In[1]:= SetDirectory[NotebookDirectory[] ] ;

Get [ "DiscreteToPDE.m " ] ;

Bidirectional Pedestrian Flow

(* This is the running example from our paper. =*)
pde = DiscreteToPDE[{

T[r, {1,0}]=(1-p[1,0])*(L+a*xxr[2, 0]),
T[r, {0, -1}] = (1-p[0, -1]) * (vo+¥1*b[1, 01),
T[r, {0, 1}] = (1-p[0, 1]) * (vo+¥2*b[1, 01),
T[b, {-1, 0}] = (1-p[-1, 0]) * (L+a*b[-2, 0]),
T[b, {0, 1}] = (1-p[0, 11) * (wo+¥1*x[-1, 0]),
T[b, {0, -1}] = (1-p[0, -1]) * (Yo +¥2*r[-1, 0])
}/7oe[in3_]»x[i 3] +b[i 3], {x. v}]

outa)- {ax[b] —2b0y[b] -rx[b] +2bady[b] -3b%ad,[b] -2brady[b] ~-hadx[b]?+3bhadx[b]?+

In[4]:=

hradx[b]?-box[r] -b?adx[r] +2bhadx[b] Ox[r] -r¥10y[b] +2bry1 by [b] +
r2y1 6y [b]+r¥20y [b] -2bry20y[b] -1r2¥20y [b] +hy10x[r] 8y [b] -2bhy10x[r] 8y [b] -
hryi10x[r]0y[b]-hy20x[r]dy[b]+2bhy20x[r] dy[b] +hry20x[r] dy[b] -by1 8y [r] +
b2y10y[r]+2bry10y[r] +by208y [r] -b2y20y[r] -2br¥20y[r] -bhy1 0« [r] Oy [T] +
bhy20x[r] Oy[r] +hy10y[b] dy[r] ~-bhy10y[b] Oy [r] ~hry10dy[b] Oy[r] +

1 1
hy20y[b] 8y [r] -bhy208y[b] 8y [r] ~hry28y[b] dy[T] +;h@xx [b] —;hr@xx [b] -

3 1 1
bhobux[b] + b2 hodux [b] +bhradsx [P] + —bhox [r] + b2 habx [r] +bhyi Oxy[r] -
2 2 2

b’hy: Oxy [T] -bhryi0xy[r] -bhy20xy [T] +b%hy, Oxy [T]+bhry20xy [r] +hyoOyy [b] -
1 1 1 1

hryoOyy[b] + —hrvyidyy[b] -—hr? Y1 0yy [b] + —hry2Oyy [b] -—hr?y; Oyy [b] +
2 2 2 2

1 1 1 1
bhyoOyy [T]+—bhy1Oyy[T] -—b?hy1 0y [T] + —bhy28yy [T] - —b?hy28yy[r],
2 2 2 2

TOx[b]+12a0x [b] -0x [T] +bOx [T] +2T0x [r] -2Tabx[r] +2bradx[r] +3r2ad.[r] +

2hroadx[b] dx[r] -hadx[r]2+bhadx[r]?+3hradx[r]?+ry10y[b] -2bryidy[b] -
r2y1 0y [b] -r¥20y[b] +2bry20y[b] +1r2¥20y[b] ~hry10x[b] 8y [b] +hry20x[b] 8y [b] +
by10y[r] -b2y10y[r] -2bryi18y[r] -b¥20y [T] +b2y20y[r] +2bry2 0y [r] +

hy10x[b] 8y [r] -bhy10x[b] 8y [r]-2hry10x[b] Oy [r] -hy20x[b] &y [r] +

bhy20x[b] Oy [r] +2hry20x[b] Oy [r] +hy10y[b] Oy [r] -bhy10y[b] Oy [r] -

1
hryi0y[b]Oy[r] +hy20y[b] Oy [r] -bhy20y[b] Oy [r]-hry20y[b] dy[r] +;hr6xx [b] +

1 1 1 3
“hr?a0xx [b] +—hOxx [T] -—bhOxx [r] ~hTaBxx [T] +bhTrabux [T] + —hTr? 0Oxx [T] +

2 2 2 2

hryi0xy[b] -bhryisOxy[b] -hr?y18xy [0] ~hTry20xy [P] +bhrys Gxy [D] +hr?¥28xy [b] +

1 1 1 1
hryodyy[b] +;hry1@yy[bj —;hr2w/1@yy[b} +;hry2@yy[b] —;hr2726yy[b] +

1 1 1 1
hyoOyy[r] -bhyoOyy[r] + —bhyi10yy[T] f—bzh)rl Oyy[T] +~bhy20yy[Tr] ——bzhyg Oyy[r]}
2 2 2 2

(* This is just some syntactic sugar. =)
Format [¥i12] :=v¥1+v¥2;

Format [¥21] :=¥1-¥2i

pdel =pde /. {¥1 - (¥12+¥21) /2, ¥2 = (¥Y12-¥21) / 2}
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(* The mean -field PDEs in conservative form =)
Partial[t] [b] =Collect[pdel[[1]], {h, ¥12, ¥21}, PartialIntegrate[#, {r, b}, {v, x}] &]

ou7- Ot [b] = -0x[b (-1+b+r) (L+ba)]+ (y1-¥2) Oy[br (-1+b+r)]+
h(léx[ZbGX[r]Hﬂx[b (1-r-ba+b?a+bra)] |- (y1-v2) 0y [b (-1+b+1) Ox[r]] -
2

1
Y00y [Oy[b (-1+1)] —2b@y[r]]—; (Y1+v2) Oy[b (b-21) Oy [r] +0y[b (-1+1) r]l)

g~ Partial[t][r] = Collect[pdel[[Z]], {h, Yi2+ 721}, PartialIntegrateltt, {b, r}, {v, x}J &J
oufgl: O¢ [r] =0x[r (-1+b+r) (l+ra)] - (yi-v2)Oy[br (-1+b+r)]+
h (lax[zrax[b] +0x[r (1-b-ra+bra+ria) || - (yi-¥2) Oy[r (-1+b+r) x[b]] +
2

1
Y00y [210y[b] -0y [(-1+b) r]] +; (Y1+v2) Oy [(2b-1) rOy[b] -0y [ (-1+Db) er)

Fernando, Landman, Simpson: “Nonlinear diffusion
and exclusion processes with contact interactions”
(Physical Review E 81, 011903, 2010)

Simplest case

ne-= (* This are the transitionprobabilitiesfrom the simple case (4). %)
(* The result shows that D(C)=1, as claimed in the paper. =)
DiscreteToPDE[ {
Tlc, {0, 1}] =p/4*(1-c[0, 1]),
T[c, {0, -1}] =p/4%*(1-c[0, -1]),
T[c, {1, 0}] =p/4*x(1-c[1, 0]),
T[c, {-1, 0}] =p/4%*(1-c[-1,0])}, {x, v}]

1 1
out[9]= {—hp Oxx [c] +—hpOdyy[c] }
4 4
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Contact-maintaining interactions

nfo]= (*# Transitionprobabilitiesas given in (6) and (5). =*)
(* We use Moore interactingneighbors (defined in neigh) . %)
neigh= DeleteCases[Flatten[Table[{i, j}, {i, -1, 1}, {j , -1, 1}] , 1] , {0, O}];
maint [v_List] := Intersection[neigh v+#&/@neigh|;
disc= Function[v, T[c, v] =
p/4x%(l-ceev) »With[{P=1-Times @@ (1-cee# &/@maint [v])}, uxP+w= (1-P)]] /e

{{0, 1}, {0, -1}, {1, 0}, {-1, 0}}
outft2}- {T[c, {0,1}] = ip (1-c[0,1]) (u(1-(l-c[-1,0]) (1-c[-1,1]) (1-c[1,0]) (1-c[1,1]))+
w(l-c[-1,0]) (1-c[-1,1]) (1-c[1,0]) (1-c[1,1])), T[c, {0, -1}] =
£p (1-c[0, -1]) (u(1-(1-c[-1, -1]) (1-c[-1,0]) (1-c[1, -1]) (1-c[1,0]))+
w(l-c[-1,-1]) (1-c[-1,0]) (1-c[1,-1]) (1-c[1,0])),
Tlc, {1, 0}] :ip (1-c[1,0]) (u(l-(1-c[0, -1]) (1-c[0,1]) (1-c[1, -1]) (1-c[1,1]))~
w(l-c[0, -1]) (1-c[0, 1]) (1-c[1, -1]) (1-c[1,1])), T[c, {-1, 0}] =

1
—p(l-c[-1,0]) (u(l-(1-c[-1, -1]) (1-c[-1,1]) (1-c[0, -1]) (1-c[0, 1]))+

4
w(l-c[-1,-1]) (1-c[-1,1]) (1-c[0, -1]) (1-c[O, 1}))}

In[13]:= {pde} = DiscreteToPDEldisc, {x, y}J
outf13]- {hpu@x[c]2—3chpuax[c]2+3c2hpuax[c]2—c3hpuax[c]2—hpwax[c]2+3chpwax[c12—
3c?hpwox[c]?+chpwox[c]?+hpudy[c]?-3chpudy[c]?+3c?hpudy[cl?-c’hpudyc]?-

3
hpwdy[c]?+3chpwdy[c]?-3c?hpwdy[c]?+c’hpwdy[c]?+chpudux[c]-—c?hpudux[c]+
2

1 1 3
c*hpudux[c] -—c*hpudux[c] +—hpwox [C] —chpwxx [C] + —c?hpwixx [C] —c>hpWwOyx [C] +
4 4 2

1 3 1
—c*hpwoxx[c]+chpudyy[c] -—c?hpudyy[c]+c*hpudyy[c] -—c*hpudyyc] +
4 2 4

1 3 1
—hpwdyy[c] -chpwdyy[c] +—c?hpwdyy[c] -c>hpwdyy[c] +—c*hpwdyy [c]}
4 2 4

w4~ PartialIntegrate[pde, {c}, {X, y}, Depth-1]

1
Out[14]- —hp@x[ (4 cu-6c’u+dciu-ctu+w-4dcw+6c’w-4 c3w+c4w> Ox[c] ] +

1

~hpoy| (4cu-6c’u+dsc’u-clurw-dcwr6ciw-4cwrctw) dy[c] ]
(*» This agrees with the result given in (7). =*)
% /.a_Plus /; Length[a] > 2> u+Factor[a-u]

outf14= £hp@x[ (u-(-1+c)* (u-w)) 6« [c]] +£hp@y[<uf (-1+c)* (u-w)) oy [c]]
4 4



4 | DiscreteToPDE.nb

n30i= (# This is a special case of the general formula implemented in DiscreteModel: =)

Simplify[(Last/@DiscreteModel[{{0, 1}, {0, -1}, {1, 0}, {-1, 0}}, neigh] /.
{s>1,p->1,g-1, r>1})- (Last/edisc/.p-1)]

oupso= {0, 0, 0, 0}

Combined contact-forming or contact-breaking and contact-maintaining
interactions

5= (*# This are the transitionprobabilitiesas given in (13), =*)
(» for 2D square lattice and Moore interactingneighbors. =*)

disc=DiscreteModel[{{0, 1}, {0, -1}, {1, 0}, {-1, 0}}, neigh]

1
Out15]= {T[C, {0,1}]=—(1-c[0,1]) (u(1-(1-c[-1,0]) (1-c[-1,1]) (1-c[1,0]) (1-c[1,1]))+
4

(1 [ 1) [1 0]) (1-c[1,1]))

(1-c[-1, 0] )
( [ -1

w )
(r(l-(1-c[- 1: -17) ])( [l -17))
(1-(1-c[- 1,2]>( [0 2]) (1-c¢[1,2]))+p(1-c[-1, -1]) (1-c[0, -1])
(1-c[1,-1]) (1-(1-c[- ,21)( -c[0,2]) (1-c[1,2]))+g(l-c[-1,2])
(1-c[0, 2]) (1-(1- C[ 1, 1J)( -c[0, -1]) (1-c[1, -1])) (1-c[1, 2])+
s(l-c[-1,-1]) (1-c[-1,2]) (1-c[O, -1]) (1-c[0, 2]) (1-c[1, -1]) (1-c[1, 2])),
T[C,{0,—1}1223(1—0[0,—1})
4
(u(l-(1l-c[-1, -1]) (1-c[-1 ])( cl[1, 1])(1 c[1,0]))+
w(l-c[-1,-1]) (1-c[-1 1)( [1 -1]) (1-c¢[1,0]))
(r(l-(1-cf-1,-2]) (1- [ 2])( [ F=2]1))
(l (1-c[-1,1]) [0 17) c[l,1]))+q ( cl-1,-2]) (1-c[0, -2])
(1 [1 -2]) (1- ( cl- l})( -c[0,1]) (1 [1 1]1))+p (1-c[-1,1])
( cl[0,1]) (1-(1- C[ 1 -2]) (1-c[0, -2]) (1-c[1, -2])) (L-c[1, 1])~+
s (1 [ 1,-2]) (1-¢c[-1,1]) (1-c[O, —2])<1 C[O 1]) (1-c[1, -2]) (1-c[1,1])),
1
Tlc, {1, 0}] —2(1—0[1101)(u(l—(l—c[0:—11>(1—0[0,1])(1—0[1,—11)(1—0[1111))+
w(l-c[0, -1]) (1-c[0,1]) (1-c[1, -1]) (1-c[1,1]))
(r(1-(1-c[-1 -1]) (1-e[-1, 0)) (1-e[-1,1]))
(1-(1-c[2, -1]) (1-¢c[2,0]) (1-c[2,1]))+ P(l cl-1, -1])
(1-¢[-1,0]) (1-c[-1,1]) (1-(1- C[2 -1]) (1-c[2,0]) (1-c[2,1]))+
a(l- (1 c[-1, -1]) (L-c[-1, 0]) (1-c[-1, 1}))( cl2, -1])
(1-c[2,0]) (1-c[2,1])+s (1-c[-1, -1]) (1- c[ 1,0]) (1-c[-1, 1])
) (

(I-cl[2,-1]) (1-c[2,0]) (1-c[2,1])), T[c, {-1, 0}] =

1
—(1-c[-1,0]) (u(1-(1-c[-1, -1]) (1-c[-1,1]) (1-c[O0, -1]) (1-c[0, 1]))+
4

w(l-c[-1,-1]) (1-c[-1,1]) (1-c[0, -1]) (1-c[0, 1]))
(r(l—(l—C[—2,—lJ>(1—0[—2,0])(l C[ ]))
(I1-(1-c[1,-1]) (1-c[1,0]) (1- C[ 11))+qa(1-c[-2, -1])
(I-c[-2,0]) (1-c[-2,1]) (1-(1- C[l -1]) (1- [ +0]1) (1-cl1,1]))+
)

p(l-(1-c[-2,-1]) (1-c[-2,0]) (1-c[-2,1])
(I-cf1, -1]) (1-c[1,0]) (1-c[1,1])+

(1-c[-2,-1]) (1-c[-2,0]) (1-c[-2,1]) (1-c[1, -1]) (1-c[1,0]) (1-c[1, 1]))}

In[16]:= Timing[{pde} =DiscreteToPDE[disc, {x, y}]]

outi6l {1.541000,

2 2 2 3 2 2 39 5 2
{—12chpudx[c} +72c*hpudx[c]“-146c’hpudx[c]“+ [c]“+—c’hpudx[c]®-
2 2
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6 2 7 2745 8 2,2 o 2 2
98c’hpudx[c]“+72c’hpudx|[c] c’hpudx[c]“+—c’hpudxk[c]“+24chgqudx|[c]
2 2
1173

2

171c?hqudx[c]?+466c hqudx[c]?-675c*hqudx[c]?+ c®hquéy[c]?-

7 45 5
c®hquoy[c]?+108c’hqudx[c]?-—cPhquix[c]?+—c’hqudy[c]?+27c’hrud[c]?-
2 2 2

126 c hrudx[c]?+255c*hrud,[c]?- c®hrudy[c]?+ c®hrudy[c]?-

2 2
7 2, 45 g 2 2 2 2 2
90c'hrudk[c]“+—c"hrudk[c]“-—c’hrudx[c]“+hsudx[c]“-15chsudx[c] +
2 2
2 2 3 > 615 2 627 o 2
75c*hsudx[c]“-195c’hsudx[c]+ c*hsudx[c] - c’hsudx[c]“+

2 2

6 2 7 2 45 & 275 9 273 2
210c’hsudx[c]“-90c " hsudx[c] + c’hsudx[c] c’hsudx|c] hpwox[c]“+
2 2 2

39 2 2 2 3 2 4 2 5 2
—chpwdx[c]“-78c*hpwidx[c]“+140c’hpwdx[c]“-105c*hpwdx[c]“-21c’hpwdx[c]“+
2

6 2 7 2, 45 g 2 2 o 2 2
98c’hpwox[c]“-72c"hpwdx[c]“+—c’hpwix[c] -—c’hpwdx[c]“+3hgwdx[c] -
2 2
87 , 411 ) 5 , 1365 5
—chgwox[c]“+ c“hgwox[c]-490c’hgwik[c]“+——c hgwdx[c]*-
2 2 2

5 2 637 2 7 2 45 2
588c’hgwox[c]“+ c’hgwox[c]“-108c’hgwdx[c]“+ c’hgwox[c]”-
2 2

5 4 , 9 , 81 , ) 3 , 525
—c’hgwox[c]“+—chrwdk[c]*-—c*hrwox[c]“+141lc’hrwdx[c]*-
2 2 2 2

c*hrwox[c]?+
13 45 5

294c®hrwoy[c]?-——c®hrwox[c]?+90c’hrwoy[c]?-—cPhrwdx[c]?+—c’hrwdx[c]?-
2 2 2

El 2, 45 2 2 2 3 2 4 2
hswox[c]*+ chswox[c]“-90c“hswdx[c]“+210c’hswiox[c]“-315c*hswdx[c]*+
2 2

45 5
315c’hswox[c]?2-210c®hswoy[c]?+90c’hswox[c]?-—cPhswox[c]?+—c’hswix[c]?-
2 2

2 2 2 3 2, 225 4 2 39 s 2
12chpudy[c]“+72c*hpudy[c]“-146c’hpudy[c]“+ c*hpudy[c]“+—c’hpudy[c]”-
2 2

6 2 7 2_4£ 8 2,2 9 2 2 _
98c’hpudy[c]“+72c " hpudy[c] c’hpudy[c]“+—c’hpudy[c]®+24chqudy[c]
2 2
1173

2

171c?hqudy[c]?+466c’hqudy[c]?-675cthqudy[c]?+ c®hquédy[c]?-

637 ¢ 2 7 2 45 & 2,2 9 2 2 2
——c’hqudy[c]“+108c’hqudy[c]“-—c’hqudy[c]“+—c’hgudy[c]“+27chrudy[c]®-
2 2 2
3 5 4 , 585 ¢ , 413
126chrudy[c]“+255c*hrudy([c]“-——c’hrudy[c] +
2 2

c®hrudy[c]?-

7 2, 45 s 2_2 9 2 2 _ 2
90c'hrudy[c]“+ c*hrudy[c] c’hrudy[c]“+hsudy[c]“-15chsudy[c]*+
2 2
2 2 3 2 615 2 627 o 2
75c*hsudy[c]“-195c’hsudy[c]+ c*hsudy[c]“-——c hsudy[c]“+
2 2

6 2 _ 7 2 45 & 2_5 9 2_1 2
210c’hsudy[c]“-90c'hsudy[c]”+ c*hsudy[c] c’hsudy[c] hpwoy[c]?+
2 2

39 2 2 2 3 2 4 2 5 2
chpwoy[c]?-78c*hpwldy[c]“+140c’hpwdy[c]“-105c* hpwdy[c]“-21c’hpwdy[c]“+
2
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6 2 _ 7 2, 45 g 2 2 9 2 2 _
98c’hpwdy[c]“-72c’hpwdy[c]“+—c"hpwdy[c] c’hpwdy[c]“+3hgwdy[c]
2 2
1365

ﬂch o 2 1. 2 _ 3 2 4 2 _
qwoy[Cc]“+ c“hgwoy[c]“-490c”hgwoy[c]“+ c*hgwoy[c]

2 2 2
5 2 037 2 7 2 45 2
588c”hgwdy [c]“+ c’hqgwody[c]“-108c’hgwdy[c]“+—c hgwldy[c]” -
2 2
5 9 2 9 2 81 2 3 2 925 4 2
;c hgwoy [c] +;chrw6y[c] —?c hrwoy[c]“+141c’hrwdy[c] —TC hrwoy[c]“+
5 2 413 2 7 2 45 5 2.2 o 2
294c’hrwody[c] -——c’hrwdy[c]“+90c ' hrwdy[c] -—c’hrwdy[c]“+—c’hrwdy[c]”-
2 2 2

El 2, 45 2 _ 2 2 3 2 4 2
hswoy[c]“+ chswoy[c]?*-90c*hswiOy[c]?+210c’hswdy[c]“-315c*hswdy[c]“+
2 2

45 5
315c5hswdy[c]?-210c®hswd, [c]?+90c’hswdy[c]?-—cthswo,[c]?+—c’hswdy[c]?-
2 2

, , 73, 45 13
6c*hpuldxx[c] +24c’ hpudsx[c] -—c*hpuldx[c] +—c’hpudxx[c] +—c’hpudxx[c] -
2 2 4

5 1
14c’hpudsx[c] +9c®hpudux[c] -—c’hpudsx[c] +—c®hpudux[c] +12c?hqudxx[c] -
2 4

, 233 , . 391
57c’hquodxx[c] + c*hgudxx[c] -135c’hqudxx[c] + c’hgudx[c] -

2 4
91 27 o 5 4 1 ;
—c'hgquoixx[c]+—c’hgquodxx[c]-—c’hguixx[c]+—c " hgudxx[c]+9c’hrudxx[c] -
2 2 2 4
63 , s 195 59 . 45 o
—c"hrudg[c]+51lc’hrudxx[c]-——c’hrudxx[c]+—c'hrudxx[c]-—c hruldxx[c]+
2 4 2 4

5 o 1 10 15, 3
—c’hrudxx[c]-—c " hruodxx[c]+chsudxx[c]-—c"hsudkx[c]+25c’hsudxx[C] -
2 4 2

cthsudu[c]+ c®hsudu[c] - c®hsudux[c]+30c’hsudu[c] -

4 2 4

45 4 5 4 1 3 39,
—c"hsuldxx[c]+—c’hsudxx[c]-—c "hsudxx[c]-—chpwikx[Cc]+—c*hpwixx[C] -
4 2 4 2 4

7
26 hpwok [c] +35c*hpwixx[Cc] -21c’hpwdwx[c] - —c®hpwox [c] +14c’ hpwOsx [C] -

2

8 5 o 1 10 87

9c’hpwixx[c] +—c’hpwixx[C] -—c " hpwikx [c] +3chgwix[c] -—c hgwdxx [C] +
2 4 4

137 s 3 s 6
——c hgwoxx[c] - c*hgwoxx[c] + c’hgwoxx[c] -98c’hgwixx [C] +

2 2 2
91 27 4 5 4 1 9 ,
—c'hgwoxx[c] -—c’hgwoxx[c]+—c’hgwixx[c] -—c " hgwoxx[c]+—c*hrwoxx[c] -
2 2 2 4 4
27 4 105 . p
—c hrwoxx[c] + c*hrwoxx[c]-——c’hrwixx[c] +49c’hrwixx[c] -
2 4 2
59 45 o 5 4 1 1
—c'hrwogk[c]+——c’hrwixx[c]-—c’hrwixx[c]+—c " hrwlxx[c]+—hswix[C] -
2 4 2 4 4
> 45 3 4 5
—chswixx[c]+—c*hswdxx[c] -30c hswixx[c] + c*hswoxx[c]-63c’hswdxx[c] +
2 4 2
105

6 7 45 g 5 1 10
c’hswoxx[c]-30c’hswoxx[c]+——chswixx[c]-—c’hswixx[c]+—c " hswok[C] -
2 4 2 4

73 45 13
6c2hpuaﬂ4c1+24c3hpu@n4c]—2;c4hpuam¢c1+:;c5hpuaﬂ4c1+2:c6hpu@m4c]—
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5 1
14c’hpudyy[c]+9c®hpudyy[c] -—c’hpudyy[c]+—c®hpudyy[c] +12c?hqudyy[c] -
2 4

57c>hqudyy[c] +

3 1
c*hqudyy[c]-135c’hqudyy[c] + c®hqudyy[c] -

2 4

1 27 & 5 1 10 3
—c'hqudyy[c]+—c*hqudyy[c]-—c’hqudyy[c]+—c " hqgulyy[c]+9c’hrudyy[c] -
2 2 2 4

3 4 s 195 59 45 4
—c*hrudyy[c]+51lc’hrudyy[c]-——c’hrudyy[c]+—c'hrudyy[c]-—c hrudyy[c]+
2 4 2 4

5 5 1 10 15 3
—c’hrudyy[c]-—c " hrudyy[c]+chsuldyy[c]-—c“hsudyy[c]+25c’hsudyy[c] -

2 4 2

195 123 . 209 7
——c*hsudyy[c]+ c’hsuldyy[c]-——c’hsuldyy[c]+30c'hsudyy[c] -

4 2 4

45

8 > 9 1 10 3 39
—c’hsudyy[c]+—c’hsudyy[c]-—c hsuldyy[c]-—chpwlyy[c]l+—c"hpwldyy[C] -
4 2 4 2

7
26 hpwdyy[c]+35c*hpwdyy[c] -21c’hpwdyy[c] -—clhpwdyy[c] +14c’hpwdyy [C] -
2

8 S 75 10 78_7 2
9c’hpwiyy[c]+—c’hpwdyy[c] c " hpwlyy[c]+3chgwdyy[c] c“hqwoyy[c] +
2 4 4

137

3 245 , 3 s 6
c’hqgwodyy[c] - c*hgwoyy[c] + c’hgwoyy[c] -98c’hgwdyy[c] +

2 2 2

91 27 5 4 1 9

—c'hgwoyy[c]-—c’hqwOlyy[c]+—c’hgwlyy[c]-—c " hgwlyy[c]+—c*hrwlyy[c] -

2 2 2 4 4

27 141 105

—c’hrwoyy[c] + c*hrwoyy[c] -

2 4 2

59 . 45 4 5 4 1 1

—c'hrwdyy[c]+—c’hrwlyy[c]-—c’hrwlyy[c]+—c " hrwlyy[c]+—hswiyy[c] -
2 4

csheryy[c] +49 c6hrw6yy[C} -

2 4

5 45 , 3 4 5
—chswiyy[c]+—c*hswlyy[c] -30c’hswdyy[C] + c*hswolyy[c]-63c’hswdyy[c] +
2 4 2

105

6 7 45 8 5 9 1 10
= S hswoyy[c] -30c’ hewdyy[C] + —cBhswiyy [c] - ~c®hswdyy [c] + —c hsw@yy[c]}}
2 4

In[17]:= PartialIntegrate[pde, {c}, Depth-> 1]

1
Out[17]= —h@x[ (—6cp+15czp—8c3p—6c4p+6c5p—06p+12 cg-39 czq+4603q—24 c4q+6c5q—06q+9 c’r-
4

18c3r+15c4r—6c5r+c6r+s—6cs+15c2s—20c33+15c4s—605s+c6s)
(4cu—6c2u+4c3u—c4u+w—4cw+6czw—4c3w+c4w) O« [c] ] +

1
—h@y[ (—6cp+15czp—8c3p—6c4p+6c5p—06p+12 cg-39c?g+46cig-24cig+6c®g-clqg+
4

9c2r—18c3r+15c4r—6c5r+c6r+s—6cs+15c2s—20c3s+1504s—6c5s+c6s)

(4cu—6c2u+4c3u—c4u+w—4cw+6czw—4c3w+c4w) @y[c}]

(» Verify that our result agrees with Equation (14) in the paper. %)
Expand[

(—6cp+15czp—803p—6c4p+605p—c6p+12cq—39c2q+4603q—24c4q+6c5q—c6q+9c2r—
18c’r+15c*r-6c’r+cfr+s-6cs+15c¢?s-20c’s+15c*s-6c’s+c®s)
(4cu-6c’u+rdciu-cturw-dcw+6c?w-4c’wectw) -
(u+ (W-u) * (L-c)A4) x (r+(s-p-g+r)* (L-c)A6+(P*(1-9¢c) +g* (1+9c)-2r) *» (1-c) /\3)]

Out[18]= 0



