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Introduction

Word Problem
Given a group G with a finite generating set, S, determine if a
given product of elements in S is the group identity.



Introduction

Word Problem

Given a group G with a finite generating set, S, determine if a
given product of elements in S is the group identity.

Language of the Word Problem

L(G,S)={s1s2...5, :n>0,s5€S, s51-5...-sp=1€ G}
—_— —_———
symbol group

concatenation product



Cogrowth Sequence and Series

Language of the Word Problem
L(G,S) ={s152...5,:n>0,55€S, s51-5...-sp,=1€ G}



Cogrowth Sequence and Series

Language of the Word Problem
L(G,S) ={s152...5,:n>0,55€S, s51-5...-sp,=1€ G}
» G: group generated by a finiteset S C G\ {1}

» cogrowth sequence of G with respect to S:
{IL(G,5) N S"|}n>0
» cogrowth series (GFs):

F(t) = Feis(t) = 32,50 IL(G,S) N S"[t" € Zxo[[t]]



Setup and Motivation

L(G,S):={s152...5,:n>0,s€S,s-...-s,=1€ G}

F(t) = Fos(t) = 3250 [L(G, S) N S"[ 7 € Zxo[t]]



Setup and Motivation
L(G,S):={s1...5,:n>0,s€S, s-...-s,=1€ G}

F(t) = Feis(t) = 2250 [L(G, 5) N ST t7 € Zxo[t]]

» Continue the study of Bell and Mishna (2018), on free
products of (finitely many) finite groups

> G =Gy *xGy*...x*x Gy; G cyclic or dihedral

Result of Muller and Schupp
Free products of finite groups have algebraic GFs
> ie. Q(t, F(t)) =0 for some Q(t,z) € Z[t, z] \ {0}
> Call Q a satisfying polynomial of F(t)
> deg, Q is minimum = Q is a minimal polynomial of F(t)



Setup and Motivation

L(G,S):={s152...5,:n>0,s€S,s-...-s,=1€ G}

F(t) = Fes(t) == 50 IL(G,S) N S| t" € Zxo[[t]]

Result of Muller and Schupp
Free products of finite groups have algebraic GFs
> ie. Q(t,F(t)) =0 for some Q(t,z) € Z[t, z] \ {0}
> Call Q a satisfying polynomial of F(t)
» deg, Q is minimum = Q is a minimal polynomial of F(t)

Main Objective
Obtain degree bounds on minimal polynomials.



Excursions on Cayley Graphs

We can visualize the problem using Cayley graphs.

» Cayley Graph of G with respect to S: x(G,S) = (V,E)
> V=G, E={(g,85): g € G, s S} (ie. directed)
» Arcs show multiplication by elements of S
» Walks show products on elements of S

» Excursions of x(G,S):

» Excursions are walks that start and end at 1 € G
> [(G,S) <> excursions on x(G,S)

The cogrowth sequence counts excursions on x(G, S)



Examples: Finite Cyclic and Dihedral Groups
G:=Z/nZ =17,= (x|x"=1); S:={x}
> L(G,S) = {e,x", x>, x3" ..}
» Cogrowth GF: Fg.5(t) = 1_—1t,,
» x(G,S) is the directed cycle on n vertices
G:=D,=(r,flr"=1f=1rf=f1), S:={rf}
» L(Ds,S) = {ff, rrr, rfrf | frfr, rrfref | rfrefr, frefre}*
» x(Ds3,S): See below




Examples: Finite Cyclic and Dihedral Groups
G:=Z/nZ =17,= (x|x"=1); S:={x}
> L(G,S) = {e,x", x>, x3" ..}
> Cogrowth GF: Fg.s(t) = 1m
> x(G,S) is the directed cycle on n vertices

G:=D,=(r,flr"=1f=1rf=f1), S:={rf}
» L(Ds,S) = {ff, rrr, rfrf | frfr, rrfref | rfrefr, frefre}*

» Cogrowth GF: F,(t) := Fp,.s(t) =7
» x(Ds,S): See below




Cogrowth GF for D,

Proposition 1
For each n > 3,

n—1

L1

QNFO 1 — 2cos(2 )t.

N \

Corollary 2

_p(t) _(0) —
Fa(t) = a0’ with p, q € Z[t], p(0) = q(0) = 1, and
deg p = deg q < d,,, where

n+1 :
d = %, n /.s odd . 2)
2[71, niseven



Initial Bound on Finite Groups using Representation Theory

Lemma 3 (Bell, L., Mishna 2021+)

Let H be a finite group with degrees of irreducible representations
given by n1,...,ng, with T as a generating set. Let

a:=) 75€C[H] and A(t) := -0 P(a")t". Then A(t) is
the power series expansion of a rational function p(t)/q(t) where
p, q € Z[t] are polynomials with q(0) = 1 and

(degp) +1,degqg < ni+---+ng < |H|.

In particular, if deg g = |H| or degp = |H| — 1, then H is abelian.



Initial Bound on Finite Groups using Representation Theory

Proof.
» Consider an isomorphism W : Q[H] — M, (Q) x - - - x M, (Q).

» W induces a Q-algebra isomorphism between the power series

rings Q[H][[t]] and (M, (Q) X - -+ x M,,(Q)) [[t]] sending
Dm0 @t S0 o (YT, YTt where V() =(Y1, ... Yq).

» By Cayley Hamilton, this image satisfy a linear recurrence of
order at most ny + - -+ + ngy.

» Thus, A(t ) S a"t" = p(t)/q(t) with p, g € Q[t] coprime,
and (0) =
» Since A(t) € Z[[t]] p/q must be invariant under the action of

Gal(Q/Q).

» The roots of g(t~!) are algebraic integers, so p, q € Z[t].



Initial Bound on Finite Groups using Representation Theory

Example (G =Z, = (x|x" =1); S = {x})

Lemma 3 implies that Fg,s(t) = 17 = Etg where p, g € Z[t],
with degp < n—1 and degqg < n.

Here, degp =0 and degq = n.

Example (G = D, = (r, f|r"=1,f>=1,rf=fr1); S := {r, f})
» Sum, N:=ni+nm+...+ngisn+2ifniseven; n+1ifn
is odd

» Lemma 3 = Fg.s(t) = p(t)/q(t), degp < N —1,
degg < N.

_ N
» Corollary 2 = degp =degq < 7.



Free Products of Finite Groups

Definition

Let Gy, Gy,..., Gy be groups. The free product of Gy, Gy, ..., Gp,

denoted as G := Gy * Gy x ... % Gy, = [ [, G;, Is the group

generated by U™ ; G;, subject to the relations in each G;, and the

identity element in each G; is identified with 1 € G.

If K is any group and m > 0, we define K*™ .= Kx Kx...x K.
T ohaos

Example
Z§3 =Zo*lo*x o= (X,y,z|x2 =1,y2=12%= 1) (xy # yx)

Important
The cogrowth GF of G depends on the cogrowth GF of each G; in
a nontrivial way



Free Products of Finite Groups

Definition

Let Gy, Gy,..., Gy be groups. The free product of Gy, Gy, ..., Gp,

denoted as G := Gy * Gy x ... % Gy, = [ [, G;, Is the group

generated by U™ ; G;, subject to the relations in each G;, and the

identity element in each G; is identified with 1 € G.

If K is any group and m > 0, we define K*™ .= Kx Kx...x K.
T ohaos

Example
Z§3 =Zo*lo*x o= (X,y,z|x2 =1,y2=12%= 1) (xy # yx)

Important
The cogrowth GF of G depends on the cogrowth GF of each G; in
a nontrivial way

» We focus on the case where each G; is finite

» Generating set: S = U™ ,5;; S; a generating set for G;



Visualization of Cayley Graphs
ZoxZs=(x|x*=1)x (y|y* = 1)




Visualization of Cayley Graphs
ZaxZs=(x|x>=1)x (y|y* = 1)




Visualization of Cayley Graphs
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ZyxZa= (x|x3=1)x (y|y* = 1)




Visualization of Cayley Graphs




Visualization of Cayley Graphs
Lo Ls = (x|x* =1) = (y|y” = 1)




Visualization of Cayley Graphs
Zox D5 (S ={x,r.f})

5 = = E DA



System using Combinatorial Grammar

» gc G, X CG, 7: an atom, ¢: characteristic function.

» Z; x: (combinatorial class of) words in §* evaluating to g,
with proper nonempty prefixes avoiding X



System using Combinatorial Grammar

» gc G, X CG, 7: an atom, ¢: characteristic function.

» Z; x: (combinatorial class of) words in §* evaluating to g,
with proper nonempty prefixes avoiding X

Lemma 4 (Bell and Mishna)

Let G = Gy x Gy *...% Gy, be a (possibly trivial) free product of m
finitely generated groups. Let S; be a finite generating set for G; so
that S = U7, S; is a generating set for G. For each 1 < i < m and
{g} U X C G;, using disjoint unions of combinatorial classes,

1. Zg,X = (L(g S S,'ﬂX)T) @) <Us€5,-\X (7‘ X Zs—lg’s—lx)), if
leX, g#1.

2. Zg,X = Zl,X X Zg,XU{l}r if1 ¢ X, g 75 1.
3. Zix = €U (Zix x (Zuxupy \€)), if1 ¢ X

4 Zix=eU(Usess(r x Zoos (59) U (Unes ol % Zos o). i
leX.



System using Combinatorial Grammar

1. Zyx=((g €SN X)r)U (Usesi\x (7 x zs_lg,s_lx)), if
leX, g#1.

“ @§L$S_H
294X




System using Combinatorial Grammar

2. Zg,X = Zl,X X Zg)(u{l}, if 1 ¢ )(7 g 7§ 1.

| Mg



System using Combinatorial Grammar

3. lex =elU (Zl,X X (Zl,Xu{l} \ 6)), if 1 ¢ X.

d

>



System using Combinatorial Grammar

4. ZLXzeu(UseS\S/(T X Zsfl-{sfl})) U (USGSf\X(T x 2571’571X)>’ if
leX.




Combinatorial Grammar to GF

» Fg x: GF for Zg x
Corollary 5 (Bell and Mishna)

Adopting the same notation used in Lemma 4, we have the
analogous equalities for the set of generating functions {Fg x }.

1. ngx(t) = L(g €s; ﬂX)t + ZSGS,-\X th—lg,s—lX(t) if
leX, g#1.

2. le( )—1—{—le( )(Fl,XU{l}(t)_l) if1§éX.
3. Fgx(t) = Fux(t)Fg xuuy(t) if1¢ X, g # 1.
) =

4. F X(tL 1+ ZseS\S tF —1{s— 1}( ) + Zses,-\X thfl,sﬂX(t)
ifleX.



Consequences and Obstructions

» Each G; is finite = the combinatorial grammar contains
only finitely many equations.

» \We can eliminate variables on the grammar to obtain a
satisfying polynomial.

» Obstructions:

> The size of the initial system can be large (exponential in |G;|)
» Elimination process is time consuming, even for a computer



Consequences and Obstructions

» Each G; is finite = the combinatorial grammar contains
only finitely many equations.
» \We can eliminate variables on the grammar to obtain a
satisfying polynomial.
» Obstructions:
> The size of the initial system can be large (exponential in |G;|)
» Elimination process is time consuming, even for a computer
» Solution: Use free probability theory and obtain a system of
size linear in |G;|



Free Probability: A Brief Introduction

> G =Gy *...% Gy S =UT,S5; as before

Group algebra C[G]: non-commutative random variables

v

» linear expectation operator ¢ : C[G] — C,

o Z Ogg = a1

geG

{gzb ((Zses s)n) }n>0: cogrowth sequence
Cauchy transform of a € C[G]: Ga(t) :=3_ 5 p(af)t—n1
Inverse Cauchy transform of a: K, = G(i_n.

Important Fact: For o = )" agg, B =) [g8, if agBs =0
for each g € G, then K, 5(t) = Ka(t) + Kp(t) — t71.

vvy VvVYy



Resultants of Polynomials

Strategy: Use resultants to eliminate variables



Resultants of Polynomials

Strategy: Use resultants to eliminate variables

Upper Bound on Resultants
deg; Res(f, g, z) < (deg, f)(deg-g) + (deg, g)(deg, f)



Resultants of Polynomials

Strategy: Use resultants to eliminate variables
Upper Bound on Resultants
deg, Res(f, g, z) < (deg, f)(deg-g) + (deg, g)(deg, f)

Reduced Resultant
trimRes(f, g,z), (deg,f)(deg,g) >0

— trim £, deg,f =0, deg,g >0

Res(f,g,z) = _ B
trim g, deg,f >0, deg,g =0
1, deg, f =deg,g =0

where trimf = f - ], y—val



Resultants of Polynomials

Strategy: Use resultants to eliminate variables
Upper Bound on Resultants
deg, Res(f, g, z) < (deg, f)(deg-g) + (deg, g)(deg, f)

Reduced Resultant
trimRes(f, g,z), (deg,f)(deg,g) >0

— trim £, deg,f =0, deg,g >0

Res(f,g,z) = _ B
trim g, deg,f >0, deg,g =0
1, deg,f =deg,g =0

where trimf = f - ], y—val

Purpose of Res
To remove monomial factors and redundant exponents in order to
decrease the degrees of the polynomials.



Algorithm for Algebraic Elimination

Algorithm 1 polynomial elimination over an integral domain B

Input: n € Z~q; t, z1, ..., z, indeterminate; P e Blt,z1,...,z,]".
Assumption: There are algebraic functions Fi(t),..., Fa(t), all
nonzero, such that P(t, Fi(t), ..., Fa(t)) = 0.

Purpose: Find P¢(t,z) € B[t,z], Pr # 0 so that for any se-

quence of nonzero algebraic functions, F1(t), ..., Fa(t), it holds that
P(t, Fi(t),..., Fa(t)) =0 = Pr(t, F1(t)) = 0.
1: 15(0) = /3

2. for k=1,2,...,n—1do

3 fori=1,2,...,n—kdo

4: Pl(k) = @B(Pi(kil), Pr('lij(:_)l, Zn—k+1)
5: end for

o P (P

7. end for

8: return P¢(t,z) := Pf"_l)(t, z) € BJt, 7]




A First Bound on Free Products of Finite Groups

Theorem 6 (Bell, L., Mishna 2021+ )

Let Gi,...,G, be finite groups with generating sets 51,55, ..., 5,
respectively. Let A; denote the sum of the degrees of the
irreducible representations of G; for i =1,...,r. Then the
cogrowth series F(t) of [[/_; G'™ with respect to the generating

set S :=U_,S;, is algebraic and satisfies Q(t, F(t)) = 0, where
Q(t,z) € Z[t, z] with deg,(Q) and deg,(Q) both at most

(o) (%3]

» Theorem 6 — second inequality of Eqn (4) in Theorem 9

> Theorem 6 is applicable to any finite groups with any
generating sets



Free Products of Cyclic Groups

> G = [T gl = 1) = ZpM « Zp2 s« o« 25
> S:{x,-jzlgigr,lgjgm;}

» r: number of distinct cyclic factors



Free Products of Cyclic Groups

T m; ni _ _ ,
> G:=]]_, j:1<ij’X1j =1) =ZyM % L2 % .. x LT
> S={x;j:1<i<r1<j<m}

» r: number of distinct cyclic factors

» Using free probability, we obtain a system of equations for

zZ = FG;s(t).



Free Products of Cyclic Groups

Theorem 7 (Liu)
For n; > 2 and m; > 1, let

r mj
e .. n;p __ _ *Mmy *Mmo *m
G = HH(XU]XU’ =1)=Z, M % L% % ... x Ly,
i—=1j=1

and S = {xjli=1,...,r,j=1,...,m;}. Let F(t) := Fg.s(t) be
the cogrowth GF. Then the system,

. 1 .
Pi(t,z,z1,...,2;) i =tzz]" =z " —tz=0, i=1,...,r

r r 3
Pryi(t,z,z1,...,2,) =z — (Z mjtzz;) + (Z mj)—1=0 (3)
j=1 j=1

solves F(t): There are algebraic functions Fj(t) # 0, such that
Pi(t, F(t), Fi(t),...,F(t)) =0for1 <i<r+1.



Case of Identical Cyclic Factors(r =1): G = Z"

Solved by Bell and Mishna using combinatorial grammar.

Q(t,z) =(z—1)(z+m—1)""1 — m"t"z"

From Free Probability,
> P{O) = Pi(t,z,21) = tzzl" — Z" 7 — tz;
> Péo)(t,z,zl) = Py(t,z,z1) = z— mtzzy + m — 1;
> PO(t,2) = (z—1)(z+m—1)"L — m"t"2"= Q(t, 2).



Case of Identical Cyclic Factors(r =1): G = Z"

Solved by Bell and Mishna using combinatorial grammar.

Q(t,z) =(z—1)(z+m—1)""1 — m"t"z"

From Free Probability,
> P{O) = Pi(t,z,21) = tzzl" — Z" 7 — tz;
> Péo)(t,z,zl) = Py(t,z,z1) = z— mtzzy + m — 1;
> PO(t,2) = (z—1)(z+m—1)"L — m"t"2"= Q(t, 2).

Key Observation

The degree of satisfying polynomial is independent of m.
We can generalize this result to an arbitrary number of distinct free
factors.



Case of Two Distinct Factors (r = 2)

> G =T K L™

» System of polynomials:

Py = tzz" — 21"1_1 — tz
P = tzzy? — 2"2_1 — tz

P3 =z — mytzzy — mptzzo + m1 + mp — 1.

> After one iteration of Algorithm 1: Pfl) = Pq;
1) _ (Z— mq tzzl—|—m1—1)(z—m1 tzz1 +m— 1)”271— (m2 tz)"z, m;>1
2 (1= tz)(z — tzzy + mp) L — mPtmzm L my =1



Case of Two Distinct Factors (r = 2)

> G =T K L™

» System of polynomials:

nm—1 t

Py = tzz* — z] z
P = tzzy? — 2"2_1 — tz

P3 =z — mytzzy — mptzzo + m1 + mp — 1.
> After one iteration of Algorithm 1: Pfl) = Py;

1) _ (Z— mq tZZl—HTll—l)(Z— mytzzy +m— 1)”271— (m2 tz)"z, m;>1
27 (1 = tz)(z — tzzy + my)mt — mP2gnazn2—1 m =1
2 9

» Upper bound on resultants: denges(Pl(lz Pz(lz z1)<nmp+n(ny—1)



Degree Bound Theorem for r = 2

Theorem 8 (Liu)
Let

2 m;

G=zym 2y = [ [Tl =1)
i=1j=1
be generated by S = {x;; : i =1,2; 1 <j < m;}. Then thereis a
satisfying polynomial Q € Z[t,z] \ {0} for the cogrowth series
Fg.s(t) such that deg, Q satisfy the upper bounds given in the
table below.

m =1 my >1
my=11| 14+ nn—max{n,m} |1+ n(np—1)
my >1 1+n2(n1—1) 14 niny

Upper Bounds for deg, Q for r = 2 based on the values of my, ms.



Plots for r = 2: Computed Degrees vs. Upper Bounds
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Plots of actual degrees and upper bounds vs. n, = nq, ..., 20 for various
fixed ny; my = mp = 1.



Conjectures for r = 2

my =1 my >1
my=11] 14+ nmn—max{n,m} | 1+ n(nx—1)
my >1 1+ nm(nm —1) 1+ nin

Upper Bounds for deg, Q for r = 2 based on the values of my, ms.

» Entries in our table of upper bounds can be decreased
precisely by one.

» If mi = my =1, then

deg,;Q < 1+niny—max{ny,ny}—min{ny,m}+1 = 2+ninp—n1—ny



Arbitrary Number of Distinct Cyclic Factors

Theorem 9 (Liu)
Fix r > 3. As before, consider the group,
r mj
G := HH(X;J-|X5" =1) =Z" « Ly ko L
i=1j=1
generated by S := {x;j}, nj > 2; m; > 1. Running Algorithm 1
with input as the system (3), given in Theorem 7, we deduce

r—2
r 1
deg, Pf ) < (mny...n;) ( + )

ne—1ny P 1nk

<(n1n2... ( Z;)
k

and for0 < k< r, 1 <j<r—k,

(4)

degz Pf )k+1 < Np_gs1...Np—10;.



Identical Dihedral Factors

> G =D =111 filrf =1,f2 =1,rf = fir, 1)

> S:{rlaﬂar27f2""7rm7fm}
» Obtaining Q(t, z) explicitly in this case is difficult, since GFs
for dihedral groups are not geometric series



Identical Dihedral Factors

Recall! (from Prop. 1)

+1 .
_ T5=, mis odd
dm = - ) )
(%1, mis even

N

Proposition 10

Let G = D™ = 1" (r, filrf = 1,£2 = 1,rf; = fir, 1) with the
generating set, S = {r, fi,n,f, ..., rm, fm}. Then the cogrowth
series, F(t) := Fg.s(t), has a satisfying polynomial

P(t,z) € Z[t, z] with deg, P < d,, and deg, P < d, + 1.



Table of Degrees and Leading Coefficients: D™

n | d,| deg,P | deg, P Leading coefficient in z P(t,0)

3023 2 (mt + 1)(2mt — 1) (m—1)?
4 1213 2 (4m?t? — 1) (m—1)?
513 |4 3 —(2mt — 1)(m*t> — mt — 1) (m—1)>3
6 |4 |5 4 —(4m?t2 — 1)(m?t? — 1) (m—1)*
714 |5 4 —2mt =) (m3*t +2m?*t2 —mt — 1) | (m—1)*
8 |4 |5 4 —(4m?t? = 1)(2m?t? — 1) (m—1)*
9|5 |6 5 @2mt—1)(mt + 1)(m3t3 —3m?*t2 + 1) | (m—1)°
1006 |7 6 (2mt — 1)(2mt + 1)O((mt)*) (m—1)°
11{6 |7 6 (2mt — 1)O((mt)®) (m—1)°
1216 |7 6 (Bm?t2-1)(4m*t? — 1)(m?t? — 1) (m—1)°

Properties of satisfying polynomials P(t, z) over Z for the cogrowth GF
of G=D S ={n,f,n, ..., rmfn}




Properties of the Satisfying Polynomial: D}™

Theorem 11 (Liu)

Let G = D™ =17 (r;, fi|r" = 1,f? = 1,rif; = fir ') with the
generating set, S = {r,fi,r, f2, ..., rm, fm}. Then the cogrowth
GF, F(t) := Fg.s(t), has a satisfying polynomial P(t,z) € Z[t, z],
with leading coefficient L(t) := [z9%8:P]P(t, z) and

P(t,0) € Z[m] \ {0}, such that the following properties hold:

1.
2. deg L = deg, P;

3. 2mt — 1|L(¢t);

4.

5. 3|n if and only if mt + 1|L(t).

The polynomial, L(t) € Z][t], belongs to Z[mt|;

if n is even, then P(t,z) = P(—t,z); and



Proof of Theorem 11

> We can deduce
(deg q)+1
P(t,z)=— Y (zm=1)"(mtz) s DK (([14]p) — t2([t41)) € Z]t, 2]
k=0
where 5(t) := t9€9p(t~1) and §(t) := t(deeD+lg(+~1),
P(t,0) = (m — 1)de&q.
Property 1: L(t) = g(mt).
Property 2: deg L = deg q = d, > deg, P since g(0) = 0.
Property 3: 2t — 1|q(t) by Proposition 1.
Property 4: deg g = d, is even
> [tK]g = 0 if k is even; [tX]p = 0 if k is odd;
» decompose the summation expression for P into odd and even
indices.

» Property 5: For A C [0,1] finite, f(t)=]].ca(1—2cos(cm)t),
it holds that
1+t|f(t) < f(-1)=0 < 3 €A

vvyyVvyy



Summary: Free Product of Cyclic and Dihedral Groups

_ *xr *r *Fy *S1 *SD *S|
G =Zp! x Lp? % ...k Lk x DRit s D2 s ..o Dy

The dihedral factors are each generated by a rotation and a flip.

k=1 Bell-Mishna
k=2 Theorem 8
k>3 Theorem 9

k=0 I=1,s1 =1 | Proposition 1
(all dihedral) I=1,s1 > 1 | Proposition 10; Theorem 11
| >2 Difficult: Not yet known
I>0,k>0 ?

=0
(all cyclic)




Identical Finite Factors

Proposition 10 generalizes to any finite group



Identical Finite Factors

Proposition 10 generalizes to any finite group

Theorem 12 (Liu)

Suppose H is finite with generating set T C H. Let
G:=H""~ HyxHyx...x Hy with each H; ~ H via an
isomorphism ¢; : H — H;. Consider S := U, ¢;(T) which
generates G. Write the cogrowth GF Fyy.1(t) = % with
p(0)g(0) # 0. Let M:=max{deg p+0,,deg q+dq},
dp := max{0,deg g — 1 — deg p}, d, := max{0,deg p + 1 — deg q}.
Then F(t) := Fg.s(t) satisfies P(t,z) € Z[t, z] \ {0} such that

1. deg, P< M+ 1anddeg, P < M+1;

2. ifdg >0, then deg, P < M;

3. ifdegp+ 6, < degq+ dq, then deg, P < M and deg, P < M;

4

. ifd0g >0 and deg p + 6, < degq + dq, then deg, P < M — 1.



General Approach to Finding Satisfying Polynomials

Given a group G and a generating set S, to construct P(t, z),
» Find bounds on deg, P < d; and deg, P < d,.
» Generate sufficiently many first few terms of the cogrowth GF
FG;S(t)-
» Solve a linear system for the (d¢ + 1)(d; + 1) undetermined
coefficients that defines P(t, z).



Conclusion

» Free products of finitely many finite groups have algebraic
cogrowth GFs.

> Free probability provides a useful tool for bounding degrees of
satisfying polynomials.

» Degrees of minimal polynomials do not (in general) depend on
the number of identical free factors.



Conclusion

» Free products of finitely many finite groups have algebraic
cogrowth GFs.

> Free probability provides a useful tool for bounding degrees of
satisfying polynomials.

» Degrees of minimal polynomials do not (in general) depend on
the number of identical free factors.

Possible Next Steps
» Involve other classes of finite groups.
P> Experiment with other generating sets.

» Bound degrees using ideal elimination and Grobner bases.

» Obtain results on radii of convergence of the cogrowth GFs.



Thank you for listening!
Questions?
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