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Measuring Polytopes

Rational polytope — convex hull of finitely many points in Q¢
— solution set of a system of linear (in-)equalities with integer coefficients

Goal: measuring...

1

» volume vol(P) = lim —
n—oo N

1
PN =74
mn

» discrete volume ‘73 N Zd‘

1
Ehrhart function ehrp(n) = ‘77 N=7Z% = }frﬂ? N Zd’ for n € Zg

n
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Discrete Volumes & Ehrhart Quasipolynomials

Rational polytope — convex hull of finitely many points in Q¢

q(n) = cq(n)n® + --- 4+ co(n) is a quasipolynomial if cy(n),...,cq(n) are
periodic functions; the lcm of their periods is the period of g(n).

Theorem (Ehrhart 1962) For any rational polytope P C R¢,
ehrp(n) := ‘nP N Zd} is a quasipolynomial in the integer
variable n whose period divides the Icm of the denominators
of the vertex coordinates of P (the denominator of P).

Example P = [-1,1]?
° ° ¢ ® Py
I I (t +1)?if t is even,
4 ¢ h — ) )
ehrp(n) t2 if ¢ is odd

® ® ? . ®
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Discrete Volumes & Ehrhart Quasipolynomials

Rational polytope — convex hull of finitely many points in Q¢

q(n) = cq(n)n® + --- 4+ co(n) is a quasipolynomial if cy(n),...,cq(n) are
periodic functions; the lcm of their periods is the period of g(n).

Theorem (Ehrhart 1962) For any rational polytope P C R¢,
ehrp(n) := ‘nP N Zd} is a quasipolynomial in the integer
variable n whose period divides the Icm of the denominators
of the vertex coordinates of P (the denominator g of P).

Equivalently, the Ehrhart series can be written as

n hp(2)
Ehrp(z) := 1+ ?;ehl‘p(n) 2" = A Sa)am P
1 622 + 623 + 2% + 2°
Example (again) P = [—3, 1] Ehr(z) — + 2+ ,zl + ;c’)g—l— 25+ 2z
—z
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Motivation |: Really?

P C RY — rational polytope

1
Ehrhart functions ehrp(n) = ‘73 N =274
n

= }nP N Zd’ forn € Z~g

rehrp(A) == [APNZY for A € Rog

rehrp(A) = [APNZ for A € Qs

Fun Fact (Linke 2011, Baldoni—Berline-Koppe—Vergne 2013, Stapledon
2017). There is an Ehrhart theory for the quasipolynomial Tehrp () in the
real variable A.

Examples Tehrpy g)(A) = [2A] = [A]+1=A+1— {2} — {-A}

tehr,_; 2(A) = 3A +1 - {3A} — {\}

'3
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Motivation |l: Ehrhart Veronese

P C RY — lattice polytope

1
Ehrhart function ehrp(n) := ‘73 N=7% = }nP N Zd’ forn € Z-q
n

h>l<
Ehrhart series Ehrp(z) := 1+ Zehrp(n) Z" = ¥ 7;((12) o]
— Z 11m
n>1

Fun Fact (Brenti—-Welker 2009, MB—-Stapledon 2010, Jochemko 2018).
The Ehrhart series of kP becomes nicer as k increases.
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A Bit of Real Ehrhart History

Theorem (Linke 2011) Let P C RY be a rational polytope. Then
rehrp(\) = ])\73 N Zd| is a quasipolynomial in the rational variable \ whose
period divides the smallest rational ¢ such that ¢P is a lattice polytope.

Linke also proved rational analogs of the Ehrhart—Macdonald reciprocity
theorem and McMullen’s theorem about the periods of the coefficient
functions when writing

rehrp(A) = cq(A) AL+ ca_1 (M) AT+ 4 co(N)

She views these coefficient functions as piecewise polynomials and proved a
differential equation for them.

Baldoni—Berline—Koppe—Vergne (2013): algorithmic theory of intermediate
sums on polyhedra, with rehrp(\) as a special case.
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A Bit of Real Ehrhart History

Motivated by motivic integration, Stapledon (2008) introduced the weighted
h*-polynomial of a lattice polytope P C R%, which he later (2017) realizes
via -

hp(7)
(1 _ t)dimP

L+ ) [020(AP) NZA| " =
AE€Q>0

and uses them to compute Ehrhart polynomials of free sums, generalizing
work by Braun (2006) and MB—Jayawant—McAllister (2013).

He realizes that Ep(t> is a polynomial in certain fractional powers of ¢ with

nonnegative coefficients. In the case that 0 € P° he proves that hp(t) is
symmetric.
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The Setup

P C RY — rational polytope — P={xecR*: Ax <b}
The codemoninator of P is r := lcm(b)

Lemma (1) rehrp(X) = [AP NZ% is constant for A € (2, 2H) n € Zxg
(2) If 0 € P then rehrp(A) is monotone

Examples Tehrp oj(A) = A+ 1 —{2A} — {—A}

rehr_; 2)(\) = 2A+1- {32} - {A}
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The Setup

P C RY — rational polytope — P={xecR*: Ax <b}
The codemoninator of P is r := lcm(b)

Lemma (1) rehrp(X) = [AP NZ% is constant for A € (2, 2H) n € Zxg

(2) If 0 € P then rehrp(A) is monotone

Coroll
orofiary rehrp(A) rehrp(\) if \ € %Z>0
rehr — =
i rehrp([A])  if A ¢ Zxo

where |A] := % for ’)\ _ 23'21:1‘ - %

r

If 0 € P then tehrp(\) = rehrp <LT>\J)
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The Setup

P = {x ceRY: Ax < b} with codemoninator r := lem(b)

If 0 € P then tehrp(\) = WD a Zd‘ = rehrp (LMJ)

r
If 0 ¢ P then
) rehrp () if A € 17>
rehrp (A : 1)
rehrp([A])  if A ¢ Z>g
where |A] := 272“ for ])\ + < N

The Upshot tehrp()\) is determined by {rehrp()\) C A E %Zzo}

If 0 € P then tehrp()) is determined by {rehrp()): X € 1Z>}
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Rational Ehrhart Series

P = {x cRI: Ax < b} with codemoninator r := lem(b)

(Refined) rational Ehrhart series

REhrp(t) = 1+ Z rehrp ()t
AG%Z>0

RREhrp(t) = 1+ )  rehrp(A)t)
AE%Z>O

Examples
P 112 4 £+ 13 + £

(1—1)(1—t2)
145 + 11 4 ¢
(1—1¢)°

3

RREhI’[l,Q] (t)
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Rational Ehrhart Series

P ={xe€R%: Ax < b} with codemoninator r := lem(b)

(Refined) rational Ehrhart series

REhrp(t) = 1+ Z rehrp ()t
AE%Z>0

RREhrp(t) = 1+ Z rehrp ()t
>\€2i7"2>0

Theorem Let m € Z~q such that 7*P is a lattice polytope. Then

0

REhI‘p(t) — (1 ~ tm)d—H

where rh(t) is a polynomial in Z {tﬂ with nonnegative coefficients.
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Rational Ehrhart Series

P ={xeR%: Ax < b} with codemoninator r := lem(b)
Theorem Let m € Z~q such that “*P is a lattice polytope. Then

rhp (1)
(1—%)""

REhrp(t) = 1+ Y  rehrp(N)t* =

AE%Z>0

where rh;(t) is a polynomial in Z {tﬂ with nonnegative coefficients.

Corollary The period of the quasipolynomial rehrp(\) divides .
Similar results hold for RREhrp (%), with r replaced by 27.

Corollary (Linke 2011) Let P be a lattice polytope. Then Tehrp(A) and
rehrp () are quasipolynomials of period 1.
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Rational Ehrhart Series

P = {x ceRY: Ax < b} with codemoninator r := lem(b)

Theorem Let m € Z~q such that “*P is a lattice polytope. Then

REhrp(t) = 1+ Z rehrp (A = thp (1)

d+1
AELZ~ (1 — i )

where rh;(t) is a polynomial in Z {tﬂ with nonnegative coefficients.

Corollary (Linke 2011) For a rational polytope P, (—1)4™m7 tehrp(—\)
equals the number of interior lattice points in AP, for any A > 0.

Remark If ™ € Z then hip(t) = Int [rhip(2)].
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Gorenstein Musings

Theorem (Hibi 1991, Fiset—Kasprzyk 2008) Let P be a rational polytope
with 0 € P°. If the polar dual of P is a lattice polytope then hiy(t) is
symmetric.

(This fits, more generally, with Stanley’s theory of Gorenstein rings.)

Theorem Let P be a rational polytope with 0 € P°. Then rhp(t) is
symmetric.

Corollary Let P be a rational polytope with 0 € P°. Then hp(¢) is the
Veronese of a symmetric polynomial.

Example REhr[_l’%] (1) =
L4174 26+ 362+ 467+ 487 + 463 + 462 4 3 4 20 + 0 4 ¢2
(1 _ t3)2
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Symmetric Decompositions

Theorem Let P be a rational polytope with 0 € P°. Then rhp(t) is
symmetric.

Corollary (Betke—McMullen 1985, MB—Braun—Vindas-Meléndez 2021+) Let
‘P be a rational polytope with denominator £ and 0 € P°. Then there exist
polynomials a(t) and b(t) with nonnegative coefficients such that

hi(t) = a(t) +tb(t), "D ey =q(t), *TD72p(L) = b(t).

Proof Idea (k = 1): RELrp (1) — h};( +P) ( l)
(1 = t?) (1—1t)

Note that ha( 73)( ) is symmetric and nonnegative, and
o | 1 r—1 * 1
rhp(t) = Int (1 +tr 4t ) ha(lp) (tr)}

* 1 2 r—1 * l
= Int h@( 7?)( )}—l—lnt{(tr—l—tr—l— —|—t )ha( 73)( )}
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A Remark on Complexity

P C R? — rational polytope with codemoninator r

To capture rehrp(\) (or Tehrp(A)), we need to compute...

rrh (¢
0¢P — RREhrp(t) = 1+ Z rehrp (A = (1_;1()2“
)\EQTZ>O
hp (¢
0c0P — REhrp(t) = 1+ Z rehrp (A - ! p()
(1 o tq)d—l—l
AELZ 50

0cP° — rhp(t) symmetric
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