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--> Type ?HolonomicFunctions for help.

(» Define the functions used below. )
(» Determine the holonomic rank. =*)
HolonomicRank[ops_] :=

With[{u = UnderTheStaircase[ops]},

If[u === Infinity, Throw["Not holonomic"], Length[u]]];
(*» Deduce coefficient list of an OrePolynomial w.r.t. the given support. %)
mycfl[op_, uts_] := Total[Cases[op[[1l]], {a_, LeadingExponent [#]} :» a]] & /@uts;

(* Convert a holonomic system into a Pfaffian
system (linear system of differential equations) . ox)
PfaffianSystem[ann_, op_] :=
With[{uts = UnderTheStaircase[ann]},
mycfl [OreReduce[op ** H#, Together[ann]], uts] & /@uts];
(*» Support for handling expressions in dB. =)
dB[x_] :=10"(x/10);

SNR moment generating function (m.g.f.)

(» Write M_{n_1}(s) as defined in Eq. (55). Upon changing index n_1 into m,
M_m corresponds to H_m in Eq. (67). =*)
Mm = Sum[Binomial[nl, my] * (-1) "ml/ (l-s*T1) " (N+n3-m1), {m, O, nl}] /.n1->m

(sT1)™ (1-sTy) ™V

(» Write the factor that appears in the definition of G_n(z) in Eq. (67),
except H_m. Note that this factor is used several times below. =*)
TraditionalForm|[

facGn = Binomial[n, m] * Pochhammer [N, m] / Pochhammer [Nz + n -m, m] * c; "m]

(1)@
m
(—=m+n+ NR)p

(» Deduce the annihilator of G_n(z) from Eq. (67),
written for the SNR m.g.f. =*)
(* An annihilator is a set of partial differential
equations (PDEs)/recurrences, in operator notation. =)
(* Note how creative telescoping is employed to deal with this summation. x)
annGnl = CreativeTelescoping[facGn *Mm, S[m] -1, {S[n], Der[s], Der[z]}]1[[1]]

{Dz, (-n-Ngr) Sn + (—s+szT1+szc1F1)Ds+ (n+Ng+NsT1+Nsc1I'1),
(—s+252F1+5201F1—S3T%—S3C1F%)D§+(—1+n+NR+3sFl—nsF1+2NsF1+sc1T1—
nsclT1+NsclT1—sNRT1—2SZT%—ZstFﬁ—Zszclrf—Zstcle)Ds+
(NI1-nNT1-nNei T -NNr T -NsTf-N?sTi-NsciTi-Nsci 1)}
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(» Derive the annihilator of the SNR m.g.f.,

by multiplying the remaining terms from Eq. (67), and summing w.r.t. n. Again
creative telescoping is employed to deal with the summation. =)

annMGF = CreativeTelescoping[DFiniteTimes [annGnl,

Annihilator [Exp[-z] *z"n/n!, {S[n], Der[s], Der[z]}]], S[n]l-1][[1]]

{zDZ+ (s-s*Ti-s’ciT1) Ds+ (2+Ng) Do+ (-NsT1-NsciTi1),
(-z+52T1) DgDz+ (1-2-Ng-sT1+szl1+szc1'1+sNgI'1) Dg +
NzI'1Dz+ (-NT'1 +NzT3 +Nzc1 "1 +NNrI'1),
(s—3st1—szclT1+3s3Ff+2s3c1T§—s4T%—s4c1F§>D§+
(—2sTl—ZNsTl—Nschl—szclrl—sclNRT1+4sZT%+4stF§+2szclT%+3stc1
F%Jrszzclrf+szzc%T%+szclNRF%—2s3T%—2Ns3T%—2s3c1T§—2Ns3clrf)Ds+
NzciTiD,+ (NsTf+N°sTf+N°sciTi+NszciIf+Nszciri+
NsciNeTf-Ns’T{-Ns?T3-Ns’ci 17 -N*s’c1T7)}

(» Deduce the size of the Pfaffian systems for the m.g.f. =*)
HolonomicRank [annMGF]

3

(*» Deduce the vector of derivatives of m(s; z),
which is shown in Section V.C., Step (1). %)
UnderTheStaircase[annMGF]

{1, Dz, Ds}

(* From the m.g.f. annihilator,
display the matrices required in Eq. (72), as lists of elements. )
PSMGFs = PfaffianSystem[annMGF, Der[s]]
PSMGFz = PfaffianSystem[annMGF, Der[z]]

(* From the m.g.f. annihilator, display the matrices required in Eq. (72). *)
©s == MatrixForm[PSMGFs]

z == MatrixForm[PSMGFz]

{{0, 0, 1},{NT1 NzI'1-Nzci1 I NNRTl,— NTI: ,

z (-1+sT1) -1l+sTh
(-1+z+Nr+sT1-s2zT1-szciT1-SNeT1) / (2 (-1+s8T1))},
{(NT%+N2 F§+N2 (o]} F%+Nzcl T%+Nzc% T%+NC1NRT§—NSF§—N2 sF%—Nscl F{—

NzciIh
stclﬁ)/<(—l+s1‘1)2(—l+sF1+sc1F1)), ’
s (-1+sT1)? (-1l+sT1+sc1T1)

(—2F1—2NF1—N01F1—ZC1T1—ClNRT1+4ST%+4NSF§+2Sclf%+3Nscll—'%+
szc1F§+szc§Tf+sc1NRTf—2szT%—ZstF%—Zszchf—Zstclrﬁ)/
((71+ST1)2 (71+SF1+501F1>>}}

NsT;+NsciI'iT -z-Ng -s+s?Ti+s?ciI;
{to, 1,0}, { ' ' }
b4 z z
{Nl—'lfNZFlfNZClTlfNNRTl NI
r - 14
z (-1+sT1) -l+sTI1

(-1+z+Nr+sT1-82T1-s2C1T1-SNeT1) / (2 (-1+s8T1))}}

0 0
NI;-NzT;-Nzc; I;-NNg I} NT,;
Og == z (-1+sTq) T o-lesT,
NT?+N2T3+N2¢c; T2+N2z2cy; T3+Nzc?T?+Nc; NgT'3-NsT3-N2sT3-Nsc; I'3-N2sc; I'3 Nzcy Iy -27T3-
(-1+sT1)2 (-l+sT1+s ¢y I'1) s (-l+sT1)2 (-l+sTi1+scy I'1)
0 1 0
NsT)+Nsc; Iy -2-Ng -s+s2Ty+s2 ¢y Iy
Oz == z z z
NIh3-NzTh-Nzcy Ih-NNg Iy, NIy -1+z+Ng+sT1-szT;-s2¢C) ' -SNg I'y

z (-1+s7Ty) -1l+s Ty z (-1+sTy)
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SNR probability density function (p.d.f.)

(* Write p_{n_1}(t) as defined in Eq. (58). Then,
change index n_1 into m, so that p_{m}(t) corresponds to H_m from
Eq. (67) . The fact that Mathematica outputs p_m(t) as a closed
form in terms of HypergeometricU for us can be disregarded. %)
pm = Sum[Binomial[ny, m] » (-1) "mi* £~ (N+ny-m -1) «
Exp[-t/T1]/ (N+ni-mi-1)! /T (N+n1-m), {m, 0, ni}] /. n1>m

P . t N
e ™t HypergeometrlcU{—m, N, —] T (-1+m+N) !
I

(» Deduce the annihilator of G_n(z) from Eq.(67),
written for the SNR p.d.f. =*)
annGn2 = CreativeTelescoping[facGn * pm, S[m] -1, {S[n], Der[t], Der[z]}]1[[1]]
{Dzy (tTi+teiT1) DE+ (-n-Ng) Sn+ (£+2T1-NTI1+2ciT1-NciT1) De+ (L+n+Ng),
(NtT1+tNgT1) SaDe+ (Nt +tNg+nT1-nNT; +NgT1 ~-NNgT1) Sn+ (Ec1T1+ntcyT1) De+
(ciTi1+nciT1-Nec1T1-nNcei T1), (—nFl—nzFl—NRTl—ZnNRTl—N§F1> sz +
(ntc1+tc1NR+nF1+n2Fl—nclFl—n2clFl—nNclP1+NRF1+2nNer—clNRFl—
nclNRTl—NclNRT1+N§F1)Sn+(tclTl+ntc1F1+tc%T1+ntc§F1>Dt+
(c1Tl+2nc1Tl+n2clPl+c§F1+nc§F1—Nc%Fl—nNc%Tl+c1NRF1+nc1NRT1)}
(* The annihilator for the SNR p.d.f., using Eq. (67) as definition. =)
annPDF = CreativeTelescoping[DFiniteTimes [annGn2,
Annihilator[Exp[—z] *z"n/n!, {S[n], Der|[t], Der[z]}]] , S[n] —1] [[11]
{tZTlDtDZJr(7tF1+tZF1+tZC1T1+tNRF1)Dt+(tZ+ZT17NZT1)DZ+
(-t+tz+tNg-T'1+NI'1+20"1 -N2zT'1+2¢c1I'1-Nz2c1 "1 +NrI'1 -NNr I'1) ,
(-tTi-teiTi)DE+2Di+ (-t-2T1+NT1-2c1T1+NeiT1) De+ (2+Ng) Dp- 1,
22F1D§+<222F1+zzc1F1+22NRF1)D§+(—tzclrl—tzc%T1)Dt+
(—tzcl+22F1+Nzc1F1+zzc1F1—NRT1+2zNRF1+zc1NRF1+N§T1)Dz+

(tcl—tzcl—tclNR—NclFl—zclFl+Nzc1Fl—zc%F1+Nzc§F1+NclNRF1>}

(# Alternatively, the annihilator for the SNR p.d.f.,

obtained from the m.g.f. by Laplace transform. x)
(* I.e., multiply the expression with Exp[-s*t] and integrate w.r.t. s. =)

ops = {Der[s], Der[t], Der[z]};

annPDF1 =
CreativeTelescoping[DFiniteTimes [ToOrePolynomial [Append[annMGF, Der[t]],

OreAlgebra@@ops], Annihilator[Exp[-s*t], ops]], Der[s]][[1]]
{tzTiDeDy+ (-tTi+tzli+tzciT1+tNeT1) De+ (t2+2T1-N2T1) Dy +
(-t+tz+tNg-T17+NT17+2T1-Nz2T1+2¢c1I'1-Nz2c1T'1+NgI'1 -NNrT1),
(-tTi-tecil)Df+2Df+ (-t-2T1+NI1-2ciT1+NciT1) De+ (z2+Ng) Dy -1,
ZZTng-%— <2 22F1+22C1I‘1+22NRF1> D§+ (—tZClT‘l—tZC%Tl) D¢ +
(—tZC1+22F1+NZC1F1+ZZC11—'1—NRT1+2ZNRF1+ZC1NRF1+N}%T1) D, +
(tcl—tzc1—tclNR—NclTl—zc1Tl+Nzc1Fl—zc%T1+Nzc%F1+Nc1NRF1>}
(*» Compare the two results obtained for the p.d.f., they agree. )
GBEqual [annPDF, annPDF1]

True

HolonomicRank [annPDF]

4
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(* The vector of derivatives of p(t;
z) needed for HGM, see Section V.C., Step (2). =*)
UnderTheStaircase[annPDF]

{11 DZI Dtr Dg}

(# Display the matrices required in the Pfaffian systems from Eq. (73),
as lists of elements. =)

PSPDFt = PfaffianSystem[annPDF, Der[t]]

PSPDFz = PfaffianSystem[annPDF, Der[z]]

(» Display the matrices in matrix form. =)

Et == MatrixForm[PSPDFt]

z == MatrixForm[PSPDFz]

[] [

Ol OI 1’ O}I

——

{
{

1
(t-tz-tNg+I'1-NT71 -2T1+Nz2zl1-2¢c1I'1+Nzc1 I'1 -NgI'1 + NNg I'7) ,
tzI
-t-T1+NI l-z-2zc1-Nr
I I O}’
t I 4
{ 1 Z + Ngr -t -2T1+NI17 -2c1T'1+Nec1 I': Z
- ’ ’ ’ r
t(l+c1)T1 t(l+c1)Ta t(l+c1) 1 t(l+c1) T
1
{ (—2tz+t22—tzc1+tz2c1—tNR+2tzNR+tzc1NR+tN§—2zr1+2Nzr1+
t22F1
2 2 2 2 2 2 2 2
z°T1-N2z2°T1-2z¢c1IT1+2Nzci1I'1+22z2°¢c1I'1-2Nz°¢ciI'1+2°¢ciI'1-Nz°ciTl'; -
C1
NRT1+NNRT1+2ZNRT1—2N2NRF1+2zclNRTl—2Nzc1NRT1+N§F1—NN§F1>, -,
Iy
1 -t-T1+NI1
f<—2z+22—2zcl+2zzc1+zch—NR+2zNR+ZchNR+N§), 7}}
72 tT
{{0, 1, 0,0}, {0,0,0, 1},
{t—tz—tNR+F1—NT1—ZT1+NZT1—201T1+NZC1T1—NRF1+NNRF1
r
tzI,
-t -T1+NI1 l-z-2zc1-Nr
, ., 0},
t I zZ
{—tcl+tzcl+tc1NR+Nc1T1+zclTl—Nzc1F1+zc%T1—Nzc§F1—Nc1NRF1
r
ZZTl
tZCl—ZZTl—NZC1T‘1—2201F1+NRT1—2ZNRI‘l—ZClNRl—'l—NﬁTl
’
22F1
tci+tc? -2z-zc1-2Nx
' }
2z z
0
t-tz-tNg+I3,-NT;,-2T3+NzT1-z2¢c; [1+Nzcy ]
tzIy
Sy == _ 1
t (1+c1) T1
-2t z+tz2-tzcy+t22cy;-t Ng+2t zNg+t 2c) Ng+t N3-2 2T, +2NzT,+22T71-N22T7,-22¢c; I1+2Nzc; I1+222¢; I13-2Nz2¢; T
tz21,;
0 1
0 0
I t-tz-tNg+[3-NT;-2T3+NzT;-2¢c; Ih3+Nzc; I';-Ng I'; +N Ny I'; “t-T1+NTy
-z tzl tTh
-tcj+tzej+t o Ng+Ne; Iy+z2c; T3-Nzey; Ii+2c3 T -Nzcf I -Ncg Ng Iy tzc;-22T3-Nzcy;T';-22¢c; T +Ng I3 -22Ng I';-z ¢

22T, 22T
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Outage Probability

(*» Note that our Eq.(63) involves the incomplete gamma function vy (k,x)
defined as in Footnote 7 on page 7. On the other hand, Mathematica'
s Gamma[k,x] function is different as revealed by the following: =)
Integrate[t” (k-1) *Exp[-t], {t, 0, x}, Assumptions » k > 0]
Gamma [k] - Gamma [k, X]

(* Write the summand in P_{o,n_1} defined in Eq. (60), by using Eq. (64)
and by accounting for the Mathematica definition of Gamma[k,x]. =*)
TraditionalForm[PonlSmnd =

Binomial[n;, m;] * (-1) "my * (1-Gamma[N+n;-my, t/T1] /Gamma[N+n;-m;])]

.
-1y ( m ) 1- - +m. )
mi I'(N—my +ny)

(» Derive the annihilator of P_{o,n_1} w.r.t. n_1l. Note

that the result is a difference operator, which corresponds to
a difference equation w.r.t. n_1 satisfied by P_{o,n_1}. =*)
Annihilator[Sum[PonlSmnd, {m1, O, n1}], S[ni1]]

{(—Fl—NTl—anl) Sr211+ (t-T'1-NI'1-2n;711) Snl—nlrl}

(» Note that the above command internally uses

creative telescoping to derive the annihilator. =)

(» Next, we show an alternative approach that explicitly employs
creative telescoping; Finally, upon replacing n_1 with m, for Eq. (67),
we obtain the annihilator of H_m (corresponding to P_{o,m}) from

Eq. (67) . Note that this is again a difference operator. %)
annPom = CreativeTelescoping[PonlSmnd, S[m;] -1, S[n1]][[1]] /. n1>m

{(-T1-mIr1-NT1) 83+ (C-T1-2mI1-NT1) Sp-mT1}

5
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(» Define the operators used below. =*)

ops = {S[m], S[n], Der[z]};

(» First, derive the annihilator for the summand of G_n in Eq. (67),
written for the outage probability. *)

annGnSmnd = DFiniteTimes [ToOrePolynomial [

Join[annPom, {S[n] -1, Der[z]}], OreAlgebra@@ops], Annihilator[facGn, ops]];

(* Then, do summation w.r.t. m, using a special command

with a special option. =*)

annGn3 = FindCreativeTelescoping[annGnSmnd, S[m] -1,

Denominator - (n + Nr) * Pochhammer[n-m, 5]][[1]]

{Dz,
(6r1+11nT1+6n*T1+n’T1+ 11Nk T1+120Nr 1 +3n* Nr 1+ 6 NAT1 + 3nNZ Ty + NR T'1) 87 +
(—2tc1—3ntc1—n2tc1—3tclNR—ZntclNR—tc1N§—8F1—16nF1—10n2T1—2n3T1+
10c1T1+l9nc1T1+11n2c1T1+2n3c1T1+2Nc1T1+3nNclT1+n2NclT1—
16 Nk 1 -20nNg 1 -6n®NgT1+15c1 NgT1 +16nci NgT'1+4n?ci Ng 1+ 3Ncy N I'1 +
2nNc1NRF1—1ON§F1—6nN§F1+5c1N§F1+2nc1N§T1+Nc1N§T1—2N§T1) S,31+
(4tcl+6ntc1+2n2tc1+5tclNR+3ntclNR+tc1N§+2F1+5nF1+4n2F1+
n3F1—12c1T1—26nc1F1—18n2c1F1—4n3c1F1—4Nc1T1—6nNc1F1—
2n2Nc1T1+4c%Tl+8nc%F1+5n2c§F1+n3C§F1+2NC§F1+3nNc%F1+
nch%T1+5NRT1+8nNRF1+3n2NRT1—21c1NRT1—27nclNRFl—anclNRFl—
5Nc1NRT1—3nNc1NRP1+4C§NRT1+4nc§NRF1+n2c§NRF1+2Nc§NRT1+
nchNRT1+4N§T1+3nN§F1—9c1NﬁF1—4nclNﬁTl—NclN§T1+NgT1> s2 .+
(—27:01—3n7:c1—n2tc1—2tclNR—ntclNR+2c1F1+7nc1T1+7n2c1F1+
2ndciTi1+2Ne1T1+3nNeiT1+n?Ne1T1-4¢3T1-10nc?T:-8n%c?1) -
2ndc?r;-4Nc?T-6nNce?r-2n?Ne?Tr1+6c; NgrT1+11ncy Ng Ty +
4n?ciNgT1+2NciNgT1+nNciNgT1-6ciNgkT1-7nciNgT1 -
2nzchRTl—2Nc%NRF1—nNc%NRT1+4c1N§F1+2nc1N§F1 Sn +
(2nc%F1+3nzcﬁrl+n3c%F1+2NC%F1+3nNc§F1+n2Nc§F1+

ZCﬁNer+3nc%NRF1+n2c%NRF1)}

(*» Derive the annihilator for the outage probability,

using Eq. (67) as definition. =)

annOP = CreativeTelescoping [DFiniteTimes [annGn3 ’
Annihilator[Exp[—z] * z"n/n !, {S[n], Der[z] }] ] , S[n] - 1] [[1]1]

{22TiD3+ (32°T1+32°T1+22°ciT1+32* N I'1) Dj +

(—22IC1+822F1+3Z3F1+52201F1+N22C1T1+4Z301T1+
z3c§F1+3zNRT1+6zzNRT1+4zzc1NRF1+3zN§F1>D§+

(-z2tc1i-2ztciNr+72°T1+2°T1+92°ciTi+NzciTi+22°ci T+
222c%F1+N22c%F1+z3ch1—NRF1+7zNRP1+322NRT1+4zc1NRF1+
2Nzc1NRr1+4zzclNRr1+z2c§NRr1+3zN§r1+2zc1N§r1+N§r1)D§+

(tclNR—ZtClNR—tC1N§+2ZZT1+4ZZC11—'1+ZZZC%1—‘1—2NR1—‘1+
4zZNgRIT1-C1NrI'1 -Nc1NrIT1+52c1NrI'1 +Nzc1 NgIT'p +
z2ciNrRT1+NzciNa 1+ 2NRT1 +C1 NG 1+ Nc1 N3 T'1 ) Dg}
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(» Alternatively,
compute the annihilator of the outage probability directly, =*)
(» by integrating the SNR p.d.f. from 0 to t, as in Eq. (59). =*)
(* Because of the non-
natural upper bound we have to consider inhomogeneous parts. =*)
ct = CreativeTelescoping[annPDF, Der[t]];
annOP1l = OreGroebnerBasis [
Flatten[MapThread[Function[{p, q}, (H**p) & /@DFiniteSubstitute]
DFiniteOreAction[annPDF, q], {t » t}, Algebra -» OreAlgebra[Der[z]]]], ct]]]

{z3r1D§+(3z2r1+3z31“1+2z3clr1+3zzNRr1)D§+

(—Zz'[ZCl+822T'1+3Z3F1+5ZZC1F1+N2201T1+4Z301T1+
z3c;2LF1+3zNRT1+6zzNRT1+4zzc1NRF1+3zN§F1>D§+

(-z2tc1i-2ztciNr+72°T1+2°T1+92°ciTi+NzeiTi+22°ci I+
222c%F1+szch1+z3c§F1—NRF1+7zNRF1+322NRT1+4zc1NRF1+
2NzciNeT1+42°CciNeT1+2°ciNeT1+32NiT1+22zci N3+ N3 T1) Df +

(tciNr-zrciNg-tciNg+22°Ti+4z°ciTi+22z°ciTi-2NeT1+
4zZNgRT1-C1NrIT1 -NCc1NrIT1+52cCc1NrT'1 +Nzc1 NIy +
ZciNgRT1+NzciNa 1+ 2NR 1 +C1 Ng 1+ Nc1 N3 I'1 ) Dg}

(* Test that the two different methods to
compute this annihilator yield the same result. =)
GBEqual [annOP, annOP1]

True

HolonomicRank [annOP]
5
(*» Reveal that annihilator of P_o(z) consists of a

single ordinary differential equation of order 5 w.r.t. z. =*)
Support [annOP]

{{p3, bz, D, D, D;}}
(* The vector of derivatives needed in HGM. =)
UnderTheStaircase[annOP]

{1, p,, DZ, D3, D}
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(» Display the companion matrix & of the corresponding
Pfaffian system from Eq. (74) as list of elements. )

PSOP = PfaffianSystem[annOPl, Der[z]]

(* Display the companion matrix & of the

corresponding Pfaffian system from Eq. (74). Unfortunately,
the matrix is fully viewable only under Mathematica (.nb),
or under the Wolfram CDF player (.cdf) . *)

MatrixForm[PSOP]
{{0, i, 0,0, 0}, {0,0,1,0, 0}, {O,0,0,1, 0},

(-teiNg+zTciNe+TCING-227T) -

{0, 0,0,0,1}, {0,
z> T

4zzc1F1—2zzc§F1+2NRF1—4zNRT1+c1NRF1+Nc1NRF1—5zclNRFl—
NZC1NRF1—ZC§NRT1—NZC%NRF1—2N§T1—C1N§T1—NclNﬁTl),

<Zz'[ICl+2Z'CClNR—722T1—23T1—9chlTl—szclTl—ZZ3clT1—

Z3I'1
22%2c31r1-N22c2r1-23c3 T +NgRT1-72NgT1-322NgT'1-42c1 NgT1 -
2NzclNRT1—4zzclNRFl—zzc%NRF1—3zNﬁFl—chlNﬁFl—Nﬁfl),

(ztc1—8zT1—3zzFl—Szclrl—Nzclrl—4zzclrl—zchrl—
2
z° I

-3-3z-2zc1-3N
=1}

3NrT1-62zNrT1-4zciNal1-3NRT1),
Z

[eNeNenN

-TCcy Ng+zTc; Ng+T ey N3-22217,-422¢;171-222¢c3T1+2Ng -4 2Ng '+ Ng I'1+N ¢y Ng I';-52¢; Ng I';-Nzcy Ng I'1-2¢c3 Ng ', -N ¢
23T

o oo oo

(* The following allows us to easily copy-paste the results into Matlab. %)
(*InputForm[PSOP] %)
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Ergodic Capacity

(*» Derive the annihilator for the ergodic capacity C(z),
using the definition in Eq. (61). %)
annC = FindCreativeTelescoping[DFiniteTimes [
Annihilator[Log[2, t +1], {Der[t], Der[z]}], annPDF], Der[t]][[1]]

{z*TiDl+ (82°T1+42°T1+22 ciT1+42>NrT1) Df +
(z3c1+1222F1+30z3T1+6z4T1+15z3c1F1+Nz3c1T1+624c1P1+
Z4C%F1+18ZZNRT1+1223NRT1+6Z3C1NRT1+622N1211—'1> Dng
(32z°c1+22z%c1+32°ciNg+422°T1+422°T1+42° T1+21z°ci o+
3N22C1F1+422301T1+2NZ301F1+62401F1+7Z3C%T1+NZ3C%T1+
2z4c%T1+8zNRF1+5422NRF1+12z3NRF1+27zzclNRF1+3szc1NRF1+
122> ciNeT1+22° i Ne 1+ 122N 1 + 12 2° NA T1 + 6 2 1 NA 1 + 4 2 N3 I'1 ) D +
(6ZZC1+Z301+3ZC1NR+4chlNR+3ZC1N1%+54ZZT1+2623F1+Z4I‘1+
542201F1+6N2201T1+3923011—'1+NZ301T1+22401T1+9ZZC%T1+3NZZC%1—'1+
1323?11 +N23c?Tr1+2%c3 1 -2NrT1+262Ng 1 +54 22 Ng 'y +4 23 Ng I'y +
13zc1NRT1+3Nzc1NRF1+54zzclNRF1+4szc1NRT1+6z3c1NRF1+
922cINRT1+2N2z2ciNgT1+223ciNgT1-N2T1+302zN3T1+62°N2T1+152¢cy N2T1 +
3NZC1NFZ{F1+6zzclN%Fl+ZZC%N§F1+2N§T1+4ZN§F1+2zclN%Fl‘FN%Fl) D2+
(3zzcl—clNR+6zclNR+zzclNR+2zclN§+clN§+3022F1+623F1+4522clT1+
3N22c1F1+12z3c1T1+15zzc§F1+3szc%T1+6z3c§F1—6NRF1+302NRT1+
18ZzNRF1—3clNRF1—NClNRT1+30ZClNRT1+6NzclNRF1+27chlNRF1+
szclNRT1+5zc%NRF1+3Nzc%NRF1+9zchNRF1+N22c§NRT1+182N§T1+
18zc1N§r1+2Nzc1N§r1+3zc%Nﬁrl+Nzc%N§r1+6N§r1+3c1N§r1+Nc1N§r1) D2 +
(-2ciNg+2zciNe+2Cc1Ng+62°T1+122°ciT1+62°ciT1-6Ne 1 +122Na I'1 -
6C1NrRT1-2Ncy N1 +182C1 NgT1+2NzcCc1 NrT1 -¢ciNrT'1 -Nci NgI'1 +
62ciNRT1+2NzciNr 1+ 6NAT1+6CINgT1+2Nci N3 T+ ci NAT1 + Nei NRT1) Ds}

(* Reveal that C(z) satisfies an
ordinary differential equation of order 7. )
Support[annC]

{{pl, D¢, D3, D3, DI, DI, D;}}
(* The vector of derivatives needed for HGM. %)
UnderTheStaircase[annC]

{1, p,, D%, D3, D, D3, D§}
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(» Display the companion matrix T of the corresponding Pfaffian system,
Eq. (74), as a list of elements. %)
PSC = PfaffianSystem[annC, Der[z]]

(# Display the companion matrix T of the corresponding Pfaffian system,
Eq. (74) . Unfortunately,

the matrix is fully viewable only under Mathematica (.nb),

or under the Wolfram CDF player (.cdf) . *)

MatrixForm[PSC]

{to,1,0,0,0,0,0}, {0,0,1,0,0,0,0}, {0,0,0,1,0,0,0},
{o, 0, 0, 0, 1, 0, 0}, {0, 0, 0, 0, O, 1, O}, {0, O, O, O, 0, O, 1},

(o,

<2c1NR—2zclNR—2c1N§—622F1—12zzc1F1—6zzc%F1+6NRF1—122NRF1+
Z4T1
6ClNRT1+2NclNRT1—18ZC1NRT1—2NZClNRT‘1+C;{NR1—'1+NC%NRT‘1—

6zc%NRFl—2NzC%NRM—6N§F1—601N§F1—2N01N§T1—chﬁFl—Nc%NﬁTl),

(—3chl+C1NR—6ZClNR—chlNR—ZZClNIZQ—C1N§—30ZZT1—6Z3T1—452201T1—
Z4I'1
3Nz?2c1T1-1223¢c1T71-152%2¢3171-3N2%2c?T1:1-623c?T1+6NjT1-302NgT1 -

18ZZNRTl+3ClNRT1+NC1NRT173OZC1NRT176NZC1NRT1727chlNRTlf
Nz2ciNrT1-52c?NgT1-3N2c?NrgT1-922c?NgT1-N2z22c?NgT1-182N3T; -
18ZClN}%Tl—ZNZClN}%Tl—:’)ZC;{Néfl—NzciN}%Tl—6N13QT1—301NI3{T1—NC1N1%T1>,

(—6zzcl—z3c1—3zclNR—4zzclNR—3zc1N§—5422F1—2623F1—Z4T1—
Z4T1
54zzclT1—6szc1F1—39z3c1T1—Nz3c1F1—2z4c1F1—9zzc§F1—3szch1—

13z3cfTl—Nz3ch1—z4c§T1+2NRT1—26zNRT1—54zzNRF1—4z3NRF1—
13ZClNRT1—3NzclNRT1—54chlNRT1—4NZZC1NRT1—62301NRT1—
9zzc;2LNRF1—2szchRF1—2z3c;2LNRF1+N§F1—3O2N§T1—622N§F1—152c1N§F1—
3NZC1N}2{T1*622ClNﬁTlfzzc%N%T172N§T174ZN%l—'leZClNngfNéTj),

(-3zc1-22"c1-3zc1Ng-422T1-422°T1-42°T1-21zciT1-
Z3I'1
3Nzc1T1-422%2¢c1T1-2Nz?c1T1-623¢c1T1-72%2c3171-N22c31: -
2Z3C%T178NRT1754ZNRTlleZZNRT1727ZC1NRT173NZC1NRT17
122°ciNeT1-22°ciNeT1 - 12N T1 - 122 N3 -6 zC1 NAT1 -4 N3 I,

(—zc1—12F1—30zF1—622F1—15zclrl—Nzc1F1—6zzclTl—zzc%Fl—

}}

ZZTl
2 (4+2z+2zcC1+2Ng)

18 NrT1-122zNeT1-62C1Ne 1 -6 NZT1), -
z

[« eNeNoNoNoNe]
[eNeNeNeNeN

2ciNg-22z¢c; Ng-2¢c; N3-622177,-1222¢;171-622¢c3T1+6NgI';-122Ng I'1+6Cc; Ng I';+2 Ny NgI';-18 2¢c; Ng I'1 -2 N z ¢; Ny I'; +¢? Ny
z4 1T

(* The following allows us to easily copy-paste the results into Matlab. %)
(*InputForm[PSC] )
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HGM computation

(*» Evaluate the series expression for the outage probability. =*)
OutProb[Tb_, I'l_, K_, der_, NT_, NR_, ¢cl_, t_, trunc_, prec_] :=
With[{
NN =NR-NT +1,
(* If necessary, differentiate w.r.t. z, then plug in its value. )
zpart = D[Exp[-2] *2"n, {z, der}] /. 2> K*NRx* (NT-1)},
N[
(» The part from G_n(z) in Eq. (67). *)
Sum[Sum[Binomial[n, m] * Pochhammer [NN, m] / Pochhammer [NR+n-m, m] *cl”"m*
(* The part P_{o,m} from Eq. (60). =)
Sum[Binomial[m, ml] » (-1) “ml *
(l1-Gamma[NN+m-ml, t/T1] /Gamma[NN+m-ml]), {ml, O, m}],
(* The remaining parts from Eq. (67). =*)
{m, 0, n}] »zpart /n!, {n, 0, trunc}], prec]];

(* Here we produce the results shown in Fig. 1 using HGM. %)
RTKinvl1ll = 1.035478792935417;
cl = 0.289132807530209;
With[{NT = 4, NR = 6, tau = dB[82/10], KO = dB[-7]},
Timing[data = Table|
z0 = KO*NR* (NT-1);
z1l = dB[K] * NR* (NT-1);
Gammal = 2 + dB[gb] / (dB[K] + 1) /RTKinvll;
inits = Table[Derivative[d] [Po] [z0] ==
OutProb[dB[gb], Gammal, KO, d, NT, NR, cl1, tau, 20, 20], {d, 0, 4}1;
ode = ApplyOreOperator [First[annOP], Po[z]] /.
{Ng > NR, N> NR-NT+1, c; »>cl, T » tau, I'; > Gammal};
{gb, Po[zl1]} /. First [NDSolve[Join[{ode == 0}, inits],
Po, {z, z0, z1}, AccuracyGoal -» 20]]
, {K, 0, 21, 7}, {gb, 15, 25, 5/2}];]]

{4.020964, Null}
(*» The plot shown in Fig. 1. =*)
ListLogPlot[data, Joined -» True, Ticks -» { {15, 17.5, 20, 22.5, 25}, Automatic}]

1

0.1k

102

1074 ¢

105

17.5 20 225 25

(* Here are the numeric values. #*)
TableForm[Map[Last, data, {2}]]

0.000804946 0.000151619 0.0000278514 5.04413 x10°° 9.06265x 1077

0.0151968 0.00318437 0.000621553 0.000116505 0.0000213421
0.37649 0.128297 0.0335074 0.00743651 0.00150035
0.998383 0.937606 0.654186 0.294759 0.0926924
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(» Compute the values of P_o for K = 0dB using the truncated series. =*)
Timing[
testl = Table [OutProb[dB[gb], 2+ dB[gb] / (dB[0] +1) /RTKinvll, dB[O], O, 4, 6,
c1, dB[82/10], 50, 10], {gb, 15, 25, 5/2}];]

{2.217000, Null}

(* Compare with HGM. =)
testl / (Last /@data[[1]])

{l.,1.,1.,1.,1.}

(» Compute the values of P_o for K = 7dB using the truncated series. =*)
Timing[
test2 = Table [OutProb[dB[gb], 2 +dB[gb] / (dB[7] +1) /RTKinvll, dB[7], O, 4, 6,
c1l, dB[82/10], 140, 10], {gb, 15, 25, 5/2}];]

{49.246000, Null}

(» Compare with HGM. *)
test2 / (Last /@data[[2]])

(1., 1.,1.,1., 1.}

(» Compute the values of P_o for K = 14 dB using the truncated series. *)
(*» Note that the duration of this computation is substantial. =)

Timing[
test3 = Table [OutProb[dB[gb], 2+ dB[gb] / (dB[14] +1) /RTKinvll, dB[14], O, 4,
6, c1, dB[82/10], 560, 10], {gb, 15, 25, 5/2}];]

{3893.454000, Null}

(* Compare with HGM. =)
test3 / (Last /@data[[3]])

(1., 1.,1.,1., 1.}



