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DEFINITION

An integer partition is an unordered finite sum of positive integers
(parts) (A1 +Xo+ -+ Apm=n).

For the purposes of this talk, we will write parts in increasing order.

EXAMPLE

448410 =22
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DEFINITION
Forne N,
n
(a:9)n = [J(1 —ag’ ™),
j=1
and for |q| < 1

(aq)oo—llm a;q)n ﬁl—aq’
j=1

(sine qua non of g-series )
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THEOREM

(combinatorial version)

For n € N,

the number of partitions of n into distinct parts
equals the number of partitions of n into odd parts.

(g-series version)
n+1)

q(z 1

= (@a)h  (4%)
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This example is only for the multiplicity side.

EXAMPLE
Among all partitions of 5:

141414141, 1414142  1+42+2,

1+1+3, 243, 1+4, 5,

only three of them are into distinct parts:

243, 1+4, 5.
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THEOREM

(combinatorial version)

For any n € N, the number of partitions of n

into distinct and non-consecutive parts

equals the number of partitions into parts = +1 (mod 5).

(q-series version)

T 1

n>0 (@@)n  (4:0°)(a% 0°)o
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This example, too, is only for the multiplicity side.

EXAMPLE

Among all partitions of 9 into distinct parts:
24+ 3+4, 1+3+45, 4+ 5, 1+2+6,

346, 247, 148, 09,

only five of them are free of consecutive parts:

1+3+5 3+6, 2+7, 1+8, 0.
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Can we start with Euler's identity,
keep track of the consecutive pairs of parts,
then eliminate them using inclusion/exclusion?

Yes (this is the rest of the talk)

Then, We will have an alternative series
for the Rogers-Ramanujan identities.
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1+3+4+5+7+9+11+12+14+15+16
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As a warmup, let’s look at the series
from the series side of Euler's Partition Identity:

DO

= (9:9)n
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1 3 4 5 7 9 11 12 14 15 16
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THEOREM

Let A be a partition into distinct parts having exactly k designated
rafts for k > 1. A generating function for such X\ is

sktmy_a(ky [m+k — 1 1 3k+m+1
q(2)3(2)[ ] L (g,
mzz:o k-1 ). @ )
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THEOREM (SLATER #19)

1 3j2 1
Z )fq T (4 45 4.

n>0 (q 7®)j(=a:a)2;i  (§:9°)o(q% a%)oc

PROOF.

For k =0 (i.e. no designated rafts),
the generating function is (—¢; q) o
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THEOREM (SLATER #19)

e T =
. P} 4-q5)OO

n>0 (q q —-q, q)2J (C/, q )oo(q )

PROOF.

For k =0 (i.e. no designated rafts),
the generating function is (—¢; q) o
Combine the previous theorem,
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THEOREM (SLATER #19)

1 3j2 1
Z )fq T (4 45 4.

n>0 (q 7®)j(=a:a)2;i  (§:9°)o(q% a%)oc

PROOF.

For k =0 (i.e. no designated rafts),
the generating function is (—¢; q) o
Combine the previous theorem,
inclusion-exclusion,
[
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PROOF (CONT'D).

: (2 q)n(b; q)n(c/ab)" _ (c/aiq)so(c/b; q)os
use g-Gauss ;J (@:9)n(ciq)n (¢ 9)x(c/ab; q)
under an appropr_iate limit,
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PROOF (CONT'D).

use a-Gauss’ (a: q)n(b; q)n(c/ab)" _ (c/a; q)oo(c/b; q)oo
58 §-Gauss ;J (9:9)n(ci )n (¢ q)so(c/ab; q) o
under an appropr_iate limit,

(az;q)o0 > (a; q)nz"

and the g-binomial theorem =
) G
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PROOF (CONT'D).

: (2 q)n(b; q)n(c/ab)" _ (c/aiq)so(c/b; q)os
use g-Gauss ;J (@:9)n(ciq)n (¢ 9)x(c/ab; q)
under an appropr_iate limit,

o - n
and the g-binomial theorem M = Z M
) G

After inclusion/exclusion,
the surviving partitions are those which can have no rafts,
i.e. partitions into distinct parts with no consecutive parts.
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PROOF (CONT'D).

: (2 q)n(b; q)n(c/ab)" _ (c/aiq)so(c/b; q)os
use g-Gauss ;J (@:9)n(ciq)n (¢ 9)x(c/ab; q)
under an appropr_iate limit,

and the g-binomial theorem

(az: @) _ > (a; g)nz"
(z:9)e 5 (@:9)n

After inclusion/exclusion,

the surviving partitions are those which can have no rafts,
i.e. partitions into distinct parts with no consecutive parts.

The first Rogers-Ramanujan identity finishes the proof. Ol
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Hirschhorn gave a much shorter combinatorial account,
sticking to standard definitions in the theory.
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Hirschhorn gave a much shorter combinatorial account,
sticking to standard definitions in the theory.

Bringmann, Mahlburg and Nataraj obtained similar formulas
by solving g-difference equations.
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q n+1 +d() ' (_1)kq3k2+d(22k) ‘ ( Zk ) d( )( )m 2dnk o 24k
m;>0 (g:9)n (9% g%« (9:9)m 9

generates partitions into parts
that are (2 + d)-apart for d > 0.
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("t1)+d(3) (_1)kq3k2+d(22k) ‘ (6 @)m d( )( P

q
> (@a)n (%) (g:9)m

m,n,k>0

generates partitions into parts
that are (2 + d)-apart for d > 0.

Unless d = 0, we cannot reduce the number of summations.

Kursungsz (Sabaner U), ACA 2021 [N



Thank you for your attention.

Any questions?
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