

1

n+ 2
· · · 1

2n− 1


with ai,j :=

1

i+ j − 1
.
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Toy Example
We can explicitly compute the numbers cn,j :

n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

(
1
) (

−1
2

1

) 
1
6

−1
1



− 1

20

3
5

−3
2

1





1
70

−2
7

9
7

−2
1





− 1
252

5
42

−5
6

20
9

−5
2

1





1
924

− 1
22

5
11

−20
11

75
22

−3
1



From this we guess that

cn,j = (−1)j+n
(
n− 1

j − 1

)(
j + n− 2

j − 1

)(
2n− 2

n− 1

)−1
,

and then prove (symbolically!) that this guess is correct.
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Toy Example

Then we evaluate the sum (e.g., using Zeilberger’s algorithm)

n∑
j=1

an,jcn,j =
(−1)j+n

n+ j − 1

(
n− 1

j − 1

)(
j + n− 2

j − 1

)(
2n− 2

n− 1

)−1
=

1

2n− 1

(
2n− 2

n− 1

)−2
=

detAn
detAn−1

.

Therefore:

detAn =

n∏
k=1

1

2k − 1

(
2k − 2

k − 1

)−2
=

1

(2n− 1)!

n−1∏
k=1

(k!)2

(k + 1)n−1
.

Problem: What if there is no such nice closed form for cn,j?
−→ Use holonomic functions!
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Principia Holonomica

1. Sequences are represented by a set (Gröbner basis)
of recurrence equations (and initial values).

2. Closure properties (e.g., fn + gn, fn · gn, hi,j → h2n,n+3)
can be carried out algorithmically.

3. Sums like
∑n

k=0 fn,k are again holonomic, and are treated
by the method of creative telescoping (Zeilberger).

4. The output is always given as a set of recurrences,
not as a closed form.

Implementations are available in F. Chyzak’s Maple package Mgfun

and our Mathematica package HolonomicFunctions; here we will
use the latter one.
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of recurrence equations (and initial values).

2. Closure properties (e.g., fn + gn, fn · gn, hi,j → h2n,n+3)
can be carried out algorithmically.

3. Sums like
∑n

k=0 fn,k are again holonomic, and are treated
by the method of creative telescoping (Zeilberger).

4. The output is always given as a set of recurrences,
not as a closed form.

Implementations are available in F. Chyzak’s Maple package Mgfun

and our Mathematica package HolonomicFunctions; here we will
use the latter one.

10 / 21
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From this we guess that

cn,j =
(j − n− 1)(j + n− 2)

(j − 1)2
cn,j−1,

cn,j =
(n− 1)(j + n− 2)

2(2n− 3)(j − n)
cn−1,j .
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Get a Handle on cn,j

We cannot expect to be able to compute cn,j explicitly!
(at least not for symbolic n)

Instead:

I Hope that cn,j is holonomic (may be the case or not).

I Work with an implicit (recursive) definition of cn,j .

I The values of cn,j can be computed for concrete n, j ∈ N.

I If recurrences exist they can be guessed automatically
(e.g. with M. Kauers’s Mathematica package Guess)
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Toy Example
Guessed holonomic definition for cn,j :

cn,j =
(j − n− 1)(j + n− 2)

(j − 1)2
cn,j−1,

cn,j =
(n− 1)(j + n− 2)

2(2n− 3)(j − n)
cn−1,j ,

c1,1 = 1.

Show that the definition implies cn,n = 1 for all n:

=

Use

Creative telescoping yields a recurrence for S(n) :=
∑n

j=1 an,jcn,j :

4(4n2 − 1)S(n+ 1) = n2S(n), S(1) = 1.

Unique solution of this recurrence: S(n) =
1

2n− 1

(
2n− 2

n− 1

)−2
.
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Zeilberger’s Holonomic Ansatz

1. Compute many values of cn,j (e.g. for 1 6 j 6 n 6 100).

2. Guess linear recurrences for cn,j from that data.

3. Prove the following identities using holonomic closure
properties and creative telescoping:

cn,n = 1 (n > 1), (1)
n∑
j=1

cn,jai,j = 0 (1 6 i < n), (2)

n∑
j=1

cn,jan,j =
bn
bn−1

(n > 1). (3)

Note: all these steps can be executed automatically!
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Back to Inverse Inequalities

Recall: We are interested in evaluating det(Bn − λAn)
for symbolic λ and for symbolic n.

The entries of the matrices An and Bn in our case are:

ai,j :=
1− (−1)i+j−1

i+ j − 1

bi,j := (i− 1)(j − 1)
1− (−1)i+j−3

i+ j − 3
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Back to Inverse Inequalities

ai,j :=
1− (−1)i+j−1

i+ j − 1
, bi,j := (i− 1)(j − 1)

1− (−1)i+j−3

i+ j − 3

|B6 − λA6| =

Hence we get: det(Bn − λAn) = 2n det
(
A

(1)
dn/2e

)
· det

(
A

(0)
bn/2c

)
.
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A(0)
n = (a

(0)
i,j )16i,j6n with a

(0)
i,j :=

(2i− 1)(2j − 1)

2i+ 2j − 3
− λ

2i+ 2j − 1

detA
(0)
1 = 1− λ

3

detA
(0)
2 =

4λ2

525
− 12λ

35
+

4

5

detA
(0)
3 = − 256λ3

22920975
+

512λ2

218295
− 256λ

4851
+

256

2205

detA
(0)
4 =

65536λ4

63275987399625
− 131072λ3

200876150475
+

65536λ2

1217431215
− 65536λ

66891825

detA
(0)
5 = − 1073741824λ5

177624332221127738821875
+

1073741824λ4

119612344930052349375
−

I These polynomials are irreducible.

I Hence det
(
A

(0)
n

)
/det

(
A

(0)
n−1
)

is (probably) not holonomic.

I Neither is det
(
A

(0)
n

)
a holonomic sequence.

17 / 21



A(0)
n = (a

(0)
i,j )16i,j6n with a

(0)
i,j :=

(2i− 1)(2j − 1)

2i+ 2j − 3
− λ

2i+ 2j − 1

detA
(0)
1 = 1− λ

3

detA
(0)
2 =

4λ2

525
− 12λ

35
+

4

5

detA
(0)
3 = − 256λ3

22920975
+

512λ2

218295
− 256λ

4851
+

256

2205

detA
(0)
4 =

65536λ4

63275987399625
− 131072λ3

200876150475
+

65536λ2

1217431215
− 65536λ

66891825

detA
(0)
5 = − 1073741824λ5

177624332221127738821875
+

1073741824λ4

119612344930052349375
−

I These polynomials are irreducible.

I Hence det
(
A

(0)
n

)
/det

(
A

(0)
n−1
)

is (probably) not holonomic.

I Neither is det
(
A

(0)
n

)
a holonomic sequence.

17 / 21



A(0)
n = (a

(0)
i,j )16i,j6n with a

(0)
i,j :=

(2i− 1)(2j − 1)

2i+ 2j − 3
− λ

2i+ 2j − 1

detA
(0)
1 = 1− λ

3

detA
(0)
2 =

4λ2

525
− 12λ

35
+

4

5

detA
(0)
3 = − 256λ3

22920975
+

512λ2

218295
− 256λ

4851
+

256

2205

detA
(0)
4 =

65536λ4

63275987399625
− 131072λ3

200876150475
+

65536λ2

1217431215
− 65536λ

66891825

detA
(0)
5 = − 1073741824λ5

177624332221127738821875
+

1073741824λ4

119612344930052349375
−

I These polynomials are irreducible.

I Hence det
(
A

(0)
n

)
/ det

(
A

(0)
n−1
)

is (probably) not holonomic.

I Neither is det
(
A

(0)
n

)
a holonomic sequence.

17 / 21





a1,1 a1,2 a1,3 · · · a1,n

a2,1 a2,2 a2,3 · · · a2,n

a3,1 a3,2 a3,3 · · · a3,n

...
...

...
...

an,1 an,2 an,3 · · · an,n





(−1)n+1Mn,1

Mn,n

(−1)n+2Mn,2

Mn,n

(−1)n+3Mn,3

Mn,n

...

1



=



0

0

0

...

detA
(0)
n

detA
(0)
n−1



I This normalization could be used if detA(0) was holonomic.

I `n is the leading coefficient of detA
(0)
n .

I Define c
(0)
n,j := (−1)n+jMn,j

`n
.

I Thanks to the parameter λ this normalization is easy to achieve.
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I Thanks to the parameter λ this normalization is easy to achieve.
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We conjecture

c
(0)
n,j =

22n+2j−3 (3
2

)
2n−1

(
n+ 1

2

)
j−1

(n− 1)! (2j − 1)!

×
n−1∑
m=0

2n−2m−2∑
k=0

(−1)j+m (2m+ 1)2k λ
m

4m+kk! (2m+ k − n− j + 2)!

Then we prove

n∑
j=1

a
(0)
i,j c

(0)
n,j = δi,n

n∑
j=0

(−4)j−n (2n− 2j + 1)2n
(2j)!

λj

from which we can conclude that

detA(0)
n = cn ·

n∑
j=0

(−4)j−n (2n− 2j + 1)2n
(2j)!

λj

for some (yet unknown) constant cn.
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With the original version of the holonomic ansatz, we prove

cn = det
(
lim
λ→∞

1
λA

(0)
n

)
=
(
−1

2

)n n∏
i=1

(
(i− 1)!

)
2(

i+ 1
2

)
n

And hence we obtain:

Theorem.

detA(0)
n =

(
−1

2

)n n∏
i=1

(
(i− 1)!

)
2(

i+ 1
2

)
n︸ ︷︷ ︸

“hyperholonomic” part

n∑
j=0

(−4)j−n (2n− 2j + 1)2n
(2j)!

λj

︸ ︷︷ ︸
holonomic part

,

detA(1)
n =

(
−1

2

)n n∏
i=1

(
(i− 1)!

)
2(

i− 1 + 1
2

)
n

n−1∑
j=0

(2n− 2j − 1)2n−1
(−4)n−j−1(2j + 1)!

λj .
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Recall that we had

det(Bn − λAn) = 2n det
(
A

(1)
dn/2e

)
· det

(
A

(0)
bn/2c

)
.

To be continued with:

Part III: Using the closed form, derive bounds b1(n) and b2(n) s.t.

b1(n) < λn < b2(n).
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