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Binomial Determinants for Tiling Problems
Yield to the Holonomic Ansatz
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Families of Binomial Determinants

Definition: For n € N, for s, t € 7, and for p1 an indeterminate,
define the following (n x n)-determinants:

' pti+j+s+t—4
ot g ((“FH TN )

1<)j<n
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Families of Binomial Determinants

Definition: For n € N, for s, t € 7, and for p1 an indeterminate,
define the following (n x n)-determinants:

, fitjrstt—4
D{(n) == det ((H Y >+6i+57j+t>7

- ANNALE.
' _ pti+j+s+t—4
Eli(n) == 12?; << j+t-1 —Oigsjtt | -
1<j<n
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Families of Binomial Determinants

Definition: For n € N, for s, t € Z, and for p an indeterminate,
define the following (n x n)-determinants:

. /1,+i+j+5+t4> )
DE,(n) := det _ S )

s,t( ) }2;22 <( j +t—1 i+s,j+t | >

" o pritjt+s+t—4\ o
Es,t(n) T }%e%: <( j+ t—1 5:+57J+t .

History: D{o(n) was introduced in the work of Andrews in 1979-1980
in the context of descending plane partitions:

Inventiones

mathematicae
© by Springer-Verlag 1979

Inventiones math. 53, 193 —225 (1979)

Plane Partitions (IIT): The Weak Macdonald Conjecture
George E. Andrews*
The Pennsylvania State University, University Park, Pennsylvania 16802, US.A.

Dedicated to the memory of Alfred Young and F.J.W. Whipple
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Families of Binomial Determinants

Definition: For n € N, for s, t € 7, and for p1 an indeterminate,
define the following (n x n)-determinants:

' pti+j+s+t—4
Dge(n) := det (( - + Oitsjtt | 5
R ANES
' pti+j+s+t—4
El'i(n) = 12?; (( ireo1 = Oitsjtt | -
1<jsn

Example: D;'s(5) is the determinant of the matrix

("s") ("7%) O I S BN )
("s") 0 I i B 0 I )
(e +1 (7 (%) () ()
(S B 2 I S G B (o B (V)
"e7) ) (EY+ () (")
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Families of Binomial Determinants

Definition: For n € N, for s, t € 7, and for p1 an indeterminate,
define the following (n x n)-determinants:

' pti+j+s+t—4
Dge(n) := det (( - + Oitsjtt | 5
R ANES
' pti+j+s+t—4
El'i(n) = 12?; (( ireo1 = Oitsjtt | -
1<jsn

Example: D“H(S) is the determinant of the matrix

("5°) ("s") O N G B
("5°) O I e B G I G
G R G I 0 A G I G
2 I i G B G A G
57 (%) T+ (%) ()
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Families of Binomial Determinants
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Families of Binomial Determinants

Definition: For n € N, for s, t € 7, and for p1 an indeterminate,
define the following (n x n)-determinants:

' pti+j+s+t—4
Dge(n) := det (( - + Oitsjtt | 5
R ANES
' pti+j+s+t—4
El'i(n) = 12?; (( ireo1 = Oitsjtt | -
1<jsn

Example: D'y ¢ 1(5) is the determinant of the matrix

("s") ("7%) O I S BN )
") +1 (70 (%) V) ()
2 I (I T 1 A G I
S I 2 I G T (o B (V)
G I G R G I N R
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Families of Binomial Determinants

Definition: For n € N, for s, t € 7, and for p1 an indeterminate,
define the following (n x n)-determinants:

' pti+j+s+t—4
Dge(n) := det (( - + Oitsjtt | 5
R ANES
' pti+j+s+t—4
El'i(n) = 12?; (( ireo1 = Oitsjtt | -
1<jsn

Example: E/.'(5) is the determinant of the matrix

("s") ("7%) O I S BN )
") -1 70 (%) ) ()
(”Zm) 7D -1 (%) %) ()
e T E) - Y ("))
S I G R G N N R Y
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Families of Binomial Determinants

Definition: For n € N, for s, t € 7, and for p1 an indeterminate,
define the following (n x n)-determinants:

' pti+j+s+t—4
Dge(n) := det (( - + Oitsjtt | 5
R ANES
' pti+j+s+t—4
El'i(n) = 12?; (( ireo1 = Oitsjtt | -
1<jsn

Example: E/;'(5) is the determinant of the matrix

("5°) )=t () (T ()
("5°) O I G R S (S I G
S I (e B (0 A G B B G
S I G R G N O N S
O N G R G I O I
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Consider the matrix for s =2, t =1,n = 2:

CONCURS

("3?)
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Consider the matrix for s =2, t =1,n = 2:

((ﬂ#) (43 - 1) |
7 )
Specializing yu = 2, we can compute the determinant using algebra
£2,(2) - de (8 & ) SO0 - (- ()
()0 -OO) ()

=6 =4

= 10.
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Lindstrom-Gessel-Viennot Lemma

Let G be a directed acyclic graph and consider base vertices
A ={a1,...,a,} and destination vertices B = {by, ..., bp}.
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Lindstrom-Gessel-Viennot Lemma

Let G be a directed acyclic graph and consider base vertices
A={a,...,a,} and destination vertices B = {bs,..., b,}.
For each path P, let w(P) be the product of its edge weights. Let

e(a,b) = Z w(P) and

P:a—b
e(ai, b1) e(a1,b2) -+ e(ar,bp)
B e(az, b1) e(az,b2) -+ e(an, by)
e(an, b1) e(an, b2) -+ e(an, by)
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Lindstrom-Gessel-Viennot Lemma

Let G be a directed acyclic graph and consider base vertices
A={a,...,a,} and destination vertices B = {bs,..., b,}.
For each path P, let w(P) be the product of its edge weights. Let

e(a,b) = Z w(P) and

P:a—b
e(ai, b1) e(a1,b2) -+ e(ar,bp)
B e(az, b1) e(az,b2) -+ e(an, by)
e(an, b1) e(an, b2) -+ e(an, by)

Then the determinant of M is the signed sum over all n-tuples
P = (Py,...,P,) of non-intersecting paths from A to B:

det(M) = > sign(o(P)) Hw(P,-).

where o denotes a permutation that is applied to B.
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Lindstrom-Gessel-Viennot Lemma

In our context, the determinant without the Kronecker delta

det

1<ij<n

pH+i+j+s+t—4
j+t—1

counts n-tuples of non-intersecting paths in the lattice N?:
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Lindstrom-Gessel-Viennot Lemma

In our context, the determinant without the Kronecker delta

det

1<ij<n

pH+i+j+s+t—4
j+t—1

counts n-tuples of non-intersecting paths in the lattice N?:

t+n—1 @——

t+1

| 1]

;L+§—2 y+§+n—3
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Lindstrom-Gessel-Viennot Lemma

In our context, the determinant without the Kronecker delta

det

1<ij<n

pH+i+j+s+t—4
j+t—1

counts n-tuples of non-intersecting paths in the lattice N?:

t+n—1

t+1

nw+s—2 ... pw+s+n—3
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<— Rhombus Tilings

Lattice Paths
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Back to our problem:

3
E31(2) = det (?
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Evaluating Determinants: Rhombus Tilings

Forl1<i,j<m

<u+s+t+,’+j—4> _, Jstart: (n+s+i—3,0),
j+t—1 end: (0,5 +t—1).
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Evaluating Determinants: Rhombus Tilings

For E3,(2), we have that n = 2 implying i,j € {1,2} and

<2+2+1+i+j—4)_> start: (2+2+i-3,0) _, Jstart: (i+1,0),
J+1-1 end: (0,j+1-1) end:  (0,;).

end
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Evaluating Determinants: Rhombus Tilings

For E3,(2), we have that n = 2 implying i,j € {1,2} and

<2+2+1+i+j—4)_) start: (2+2+7—3,0) _, Jstart: (i+1,0),
J+1-1 end: (0,j+1-1) end:  (0,;).

end

1 2 3

There are six ways to realize these 2-tuples and tile this region:
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Evaluating Determinants: Rhombus Tilings

For E3,(2), we have that n = 2 implying i,j € {1,2} and
<2+2+1+i+j—4)_) start: (2+2+7—3,0) _, Jstart: (i+1,0),
J+1-1 end: (0,j+1-1) end:  (0,;).

end

1 2 3

There are six ways to realize these 2-tuples and tile this region:

end
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Evaluating Determinants: Rhombus Tilings

For E3,(2), we have that n = 2 implying i,j € {1,2} and
<2+2+1+i+j—4)_> start: (2+2+i-3,0) _, Jstart: (i+1,0),
J+1-1 end: (0,j+1-1) end:  (0,;).

end

1 2 3

There are six ways to realize these 2-tuples and tile this region:

end end

T 2 AT
lb—n - 1

start start

ol 1 2 ol 1.2 3
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Evaluating Determinants: Rhombus Tilings

For E3,(2), we have that n = 2 implying i,j € {1,2} and
<2+2+1+i+j—4)_> start: (2+2+i-3,0) _, Jstart: (i+1,0),
J+1-1 end: (0,j+1-1) end:  (0,;).

end

1 2 3

There are six ways to realize these 2-tuples and tile this region:

end end

end
T T 2 AT T T
1 »—oj - 1 1¢- + - -
L start start start
0 123 0 12

ol 1 2
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Evaluating Determinants: Rhombus Tilings

For E3,(2), we have that n = 2 implying i,j € {1,2} and
<2+2+1+i+j—4)_> start: (2+2+i-3,0) _, Jstart: (i+1,0),
J+1-1 end: (0,j+1-1) end:  (0,;).

end

1 2 3

There are six ways to realize these 2-tuples and tile this region:

end end

T 2 AT

T 1 1 |
1 D—Ij— 1 1¢ + -
L start start start start
0 12 3 0

T2 ol 12 3

end end

)
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Evaluating Determinants: Rhombus Tilings

For E3,(2), we have that n = 2 implying i,j € {1,2} and
<2+2+1+i+j—4)_> start: (2+2+i-3,0) _, Jstart: (i+1,0),
J+1-1 end: (0,j+1-1) end:  (0,;).

end

1 2 3

There are six ways to realize these 2-tuples and tile this region:

end end

end
T 2 AT

T 1 1 | T 1
1 D—Ij— 1 1¢- + - - 1 ’11_
L start start start start
0 12 3 0

— start
12 ol 1.2 3 ol 1 2

end end

)
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Evaluating Determinants: Rhombus Tilings

For E3,(2), we have that n = 2 implying i,j € {1,2} and
<2+2+1+i+j—4)_> start: (2+2+i-3,0) _, Jstart: (i+1,0),
J+1-1 end: (0,j+1-1) end:  (0,;).

end

1 2 3

There are six ways to realize these 2-tuples and tile this region:

end end end end

end end
I jl 2 1 . 2755, L 2755,
1 - 1 1 + - - 1 1 - 1e- +
L start start start start ’_L* start start
0 12 3 0 12 0 12 3 0 12

12 3
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Evaluating Determinants: Rhombus Tilings

The minor(s) associated to the Kronecker delta(s) corresponds to the
removal of starting and ending points:

end
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Evaluating Determinants: Rhombus Tilings

The minor(s) associated to the Kronecker delta(s) corresponds to the
removal of starting and ending points:

end
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Evaluating Determinants: Rhombus Tilings

The minor(s) associated to the Kronecker delta(s) corresponds to the
removal of starting and ending points:

end
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Evaluating Determinants: Rhombus Tilings

We can reframe this into one tiling problem, namely, to count the
number of cyclically symmetric tilings of one holey hexagonal region:

Vi
il
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Evaluating Determinants: Rhombus Tilings

We can reframe this into one tiling problem, namely, to count the
number of cyclically symmetric tilings of one holey hexagonal region:
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Evaluating Determinants: Rhombus Tilings

We can reframe this into one tiling problem, namely, to count the
number of cyclically symmetric tilings of one holey hexagonal region:

<>

= <K
a3 oop
o8 S
v, e 0P
T T

Elaine Wong — Binomial Determinants



Evaluating Determinants: Rhombus Tilings

We can reframe this into one tiling problem, namely, to count the
number of cyclically symmetric tilings of one holey hexagonal region:

<>

= <K
a3 oop
o8 S
v, e 0P
T T

E3,(2) =10
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one cyclically symmetric tiling of this region.
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A Combinatorial Proof

Lemma: For n,s € Z such that n > s >1and n > 1,

Es{fo(”) = ngﬁo(” - 1),
Dsﬂ,o(") = E:Ljf,o(” —-1).
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Lemma: For n,s € 7Z such that n > s

n—1

3
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)
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Proof (by example):

30(4)

'V VAVAVAVAY
NANINIOENININ/

0
8
£
&
=
E
3
g
7}
[=]
s
E|
I
£
o
w0
2
2
o
2

Elai




(-
(@)
(@)
hud

o

©

o
(©)

-
(g0]
=

0
£
(@)

O

<

>1land n>1,

Lemma: For n,s € 7Z such that n > s

,0( )= ngﬁo(” -1
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(n) = EL50o(n —1
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Proof (by example):
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The Big Picture

Eli(n Famlly DZ i ( Famlly

n odd
n even
t t
n even
n odd
s s
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The Big Picture
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n odd
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The Big Picture

Eli(n Famlly DZ i ( Famlly

n odd
n even
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- n even
n odd °
s s

Elaine Wong — Binomial Determinants



The Big Picture

Eli(n Famlly DZ i ( Famlly
\/ >/ n odd
n even
s *s
t t
>/ %/ n even
n odd - -
—\c\.( la\) .
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Switching

Let AL .(n) be either D ,(n) or EL'(n). For real numbers
s, t¢{-1,-2,...} witht—se N andneZ",

t—s—1

(h+s+i—1)
H = | I M7 T Ak
Ase(n) = 14 (i+s+1), At s(n).
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Switching

Let AL .(n) be either D ,(n) or EL'(n). For real numbers
s, t¢{-1,-2,...} witht—se N andneZ",

t—s—1

(pt+s+i—1)
H — N T T AR
Age(n) = ,-|:0| (i . 1),, A s(n).

The Pochhammer Symbol:
For an indeterminate x, and y € Z:

x(x+1)---(x+y—1), y>0,
(x)y =<1, y =0,

1
CEEEE y < 0.
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The Big Picture @

Es’ft(n) Family Déft(n) Family
t t

4 I,

n odd

n even

/ n even
R OCV - \/(
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Determinant Closed Forms

Conjecture 37 (Krattenthaler and Lascoux, 2005)
Let i be an indeterminate and m,r € Z. If m > r > 1, then

2 m—r ITI27 mr m rzf r / (I+ 1)
Efor—1(2m—1) = (-1 - o m2mrSmEr =2 H m

— = ((2m — 2i — 3)1)?
g H m—i—2)1? (2m+2i — 1)1 (2m + 2i + 1)!

1 1 .
x (p—1) - </2 = 2> ‘ H (e 47— L)omyor—2i1

i=1

m—1

1\? 2
X B 3itsr—: ~(—E—3m+3i+3>
= 2 2 M—r—2i—1 2 m—r—2i
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The Big Picture (‘\
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n odd
n even <

n even
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The Big Picture (‘\
3115

El.(n) Family D;ft(n) Family
t t

n odd
n even

n even
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The Big Picture (‘\
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n odd
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Towards the Proof of the Conjecture (‘\
VYoo
Lemma

For 1 indeterminate, m,r € Z and m > r > 1,
Dya(2m) (m +r = 1)(p — 1)(p +2m +1)( + 2r)
Exts em—1)  2m(2r—=1)(p+2)(p+2m+2r—1) ’
Eji1a(@m+1)  (m+r)(p—1)(p+2m+2)(u+2r +1)
D3, '3 (2m) 2r@m Dt Dt 2m 1 2r ¥ 1) |
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Towards the Proof of the Conjecture (‘\
Yoo

For 1 indeterminate, m,r € Z and m > r > 1,

Dy a(2m) (m +r = 1)(p — 1)(p +2m +1)( + 2r)
B em—1)  2mQ2r—1)(p+2)(p+2m+2r - 1)
Ejri11(@m+1)  (m+r)(u—1)(p+2m+2)(n+2r +1)
DyPem)  2r@m+1)(p+2)(p+2m+2r+1) T |
Theorem

For u indeterminate, m,r € Z and m > r > 1,

(D" (w=1(p+2r-1), ,
@r=2t(m+r=1),_ (540,
mr (4 2i +6r —5)°_ (& +2i+3r—2)°
i=1 (), (5 + /+3r72)$_1

E2Hrfl,1(2m -1)=

X
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Towards the Proof of the Conjecture (‘\
Yoo

For 1 indeterminate, m,r € Z and m > r > 1,

Dy a(2m) (m +r = 1)(p — 1)(p +2m +1)( + 2r)
B em—1)  2mQ2r—1)(p+2)(p+2m+2r - 1)
Ejri11(@m+1)  (m+r)(u—1)(p+2m+2)(n+2r +1)
DyPem)  2r@m+1)(p+2)(p+2m+2r+1) T |
Theorem

For u indeterminate, m,r € Z and m > r > 1,
(D" (u=1) (p+2r=1), ,
(2r —2)! (m 4k 7= 1)mfr+1(% 4 r)mir
mr (4 2i +6r —5)°_ (& +2i+3r—2)°
i=1 (), (5+ /+3r72)$_1
Corollary: Apply switching lemma to obtain E{fzr_l(2m —1).

E2Hrfl,1(2m -1)=

X




Towards the Proof of the Conjecture @

For 1 indeterminate, n,s € Z and n > s >

Ag1(n) _ (s -D(p+n+1)(u+s)
Bg+131(n— ]_) 2”(5— 1)(M+2)(/Jf+n+5— 1) 5

where (A, B,s,n) is (D, E,2r,2m) or (E,D,2r +1,2m + 1).

Theorem

For p indeterminate, m,r € Z and m > r > 1,
(D" (u=1) (p+2r=1), ,
(2r —2)! (m 4k 7= 1)mfr+1(% 4 r)mir
mr (4 2i +6r —5)°_ (& +2i+3r—2)°
i=1 ()i(2'+’+3r*2),?—1
Corollary: Apply switching lemma to obtain E{fzr_l(2m —1).

E2Hrfl,1(2m -1)=

X
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Proof of Lemma via the Holonomic Ansatz @

For u indeterminate, n,s € Zand n > s > 1,

Asa(n)  (n+s=2)(p—1)(p+n+1)(n+s)
Bélj_la,l(n —-1) 2n(s —1)(p+2)(p+n+s-1) ~’

=Rl (n)
where (A, B,s,n) is (D, E,2r,2m) or (E,D,2r +1,2m + 1).
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Proof of Lemma via the Holonomic Ansatz @

For u indeterminate, n,s € Zand n > s > 1,

Aa(n)  (n+s=2)(u—1)(u+n+1)(p+s)
B£1j13,1(”— 1) 2n(s — D)(u+2)(p+n+s—1) °

=Rl (n)
where (A, B,s,n) is (D, E,2r,2m) or (E,D,2r +1,2m + 1).

Laplace expansion:

AL (n) = det

= 51_]1 . Cofl,l(n — 1) 4+ ...+ 517,7 . Cofli,,(n — 1)
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Proof of Lemma via the Holonomic Ansatz @

For u indeterminate, n,s € Zand n > s > 1,

Asa(n)  (n+s=2)(p—1)(p+n+1)(n+s)
B:+131(n 1) 2n(s = 1)(p+2)(p+n+s-1) °

=Rl (n)
where (A, B,s,n) is (D, E,2r,2m) or (E,D,2r +1,2m + 1).

Laplace expansion:

AL (n) = det

= 51_]1 . Cofl,l(n — 1) + ...+ 517,7 . Cofli,,(n — 1)
With ¢, j := Cofy j(n — 1)/Cof1_1(n — 1), we obtain
Aﬁl

Bu+3 _z :alJ Cn.j

s—1, 1
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Proof of Lemma via the Holonomic Ansatz @

For u indeterminate, n,s € Zand n > s > 1,

Asa(n)  (n+s=2)(p—1)(p+n+1)(n+s)
B:+131(n 1) 2n(s = 1)(p+2)(p+n+s-1) °

=Rl (n)
where (A, B,s,n) is (D, E,2r,2m) or (E,D,2r +1,2m + 1).

Laplace expansion:

AL (n) = det

= 51_]1 . Cofl,l(n — 1) 4+ ...+ 517,7 . Cofli,,(n — 1)
With ¢, j := Cofy j(n —1)/Cofy 1(n — 1), we obtain

m

L 3 i .c = RM (n).
Bu+3 - 1j° ”J_ s,1
5711
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Proof via the Holonomic Ansatz 3}

Guess: ¢, satisfies a holonomic system of recurrence equations.
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Proof via the Holonomic Ansatz 3}

Guess: ¢, satisfies a holonomic system of recurrence equations.
These recurrences can be constructed from precomputed data via ansatz
with undetermined coefficients and interpolation.
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Proof via the Holonomic Ansatz 3}

>

Guess: ¢, satisfies a holonomic system of recurrence equations.
These recurrences can be constructed from precomputed data via ansatz
with undetermined coefficients and interpolation.

1 1 1 1
P([),]z “Cnj+2 + PH)  Copj + POL - Cngir + P([),g) “Cnj =0

2 2 2 2
PH “Cntlj+lt PH) “Cnylj T P([).]1 “Cpj+1t P([),g) “Cnj=0

3 3 3 3
Pﬂ) “Cny2,j T PH) “Cnylj T Pc[)l “Cnj+1t P([),g) “Cnj=0
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Proof via the Holonomic Ansatz @

Guess: ¢, satisfies a holonomic system of recurrence equations.
These recurrences can be constructed from precomputed data via ansatz
with undetermined coefficients and interpolation.

1 1 1 1
P([),]z " Cnjt2 + PH) “Cnylj T P([).]l “Cnj+1t P([),g) “Cnj =0

2 2 2 2
PH “Cnt1j+1t+ PH) “Cnylj T P([)]l “Cpj+1t P([)g) “Cnj=0

3 3 3 3
Pﬂ) “Cny2,j T PH) “Cnylj T Pc[)l “Cnj+1t p([)}) “Cnj=0

PPl = —(j—2n—4)(j —2n—3)(pu+6n+5)(su + 60+ 7) (1 +6n+9)(n +
r—0)(n+r)(j+p+2n+3)G+p+2n+4)(2/4+3/3u—63n+3 4+ %% —
12j%20un — 352 4 12j2n? — 30j%n — 8/ — 4ju®n — 2ju® + 24jun® — 8jun —
6jp+72jn? +12jn — 4j + 8% n® + 4> n+ 40uun® +20un + 48n% +24n) (11 +
2n4+2r)(n+2n+2r+ 1) (p+2n+2r+2)(p+2n+2r+3)(p+4n+2r+1)
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Proof via the Holonomic Ansatz @

Prove: in the case where (A, B,s,n) is (D, E,2r,2m)

2m . 2r—1

w+j+2r—1 .
S (" Comi— Y Comy = Rl (2m).
j=1 J Jj=1
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Proof via the Holonomic Ansatz @

Prove: in the case where (A, B,s,n) is (D, E,2r,2m)

2m . 2r—1
L +j+2r—1 y
S (") s = X camy = RE(2m)
j=1 J Jj=1
Cofy j(n—1)

» Abandon the original definition ¢, ; := Cofa(n=1)"
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Proof via the Holonomic Ansatz @

Prove: in the case where (A, B,s,n) is (D, E,2r,2m)

2m . 2r—1
L +j+2r—1 y
S (") s = X camy = RE(2m)
j=1 J Jj=1
Cofy j(n—1)

» Abandon the original definition ¢, ; := Cofa(n=1)"

> Use the conjectured holonomic description for ¢, instead.
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Proof via the Holonomic Ansatz @

Prove: in the case where (A, B,s,n) is (D, E,2r,2m)

©m1 = 1,
2m . .
+i+j+2r-3 :
Z <M - “Comj — Cm,it2r—2 =0, (2<i<2m),
i=1 /
2m . 2r—1
L4+ 2r—1 .
S (" Cami— Y Comy = R y(2m).
j=1 J Jj=1
» Abandon the original definition ¢, := %&::3
> Use the conjectured holonomic description for ¢, instead.
> The first two identities prove ¢, = %
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Proof via the Holonomic Ansatz 3}

Prove: in the case where (A, B,s,n) is (D, E,2r,2m)

©m1 = 1,
2m . .
+i+j+2r-3 :
Z (M - - Com,j — Qm,it2r—2 =0, (2<i<2m),
=1 J
2m . 2r—1
L4+ 2r—1 .
S ("R am = X camy = REa(2m)
=1 / =1
» Abandon the original definition ¢, := %&::3
> Use the conjectured holonomic description for ¢, instead.
> The first two identities prove ¢, = %
» The third identity proves the claimed quotient of determinants.
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Computational Bottlenecks D

>

Prove thatform>r>1and 2 </ <2m:

Gmi1=1,
&M tititor—3
i r—
Z (l jj_l ) *COm,j = Qm,i+2r—2,

j=1
2m ptj42r—1 . 2r—1 o RM 5
21( j ) “C2mj — Zl Comj = R3, 1(2m).
j= j=

We encountered the following computational challenges:
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Computational Bottlenecks D

>

Prove that form>r>1and 2 </ <2m:

Gmi1=1,

2m

iti+j+2r—3 o
Z (l jj_l ) *COm,j = Qm,i+2r—2,
Jj=1

2r—1
Z (M+J+2’ D Cmi— X Cmi= Ry 1(2m).

We encountered the following computational challenges:

» Creative telescoping for the summation in the second identity did
not finish.
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Computational Bottlenecks D

>

Prove that form>r>1and 2 </ <2m:

Com1=1,

2m

iti+j+2r—3 o
Z (l jj_l ) *COm,j = Qm,i+2r—2,
Jj=1

2r—1
Z (M+J+2’ Y Gmi— Y Gmj= Ry 1(2m).

We encountered the following computational challenges:

> Creative telescoping for the summation in the second identity did
not finish.

> In the third identity, a singularity appeared in the certificate Q at
Jj =1 (for both summations) and we were not able to automatically
certify our telescoper.
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Computational Bottlenecks @

Prove that form>r>1and 2 <i<2m+ 1:

Comt1,1 =1,
2L bijrar—2
i r—
> jj,l ) - Cmi1 + Comt1,iv2r—1 =0,
J=1
2m+1 g 2r 2m+1 "
r
>, (M) - cmrry — 2 Cmiry = 2 2 Gmirj = Rbpq1(2m 4+ 1)
=i = mor

We encountered the following computational challenges:
» Creative telescoping for the summation in the second identity did
not finish.

» In the third identity, a singularity appeared in the certificate Q at
Jj =1 (for both summations) and we were not able to automatically
certify our telescoper.

» The other “relationship” took even more computational resources
due to the additional sum in the third identity.
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The Big Picture @

Eli(n Famlly Df (n) Family
t
/ n odd
n even
TS >

t
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The Big Picture
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The Big Picture @

El.(n) Family Df (n) Family
t t

n odd
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The Big Picture @2

El.(n) Family Df (n) Family
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For paper and code, please visit:
HTTPS://WONGEY.GITHUB.IO/BINOM-DET /

Thank you!
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