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In this talk we present the use of computer search and the role of algorithms
in attempts to solve the Cerny Conjecture, which is one of the most longstanding
open problems in automata theory.

We deal with finite deterministic automata A = (Q, X, d), where Q is a finite set
of the states, X is a finite input alphabet, and é : Q x ¥ — Q is the transition function
defining the action of the letters in X on Q. The action extends in the natural way
to the action of words over X on Q and is denoted simply by gw = d(g,w).

An automaton A is synchronizing if there exist a word w over ¥ and a state
qo € Q such that for each state g € Q the image gw = gg. In other words, the word
w brings the automaton A to the state go with no regard to in what state it happens
to be. Such a word w, if exists, is called a reset word for A.

The Cerny conjecture states that if an automaton A with n states is synchroniz-
ing, then it has a reset word of length not exceeding (n — 1)?. It has been proved in
many particular cases, but in general, is still open. The best general bound achieved
so far for the shortest reset word in synchronizing automata is (n* —n)/6. The most
general result proving the conjecture for a class of automata has been obtained in
[2]. (See also [7] for an excellent survey of the topic).

We present our two recent results on the Cerny conjecture involving an exten-
sive use of computers and dedicated algorithms. The first concerns the verification
of the conjecture for small automata. In [1] all binary automata (that is, those with
a two-element alphabet) having at most n = 9 states have been checked. Note that
there are 9'® labeled binary automata with n = 9 states, so some more sophisticated
approach than brute force must be applied. In [1], the authors have managed to re-
strict the search to the class of the so-called initially connected automata. Earlier,
the checking of all automata with at most n = 10 states was reported in [5], yet no
details of computation have been described.

In [4], using a dedicated algorithm for parallel computation, we have verified
the conjecture for all binary automata with n < 12 states. The case of automata
with n = 12 states took about 100 years of computation time of a single processor
core. The number of automata generated by our algorithm in this case was about
10'3, which should be compared with about 2.2 x 10!” of non-isomorphic initially
connected automata (that one would need to generate applying the technique de-
scribed in [1]), and 122* of all binary automata with n = 12 states.



In [2], the conjecture is considered in terminology of colored digraphs, which
refers to the famous Road Coloring problem [6]. We consider edge-colored di-
graphs with the property that no two edges leaving a vertex have a common color.
Such an assignment of colors to edges is called a road coloring. Then, given a
vertex x, each finite sequence of colors «y,...,q,, (repetitions allowed) may be
considered as a description of a path (road) starting in x and leading to a uniquely
determined vertex y € V. (Absence of an edge of a given color o leaving a given
vertex x is interpreted as a loop at x colored ).

We are interested in “universal instructions” making it possible to reach a fixed
vertex y with no regard at which vertex we start. A sequence of colors Qy,..., 0,
such that for each vertex x it describes a path from x to the given y is called a
synchronizing sequence (for the vertex y).

We define a class of colored digraphs, having a relatively small number of junc-
tions between paths determined by different colors, and prove that the automata
corresponding to the digraphs in this class satisfy the Cerny conjecture. From
computational point of view, we present a number of algorithms finding short syn-
chronizing sequences for various types of graphs. We show that in spite of that
the class is defined in a uniform way and the digraphs in the class seem very sim-
ilar, it requires to apply very different types of algorithms to find a synchronizing
sequence short enough.

This suggests that the difficulty in proving the Cerny conjecture in its gener-
ality may lie in that the solution consists of a large collection of very different
algorithmic ideas covering the whole spectrum of synchronizing automata.
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